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Preface

Why study learning theory? Data have become ubiquitous in science, engineering,
industry, and personal life, leading to the need for automated processing. Machine learn-
ing is concerned with making predictions from training examples and is used in all of
these areas, in small and large problems, with a variety of learning models, ranging from
simple linear models to deep neural networks. It has now become an important part of
the algorithmic toolbox.

How can we make sense of these practical successes? Can we extract a few principles
to understand current learning methods and guide the design of new techniques for new
applications or to adapt to new computational environments? This is precisely the goal of
learning theory. Beyond being already mathematically rich and interesting (as it imports
from many mathematical fields), most behaviors seen in practice can, in principle, be un-
derstood with sufficient effort and idealizations. In return, once understood, appropriate
modifications can be made to obtain even greater success.

Why read this book? The goal of this textbook is to present old and recent results
in learning theory for the most widely used learning architectures. Doing so, a few prin-
ciples are laid out to understand the overfitting and underfitting phenomena, as well
as a systematic exposition of the three types of components in their analysis, estima-
tion, approximation, and optimization errors. Moreover, the goal is not only to show
that learning methods can learn given sufficient amounts of data but also to understand
how quickly (or slowly) they learn, with a particular eye toward adaptivity to specific
structures that make learning faster (such as smoothness of the prediction functions or
dependence on low-dimensional subspaces).

This book is geared toward theory-oriented students, as well as students who want
to acquire a basic mathematical understanding of algorithms used throughout machine
learning and associated fields that are significant users of learning methods (such as
computer vision and natural language processing). Moreover, it is well suited to students
and researchers coming from other areas of applied mathematics or computer science
who want to learn about the theory behind machine learning. Finally, since many simple
proofs have been put together, it can serve as a reference for researchers in theoretical
machine learning.

xi



xii PREFACE

A particular effort will be made to prove many results from first principles while
keeping the exposition as simple as possible. This will naturally lead to a choice of key re-
sults showcasing the essential concepts in learning theory in simple but relevant instances.
A few general results will also be presented without proof. Of course, the concept of first
principles is subjective, and I will assume the readers have a good knowledge of linear
algebra, probability theory, and differential calculus.

Moreover, I will focus on the part of learning theory that deals with algorithms that
can be run in practice, and thus, all algorithmic frameworks described in this book
are routinely used. Since many modern learning methods are based on optimization,
chapter 5 is dedicated to that topic. For most learning methods, some simple illustrative
experiments are presented, with accompanying code (MATLAB and Python for the
moment, and Julia in the future) so students can see for themselves that the algorithms are
simple and effective in synthetic experiments. Exercises currently come without solutions
and are meant to help students understand the related material.

Finally, the third part of the book provides an in-depth discussion of modern special
topics such as online learning, ensemble learning, structured prediction, and overparam-
eterized models.

Note that this is not an introductory textbook on machine learning. There are al-
ready several good ones in several languages (see, e.g., Alpaydin, 2020; Lindholm et al.,
2022; Azencott, 2019; Alpaydin, 2022). This textbook focuses on learning theory—that is,
deriving mathematical guarantees for the most widely used learning algorithms and char-
acterizing what makes a particular algorithmic framework successful. In particular, given
that many modern methods are based on optimization algorithms, we put a significant
emphasis on gradient-based methods and their relation with machine learning.

A key goal of the book is to look at the simplest results to make them easier to
understand, rather than focusing on material that is more advanced but potentially too
hard at first and that provides only marginally better understanding. Throughout the
book, we propose references to more modern work that goes deeper.

Book organization. The book comprises three main parts: an introduction, a core
part, and special topics. Readers are encouraged to read the first two parts to understand
the main concepts fully and can pick and choose among the special topic chapters in a
second reading or if used in a two-semester class.

All chapters start with a summary of the main concepts and results that will be cov-
ered. All the simulation experiments are available at https://www.di.ens.fr/~fbach/1tfp/
as MATLAB and Python code. Many exercises are proposed and are embedded in the
text with dedicated paragraphs, with a few mentioned within the text (e.g., as “proof left
as an exercise”). These exercises are meant to deepen the understanding of the nearby
material, by proposing extensions or applications.

Sections or more advanced exercises are denoted by ¢, ¢4, or ¢4, with the number
of diamonds denoting the level of complexity. Comments or suggestions are most welcome
and should be sent to francis.bach@inria.fr.


https://www.di.ens.fr/~fbach/ltfp/
francis.bach@inria.fr

PREFACE xiii

Many topics are not covered at all, and many others are not covered in depth. There
are many good textbooks on learning theory that go deeper or wider (e.g., Christmann
and Steinwart, 2008; Koltchinskii, 2011; Mohri et al., 2018; Shalev-Shwartz and Ben-
David, 2014). See also the nice notes from Alexander Rakhlin and Karthik Sridharan,*
as well as from Michael Wolf.?

In particular, the book focuses primarily on real-valued prediction functions, as it
has become the de facto standard for modern machine learning techniques, even when
predicting discrete-valued outputs. Thus, although its historical importance and influ-
ence are crucial, I choose not to present the Vapnik-Chervonenkis dimension (see, e.g.,
Vapnik and Chervonenkis, 2015), and instead base my generic bounds on Rademacher
complexities. This focus on real-valued prediction functions makes least-squares regres-
sion a central part of the theory, which is well appreciated by students. Moreover, this
allows for drawing links with the related statistical literature.

Some areas, such as online learning or probabilistic methods, are described in a single
chapter to draw links with the classical theory and encourage readers to learn more about
them through dedicated books. I have also included chapter 12 on overparameterized
models and chapter 13 on structured prediction, which present modern topics in machine
learning. More generally, the goal in the third part of the book (special topics) was, for
each chapter, to introduce new concepts, while remaining a few steps away from the core
material and using unified notations.

A book is always a work in progress. In particular, there are still typos and almost
surely places where more details are needed; readers are most welcome to report them to
me (and then get credit for it). T am convinced that more straightforward mathematical
arguments are possible in many places in the book. Please let me know if you have any
elegant and simple ideas I have overlooked.

Mathematical notations. Throughout the textbook, I provide unified notations:

e Random variables: given a set X, we will use the lowercase notation for a random
variable with values in X, as well as for its observations. Probability distributions
will be denoted p or p and expectations as E[f(x)] = [, f(x)dp(x). This is slightly
ambiguous but will not cause major problems (and is standard in research papers).
In this book, following most of the learning theory literature, we will gloss over mea-
surability issues to avoid overformalizations. For a detailed treatment, see Devroye
et al. (1996) and Christmann and Steinwart (2008).

e Norms on R?: we will consider the usual ,-norms on R?, defined through ||z||5 =
d .
> izt |zi|? for p € [1,00), with [|z]ec = maxie(s, .4 |2il.
e For a symmetric matrix A € R™*" A = 0 means that A is positive semidefinite (i.e.,
all of its eigenvalues are nonnegative), and for two symmetric matrices A and B,

A = B means that A— B = 0. For a vector A € R", Diag()) is the diagonal matrix
with diagonal vector .

lhttp://www.mit.edu/~rakhlin/notes.html.
%https://mediatum.ub.tum.de/doc/1723378/1723378. pdf.
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e For a differentiable function f : R? — R, its gradient at z is denoted f'(z) € R,
and if it is twice differentiable, its Hessian is denoted as f”(z) € R¥*9,

How to use this book? The first nine chapters (in sequence, without the diamond
parts) are adapted for a one-semester upper-undergraduate or graduate class, if possible,
after an introductory course on machine learning. The following six chapters can be read
mostly in any order and are here to deepen the understanding of some special topics; they
can be read as homework assignments (using the exercises) or taught within a longer (e.g.,
two-semester) class. The book is intended to be adapted to self-study, with the first nine
chapters being read in sequence and the last six in random order. In all situations,
chapter 1, on mathematical preliminaries, can be read quickly and studied in more detail
when relevant notions are needed in subsequent chapters.
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Chapter 1

Mathematical Preliminaries

Chapter Summary

e Linear algebra: A bag of tricks to avoid lengthy and faulty computations.

e Concentration inequalities: For n independent random variables, the deviation
between the empirical average and the expectation is of the order O(1/4/n). What
is in the big O, and how does it depend explicitly on problem parameters?

The mathematical analysis and design of machine learning algorithms require spe-
cialized tools beyond classic linear algebra, differential calculus, and probability. In this
chapter, I will review these nonelementary mathematical tools used throughout the book:
first, linear algebra tricks, and then concentration inequalities. The chapter can be safely
skipped for readers familiar with linear algebra and concentration inequalities since the
relevant results will be referenced when needed.

1.1 Linear Algebra and Differentiable Calculus

This section reviews basic linear algebra and differential calculus results that will be
used throughout the book. Using these usually greatly simplifies computations. Matrix
notations will be used as much as possible.

1.1.1 Minimization of Quadratic Forms

Given a positive-definite (and hence invertible) symmetric matrix A € R™*™ and vector
b € R™, the minimization of quadratic forms with linear terms can be done in closed form:

1 1
inf 2 Az —b"z=—-=b" A",
zeR” 2 2

3
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with the minimizer . = A~!b obtained by zeroing the gradient f'(x) = Ax — b of the
function f(z) = 32" Az — b" 2. Moreover, we have

1 1 1
§ZCTA$ —b'x= 5(:10 —x) Az — ) — §bTA_1b.

If A were not invertible (simply positive semidefinite) and b were not in the column space
of A, then the infimum would be —oco.

Note that this result is often used in various forms, such as
T 1 T -1 1 T . . . .
bz < Eb AT b+ 5% Ax with equality if and only if b = Ax.

This form is exactly the Fenchel-Young inequality! for quadratic forms (see chapter 5),

2
and it is often used in one dimension in the form ab < % + % for any n > 0 (and

equality if and only if n = a/b).
1.1.2 Inverting a 2 x 2 Matrix

Solving small systems happens frequently, as well as inverting small matrices. This can
be easily done in two dimensions. Let M = (Z Z) be a 2 x 2 matrix. If ad — bc # 0, then

we may invert it as follows:

-1
1 (ab _ 1 d —b
M _(c d) _ad—bc(—c a )
This can be checked by multiplying the two matrices or using Cramer’s rule,? and it can
be generalized to matrices defined by blocks, as we discuss next.

1.1.3 Inverting Matrices Defined by Blocks, Matrix Inversion

Lemma
The example given above may be generalized to matrices of the form M = ( é g), with
blocks of consistent sizes (note that A and D have to be square matrices). The inverse
of M may be obtained by applying directly Gaussian elimination® in block form. Given

the two matrices M = (é g) and N = (é (I)), we may linearly combine rows (with the

same coefficients for the two matrices). Once M has been transformed into the identity
matrix, N has been transformed to the inverse of M.

We make the simplifying assumption that A is invertible; we use the notation M/A =
D —CA~1B for the Schur complement of block A and also assume that M /A is invertible.

1For a discussion of this term, see https://en.wikipedia.org/wiki/Convex_conjugate.
2See https://en.wikipedia.org/wiki/Cramer’s_rule.
3See https://en.wikipedia.org/wiki/Gaussian_elimination.
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We thus get by Gaussian elimination, referring to L;, i = 1,2 as the two lines of blocks,

so for the first matrix M = (Lz)

Ot mairices. (4 2) (10

en-cans (22 (Lo )

Ly < (M/A)" Ly : (’3 ?) < M/A “loaAt (M/?4)‘1>
benopne (0) 0 (Trawmoent s
e (30) (T )

This shows that

-1 _ A B -1 B A—1+A—IB(M/A)—ICA—1 _A_lB(M/A)_l
M= <C D) N ( —(M/A)_ch_l (M/A)_l > (1.1)

Moreover, by doing the same operations but by first setting the upper-right block to zero,
and assuming that D and M/D = A — BD~'C are invertible, we obtain

-1 A B -t (M/D)_l —(M/D)_lBD_l
" _< ) _<—D_1C(M/D)‘1 D‘1+D—1C(M/D)—1BD—1>- (1.2)

By identifying the upper-left and lower-right blocks in equations (1.1) and (1.2), we
obtain the following identities (sometimes referred to as Woodbury matriz identities, or

the matriz inversion lemma):
(A-BD'0)™' = A '+ AT'B(D-CAT'B)lCAT
(D—CA™'B)™" = D '+D'C(A-BD'C)"'BD".

Another classical formulation is
(A—=BD'C)'B = A'B(D-CA'B)"'D.
These are particularly interesting when the blocks A and D have very different sizes, as
the inverse of a large matrix may be obtained from the inverse of a small matrix.
The lemma is often applied when C = BT, A = I, and D = —I, which leads to

(I+BB"Y '=1-B(I+B'B)"'BT, (1.3)
and, once right-multiplied by B, this leads to the following compact formula (which is
easier to rederive and remember than equation (1.3)):

(I+BB")"'B=B(I+B'B)™!

These equalities are commonly used for both theoretical and algorithmic purposes.
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Exercise 1.1 For a € R such that a # —1/n and 1,, € R™ the vector of all 1s, show that
we have (I +al,1])" =1~ 1_ﬁﬁlnll—.

Exercise 1.2 (¢) Show that we can block-diagonalize the matrices M and M~1 as
M= A B _ I 0\(A O I A7'B
~\C D - CA Y I 0 M/AJ\0O I

wr=(25) = 0 ani) (i )

Exercise 1.3 Show that det ((é g)) = det(M/A) det(A) = det(M /D) det(D).

Conditional covariance matrices for Gaussian vectors (¢#). The identities shown
above can be used to compute conditional mean vectors and covariance matrices for Gaus-
sian vectors (in this book, we will favor the denomination “Gaussian” over “normal”). If

we have a Gaussian vector (fj) with z € R™ and y € R", with the mean vector defined

by block as u = (ﬁf ), and the covariance matrix ¥ = (gw gmy ) %= 0 (defined with blocks

yxr yy

of appropriate sizes), then the joint density p(x,y) of (z,y) is proportional to

T -1
exp| — = .
2\ Y~ fy Lyz Lyy Y= Hy
By writing it as the product of a function of 2 and a function of (z,y), we can get that =
is Gaussian with mean pu, and covariance matrix X, and that given z = 2/, y is Gaussian

with mean fiy, = py + Sy Xy, (#' — p1) (which depends on ') and covariance matrix
Yyje = Byy — Bye Xy, Loy (Which does not depend on z’).

Exercise 1.4 () Prove the identities fuy), = py + SyoXp, (2 — pe) and covariance
matric Xy, = Yyy — DI VD Y

1.1.4 Eigenvalue and Singular Value Decomposition

In this book, we will often use eigenvalue decompositions of symmetric matrices. If
A € R™ ™ ig a symmetric matrix, there are an orthogonal matrix U € R™*" (i.e., such
that UTU = UU T = I) and a vector A € R" of eigenvalues, such that A = U Diag(A\)U .
If u; € R™ denotes the ith column of U, then we have A = E?Zl )\iuiuj, and Au; = \u;.
A symmetric matrix is said to be positive semidefinite if and only if all its eigenvalues
are nonnegative.

Given a rectangular matrix X € R™*? such that n > d, there are an orthogonal matrix
V € R¥4 (ie., such that V'V = VVT = I), a matrix U € R"*? with orthonormal
columns (i.e., such that U'U = I, but UU" # I if n > d), and a vector s € R% of
singular values, such that X = U Diag(s)V "; this is often called the “economy-size”



1.2. CONCENTRATION INEQUALITIES 7

singular value decomposition (SVD) of the matrix X. If u; € R" and v; € R? denote the
ith columns of U and V, then we have X = Zle siuiviT, and Xv; = sjui, X Tu; = s;0;.

There are several ways of relating eigenvalues and singular values. For example, if s;
is a singular value of X, then s? is an eigenvalue of XX T and XTX. Moreover, the

eigenvalues of the matrix ( o are zero, the singular values of X, and their opposites.

X
xTo )
For further properties of eigenvalues and singular values, see Golub and Loan (1996),
Stewart and Sun (1990) and Bhatia (2013).

Exercise 1.5 Ezpress the eigenvectors of XX T and X "X wusing the singular vectors
of X.

o X) using the singular vectors of X.

Exercise 1.6 Ezxpress the eigenvectors of (Xf o

1.1.5 Differential Calculus

Throughout this book, we will compute gradients and Hessians of functions in almost all
cases in matrix notations. Here are some classic examples:

e Quadratic forms: assuming A = AT, with F(0) = 267 A0 —b'0, F'(0) = A9 — b,
F”(#) = A. If A is not symmetric, then we have F'(f) = $(A + AT)0 — b and
F'(0) = $(A+ AT).

e Least-squares with X € R"*? and y € R™: F(6) = 5-|ly — X0||3. Then F'(9) =
LXT(X60—y) and F"(§) = 1XTX.

Exercise 1.7 Show that for the logistic regression objective function defined as F(0) =
LS log(1 + exp(—yi(X0);)), with X € R4 and y € {—1,1}", then F'() = 1 X Tg,
where g € R™ is defined as g; = —yio(—y:(X0);), with o(u) = (1 + e %)~ the sig-
moid function. Show that the Hessian is %XT Diag(h)X, with h € R™ defined as
hi = o(yi(X0)i)o(—yi(X0):).

Exercise 1.8 (Functions on matrices) Let A be a symmetric matriz. Show that the

gradient of the function M — tr(AM™Y), defined on invertible symmetric matrices, is
equal to M — —M~LAM~t. Show that the gradient of M ~ logdet(M) is M ~— M1

1.2 Concentration Inequalities

All the results presented in this textbook rely on the simple probabilistic assumption that
data are independently and identically distributed (i.i.d.). The primary goal, then, is to
relate empirical averages to expectations.

The key (very classical) insight behind probabilistic inequalities used in machine
learning is that when you have n independent zero-mean random variables, the natu-
ral “magnitude” of their average is 1/4/n times smaller than their average magnitude.
The simplest instance of this phenomenon is that if Z1, ..., Z, € R are i.i.d. with variance
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o> =E[(Z — E[Z])?], then the variance of the sum is the sum of the variances, and

ar liZ —ii aur[Z-]—U—2
k i Z_77’21‘:1\, o

are not. Therefore, the 1/4/n becomes 1/n after taking the square (this is a

i Be careful with error measures or magnitudes: some are squared, but some
trivial point, but it typically leads to confusion).

The equality shown above can be interpreted as

2

E{(%izi—mzoz] - % (1.4)

which provides the simplest proof of the law of large numbers when variances exist and
also highlights the convergence in the squared mean of the random variable % Yo Z;to
the constant E[Z].

From moments to deviation bounds. Given an inequality on the moments of a
random variable, deviation bounds can be derived. Markov’s inequality (see the proof in
exercise 1.9 below) states that

P(Y > ¢) < %]E[Y], (1.5)

for all nonnegative random variables Y with finite expectation and any scalar ¢ > 0.
Chebyshev’s inequality is obtained by applying Markov’s inequality to the random vari-
able Y = (X — E[X])? for the random variable X with finite mean E[X] and variance
var[X], leading to

P(X ~ E[X]| > &) = P(X ~ E[X]]* > <?) < 5 var[X].

Thus, from the mean E[Z] and the variance %2 of the random variable =37 | Z;, as
computed in equation (1.4), we obtain the deviation bounds

2

P<‘%§;Zi —IE[Z]‘ > a> < E—IQEK%Z:?Z —E[Z])T - %

which implies convergence in probability.*

To characterize the deviations more finely, there are two classical tools: the central
limit theorem, which states that %Z?:l Z; is approximately Gaussian with mean E[Z]

4See https://en.wikipedia.org/wiki/Convergence_of _random_variables for a discussion on con-
vergence of random variables.
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and variance ¢?/n. This is an asymptotic statement: formally, \/n(L Y1 | Z; — E[Z])
converges in distribution to a Gaussian distribution with mean zero and variance o2.
Although it gives the correct scaling in n, in this textbook, we will look primarily at

nonasymptotic results that quantify the deviation for any n.

In what follows, we will always provide versions of inequalities for averages of
random variables (even though some authors equivalently consider sums).

Before describing various concentration inequalities, let us recall the classical union
bound: given events indexed by f € F (which can have a countably infinite number of

elements), we have
P( U Af) < ZP(Af).

feg feF

It has (among many other uses in machine learning) a direct application in upper-
bounding the tail probability of the supremum of random variables:

]P’(Supi > t) :]P’( Utz > t}) <SPz > ).

fes feg FeF

We will only cover the most useful inequalities for machine learning. For more ad-
vanced inequalities, see other sources, such as Boucheron et al. (2013) and Vershynin
(2018).

Homogeneity. /\ Random variables or vectors typically have a unit, and it is always
helpful to perform some basic dimensional analysis® to spot mistakes. For example, when
performing linear predictions of the form y = 276, the unit of y is the one of x times
that of . Typically, these units are encapsulated in the constants describing the problem
(such as the noise standard deviation for y or bounds for « and 6).

Exercise 1.9 LetY be a nonnegative random variable with finite expectation, and € > 0.
Show that elys. <Y almost surely and prove Markov’s inequality in equation (1.5).

Exercise 1.10 (Chernoff bound) Let X be a random wvariable. Show that for any
t €R and s > 0, we have P(X > t) < e 5'E[e*X].

Exercise 1.11 Let Y be a nonnegative random variable with finite expectation. Show
that EY] = [[°P(Y > t)dt.

Jensen’s inequality. Beyond the union bound, another key tool in probabilistic mod-
eling is Jensen’s inequality, which allows to obtain bounds for the expectation of convex
functions of random variables (see extension to functions defined on R in section 5.2.2).

5See https://en.wikipedia.org/wiki/Dimensional_analysis.
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Proposition 1.1 (Jensen’s inequality on R) If F : R — R is convex and X is a
real-valued random variable, then

F(E[X]) < IE[F(X)} (1.6)
Stated in words: “The image of the average is smaller than the average of the images.”

/\ When using Jensen’s inequality, be extra careful about the direction of the inequality.

1.2.1 Hoeffding’s Inequality

The simplest concentration inequality considers bounded real-valued random variables.

Proposition 1.2 (Hoeffding’s inequality) IfZi,..., Z, are independent random vari-
ables such that Z; € [0,1] almost surely, then, for any t > 0,

1O 1«
Nz - =S 1>t < exp(—2nt?). .
]P’(n 2 Z; P E[Z;] > t) < exp(—2nt”) (1.7)

Proof The usual proof uses standard convexity arguments and is divided into two parts.
(1) Lemma: If Z € [0,1] almost surely, then E[exp(s(Z — E[Z]))] < exp(s?/8) for any
s > 0.

Proof: We can compute the first two derivatives of the function ¢ defined as p(s) =
log(E[exp(s(Z — E[Z]))]), which is a “log-sum-exp” function, often referred to as
the “cumulant generating function.” We can compute the derivatives of ¢ as

E[(Z — E[Z])es(Z~ElZD)]

el = E[e=(Z—E2D)]
" E[(Z - E[Z]))2e*?~El2)]  [E[(Z — E[Z])e*(?~ElZD] 12
¢'(s) = E[es(zfﬂi[z})] B E[es(zf]}z[z])]

We thus get ¢(0) = ¢’(0) = 0, and ¢”(s) is the variance of some random variable
7 € [0,1], with distribution with density z — e*(*~FlZ) /R [e3(Z=ElZD] with respect
to the distribution of Z. We recall that the variance of Z is the minimum squared
deviation to a constant and can thus bound this variance as

~ . ~ 2 ~ 21 1 ~ 2 1
var(Z) = inf E[(Z-v)") <E[(Z - 1/27] = EeZ -1 < .

since 2Z — 1 € [—1,1] almost surely. Thus, for all s > 0, ¢”(s) < 1/4, and by
2

Taylor’s formula, ¢(s) < ¢(0) + ¢'(0)s + 1 - % = £,
(2) For any ¢ > 0, and denoting Z = L 37" | Z;, we get:
P(Z —E[Z] > t)
= P(exp(s(Z — E[Z])) > exp(st)) by monotonicity of the exponential,

< exp(—st)E[exp(s(Z — E[Z]))] using Markov’s inequality (equation (1.5)).
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Then, using independence, we get

P(Z-E[Z]>1) < exp(—st)f[E[exp(Z(Zi—E[Zi]))]

- s? s?
exp(—s )J:Il oxp o exp st + S

using the lemma at the beginning of the proof. This last bound is minimized for
s = 4nt. We then get the result. -
Note the difference with the central limit theorem, which states that when n goes to
infinity, the probability in equation (1.7) is asymptotically equivalent to
2 2
t
n—ZQ)dz, which can be shown to be less than exp ( _nl ),

1 o0
/27T0'2/TL /t eXp ( 2 202

where 02 = lim,,_, 1o + Y1 | var(Z;) (see exercise 1.12). The central limit theorem is
more precise (as it involves the variance of Z; and not an almost sure bound) but is
asymptotic. Bernstein’s inequalities (see section 1.2.3) will be between the central limit

theorem and Hoeffding’s inequality, as they use both the variance and an almost sure
bound.

Exercise 1.12 (¢#) For X a Gaussian random variable with mean 0 and variance 1,
show that fort > 0, %exp(—t2) <P(X >t) <exp(—t2/2).

Extensions. We get the following corollary by just applying the inequality to Z;’s and
1 — Z;’s and using the union bound.

Corollary 1.1 (Two-sided Hoeffding’s inequality) If Z1,..., Z, are independent
random variables such that Z; € [0,1] almost surely, then, for any t > 0,

(fn i

> t) < 2exp(—2nt?). (1.8)

We can make the following observations:

e Hoeflding’s inequality can be extended to the assumption that Z; € [a,b] almost
surely, leading to

]P><‘% zn:Zi - % zn:uz[zi]
=1 =1

> t> < 2exp(—2nt?/(a — b)?).

e Such an inequality is often used “in the other direction,” starting from the proba-
bility and deriving ¢ from it as follows: For any ¢ € (0, 1), with probability greater
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Ia—bl

Note the dependence in n is 1/y/n while the dependence in ¢ is logarithmic (corre-
sponding to the exponential tail bound in t).

Exercise 1.13 Show the one-sided inequality: with probability greater than 1 — 6,
n n a—b
IS Zi— LY ElZi) < IF‘ log ().

e When Z; € [a;, b;] almost surely, with potentially different a;’s and b;’s, the probabil-
ity upper bound can be replaced by 2 exp(—2nt?/c?), where c? = % S (b —a;)?.

e The result extends to martingales with essentially the same proof, leading to Azuma’s
inequality (see exercise 1.14).

Exercise 1.14 (Azuma’s inequality (¢)) Assume that the sequence of random
variables (Z;)i>o, satisfies B(Z;|Fi—1) = 0 for an increasing sequence of increasing
“o-fields” (F:)i>0,° and |Z;| < ¢; almost surely, for i > 1. Then

2t2

1< -n
Pl—->» Zi>2t) < (—)
(ng ) REACICENEEEY

e Hoeffding’s inequality is often extended to so-called “sub-Gaussian” random vari-
ables; that is, random variables X for which there exists 7 € R4 such that the
following bound on the Laplace transform” of X holds:

2.2

Vs € R, E[exp(s(X — E[X]))] <exp (T; )7

which is exactly what we used in the proof of proposition 1.2. In other words, a
random variable with values in [a, b] is sub-Gaussian with constant 72 = (b—a)?/4.
For these sub-Gaussian variables, we have similar concentration inequalities. For
example, we have the usual two versions of the tail bound (see also exercise 1.16):

t2
vt >0, P(Z —E[Z]| > ) < 2exp (- 2—2) (1.9)
T
2
s Ve (0,1, |Z-E[Z]| < n/21og(6) with probability 1 — 4. (1.10)

2

Exercise 1.15 Show that a Gaussian random variable with variance o* is sub-

Gaussian with constant o2.

6See more details in https://en.wikipedia.org/wiki/Azuma’s_inequality.
"See https://en.wikipedia.org/wiki/Laplace_transform.
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Exercise 1.16 If Z1,..., Z, are independent random variables which are sub-Gaus-
2
sian with constant 72, show that P(|2 3" | Z; — 15" | E[Zi]| > t) < 2exp(—2L3)
for anyt > 0.
e Sub-Gaussian random variables can be defined in several other ways, equivalent (up
to constants) to the bound on the Laplace transform. See exercises 1.17 and 1.18.

Exercise 1.17 (¢) Let Z be a random wvariable that is sub-Gaussian with con-
stant 72. Then, by using the tail bound P(|Z — E[Z]| > t) < 2exp(—%) in equa-

tion (1.9), show that for any positive integer q, E[(Z — E[Z])?9] < 2 - ¢!(272%)4.

Exercise 1.18 (#4) Let Z be a random wvariable such that for any positive inte-
ger q, E[(Z — E[Z))*] < (29)¢!(27%)?. Then show that Z is sub-Gaussian with
parameter 24712,

Exercise 1.19 Assume that the random variable Z has almost surely nonnegative values
and finite second-order moment. Show that for any s > 0, we have log (E[e_sz]) <

—sE[Z] + S E[Z?).

1.2.2 McDiarmid’s Inequality

Given n independent random variables, it may be useful to concentrate other quantities
than their average. What is needed is that the function of these random variables has
“bounded variation.”

Proposition 1.3 (McDiarmid’s inequality) Let Z1,...,Z, be independent random
variables (in any measurable space Z), and f : Z" — R a function of “bounded variation”;
that is, such that for alli € {1,...,n}, and all z1,. .., zn, 7} € Z, we have
|f(217 L 7Zi—172i72i+17 L 7271) - f(zlu L 727;—1727/;721'4-17 L 72n)| < C.
Then
P(|f(Zy,...,Z0) —E[f(Z1,..., Z0)]| > t) < 2exp(—2t7/(nc?)).

Proof () The proof generalizes the formulation of Hoeffding’s inequality in equa-

tion (1.8), which corresponds to f(z) = 2 3" | 2; and ¢ = 1. We will only consider the

one-sided inequality: " "
P(f(Z1,...s Z3) = E[f(Z1,.... Zy)] > t) < exp(=262/(nc?)),

which is sufficient to get the two-sided inequality using the union bound.

We introduce the random variables, for i € {1,...,n}:
Vi =E[f(Z1,.... Z0)| 21, ., Zi) —Elf(Z1, ., Z)| 21, ., Zial,

with V1 = E[f(Zl,,Zn)|Zl] — E[f(Zl,,Zn)] We have E[%|Z1,...,Zi,1] = 0.

Moreover, given Zi,...,Z;—1, the maximal value of V; minus the minimal value of V;
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is almost surely less than ¢ as a consequence of the bounded variation assumption,
since it is the difference of two terms that are conditional expectations of values of f
taken at arguments that only differ in the ith variable. Moreover, through a telescoping
sum, we have f(Zi,...,%Z,) — E[f(Z1,...,Z,)] = Y. i, Vi. Using the same argument
as in part (1) of the proof of Hoeffding’s inequality (page 10), we get for any s > 0,
E[eSVi |Z1,..., Zi—1] < 65202/8, and we can obtain a proof with the same steps as part (2)
of the same proof (page 10) by being careful with conditioning, for any s > 0:

(59
i=1

N

exp(—s [exp ( Z V)} using Markov’s inequality,

= exp(—s {exp( Zv) [exp(sV)|Z1, ..., Zn—1]

since Vi,...,V,_1 are in the g-algebra generated by 71,...,Z,_1,

exp(—st + s2¢2/8) - [exp( Zv)}

N

using the bound on E[eSV"|Z1, ...y Zn—1] given above. Applying the same reasoning n
times, we get a probability that is less than exp(—st +mns?c?/8) and the desired result by
minimizing with respect to s (leading to s = 4t/(nc?)). [ ]

This inequality will be used to provide high-probability bounds on the estimation
error in empirical risk minimization in section 4.4.1.
Exercise 1.20 (#) Use McDiarmid’s inequality to prove a Hoeffding-type bound for vec-

tors: If Z1,...,Z, € R? are independent centered vectors such that || Z;|2 < ¢ almost
surely, then with probability greater than 1 —§, we have

1 — c 1
DN Zil| <—=(1+1/2l0g= ).
n; 2 \/ﬁ< i 0g5)

1.2.3 Bernstein’s Inequality (¢)

As mentioned earlier, Hoeffding’s inequality only uses an almost sure bound, but not
explicitly the variance, as the central limit theorem uses (but only with an asymptotic
result). Bernstein’s inequality allows the use of variance to get a finer nonasymptotic
result.

Proposition 1.4 (Bernstein’s inequality) Let Z1,...,Z, be n independent random
variables such that |Z;| < ¢ almost surely and E[Z;] = 0. Then, fort >0,

(2

nt?
<2 ( - 7) 1.11
) P\ T 202 1 2et/3 (L11)
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where 0* = L3 var(Z;). Moreover, for § € (0,1), with probability greater than 1 — 4,
we have
2021og(2/9) n 2clog(2/9)

n 3n

(1.12)

Proof The proof is also divided into two parts, first with a lemma on the Laplace
transform.

(a) Lemma: If |Z| < ¢ almost surely, E[Z] = 0, and E[Z?] = 02, then for any s > 0, we
have E[e*?] < exp (‘Z—j(esc —1-sc)).

Proof: Using the power series expansion of the exponential, we get
Ele*”] = 1+E[sZ]+ Z k' E[ZzF] =1+ Z o E[Z*] because Z has zero mean,

2
ZS _ 2 :S — g sc
g 1+ EEHZVC 2|Z|2] §1+ Hck 20'2:1+C_2(e _1_50)-
k=2 k=

Using the bound 1 + o < e® as valid for all o € R leads to the desired result.
(b) With o? = var(Z;), we have the following one-sided inequality:

P(%izi >t> - (eXp (siZz) > exp nst)>

h =t by monotonicity of the exponential,

n
< E [exp (s Z Zl)} e~ "t using Markov’s inequality,
i=1
. o? no?
< et H exp (—; (e*—1 —sc)) =e "exp (—2 (e%—1— sc)) ,
c c
i=1

using the lemma stated at the beginning of the proof. We now need to find an
2
upper bound on the minimal value (with respect to s) of —nst + 25 (e*“—1—sc) =

"C;‘;(esc 1—sc — asc), with a = ct/o?. We first bound for u = sc, e* — 1 —u =

Zk 0 (kf;), Yoo %, since (k+2)! = 2-3---(k+2) > 2-3F Thus, for
€ (0,3), we get
u? w2 1
-1- — 3= — .
w5 D W) =5y —u/3
k=0
Using the candidate u = 1+a—/3 (which leads to a candidate s = wu/c), we get

1—u/3:1—%§}3*a+3,andthus

e“—l—u—au<u—2 ! —ou = o ats_ o =— o
S 21-u/3 2(1+a/3)2 3 1+a/3 2(1+a/3)
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This exactly leads to the one-sided version of equation (1.11).

To get equation (1.12) from the two-sided version of equation (1.11), we solve in ¢
t2
TT 23

equation in t leads to (using (a + b)Y/? < a'/? +b'/?):

t—1[261 2+((201 2)2+8021 2)1/2}<2c1 2+1(8021 2)1/2
~2l3, %5 3n 85 n 8% S3, %5 T\, 985 ’

the equation 2exp (%) =/ < 1og§ = Solving the quadratic

which leads to equation (1.12).
|

Note here that we get the same dependence as for the central limit theorem for small
deviations ¢ (and a strict improvement on Hoeffding’s inequality because the variance is
essentially bounded by the squared diameter of the support). In contrast, for large ¢, the
dependence in t is worse than Hoeffding’s inequality.

Beyond zero mean random variables. Bernstein’s inequality can also be applied
when the random variables Z; do not have zero means. Then equation (1.11) is replaced
by

n

P(}%Zzi—%im@]

=1

nt?
> t) <2ewp (- m)’ (1.13)

with a corresponding single-sided inequality.

Exercise 1.21 (#) Prove the inequality in equation (1.13).

1.2.4 Expectation of the Maximum

Concentration inequalities bound the deviation from the expectation. Often, computing
the expectation is tricky, particularly for the maxima of random variables. In a nutshell,
taking the maximum of n bounded random variables leads to an extra factor of y/logn.
Note here that we do not impose independence. We will consider other tools such as
Rademacher complexities in section 4.5. See figure 1.1 for an illustration.

/\ This logarithmic factor appears many times in this textbook and can often be traced
to the expectation of a maximum and to the Gaussian decay of tail bounds.

/\ The variables do not need to be independent.

Proposition 1.5 (Expectation of the maximum) If Z1,...,Z, are (potentially de-
pendent) zero-mean real random variables that are sub-Gaussian with constant T2, then

E[max{Zl, ce, Zn}} < V/272logn.
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Proof We have

1 .
E[max{Z1,...,Z,}] < i logE[etm‘*x{Zl""’Z"}} by Jensen’s inequality,

1
=~ —log E[max{e'”, ... e'7"}]

1
< n logIE[etZ1 +---+ etZ"] bounding the max by the sum,

1 1 t
- log(neth2/2)= 08T L 2t V272logn with t=7"11/2logn,

t t 2

<

using the definition of sub-Gaussianity in section 1.2.1 (and the fact that the variables
have zero means). |

While we consider a direct proof using Laplace transforms earlier in this discussion,
we can prove a similar result using Gaussian tail bounds together with the union bound:

P(max{Uy,..., Uy} > t) <P(U; > t)+ -+ PU, > 1),

for random variables Uy, ...,U,. In other words, the dependence in the probability §
s 1/log(%) in equation (1.10) is directly related to the term \/Iogn (see exercise 1.22).

We will see a different dependence in n in section 8.1.2 for the maximum of the squared
norms of Gaussians.

Exercise 1.22 Assume that Z1, ..., Z, are random variables that are sub-Gaussian with
constant 7 and have zero means. Show that E[ max{|Z1|,...,|Z,|}] < \/272log(2n).
Prove the same result up to a universal constant using the tail bounds IP’(|Z| >t) <
2exp(—3 ) together with the union bound, and the property E[|Y|] = P(|Y] > t)dt
for any mndom variable Y such that E[|Y|] exists.

Exercise 1.23 (¢4) Assume that Zl, ..., Zy are independent Gaussian random vari-
ables with mean zero and variance o> Provzde a lower bound for Elmax{Zi,...,Z,}] of

the form cy/logn for ¢ > 0.

Exercise 1.24 Assume that Z1, ..., Z, are sub-Gaussian random variables with common
sub-Gaussianity parameter T, and potentially different means pi,. .., n. For a fized set
of nonnegative weights w1, ..., 7, that sum to 1, and § € (0,1), show that with probability
greater than 1 — 0, for all i € {1,...,n}, |z — wi| < 7/2log(1/m;) + 74/210g(2/6). If
1 € argmine(y,... n} {zz + 7+/21og( 1/71'1 }, show that with probability greater than 1 — 4§,

i < mingeqq, oy {pi +271/2log(1/m) } + 274/21og(2/6).

Exercise 1.25 (#4) Consider a convex function f : R? — R such that f(0) =0 and f
is L-smooth with respect to the norm §; that is, f is continuously differentiable and for

all 0,7 € R, f(0) < f(n)+ f'(n)T(0 —n) + £Q(0 — n)%. Let Z; € R? be independent
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2 2
%
<
g : :
o
g o0 g 0
o 3 g
20 = a5}
g =
.CT) Rk R g 72 § 72
- Sample o0 %
—— Cumulative max|. =
: —4 —4
0 5,000 10,000 0 1 2 3 0 1 2 3
n (logn)!/? (logn)*/?
Figure 1.1. Expectation of the maximum of n independent standard Gaussian random
variables. Left: illustration of the cumulative maximum max{Z,...,Z,}. Middle: 10

samples of the cumulative maximum as a function of \/logn. Right: mean and standard
deviations from 1,000 replications. Notice the linear growth in v/log n, which is compatible
with our bounds.

zero-mean random vectors with E[Q2(Z;)?] < o2, fori=1,...,n. Show by induction in n
that E[f(Z1 + - + Zy)] < nL%.

1.2.5 Estimation of Expectations through Quadrature (44)

In machine learning, the generalization error is an expectation of a function (the loss as-
sociated with a specific prediction function) of a random variable (the pair input/output).
This generalization error is naturally approximated by an empirical average given some
i.i.d. samples, with a convergence rate of O(1/4/n) from n samples (as shown, e.g., from
Hoeffding’s inequality).

In this section, we briefly present quadrature methods whose aim is to estimate the
same expectation, but with potentially nonrandom observations. For simplicity, we con-
sider a random variable X uniformly distributed in [0, 1], and the task of computing the
expectation of a function f : [0,1] — R (ie., I = E[f(X)] = fol f(z)dx), noting that
there are many variants of such methods (see, e.g., Davis and Rabinowitz, 1984; Brass
and Petras, 2011), and that these techniques extend to higher dimensions (Holtz, 2010).
Moreover, while we focus on equally spaced data in the interval, so-called “quasi-random”
methods lead to better convergence rates (Niederreiter, 1992).

We consider uniformly spaced grid points on [0, 1], as it can serve as an idealization of
random sampling when studying regression models, particularly in chapters 6 and 7. That
is, we consider x; = - for i € {0,...,n} (with n + 1 points). The classical trapezoidal
rule considers the approximation
171 — 1 1 o
I= p bf(fﬂo) + ; f(@i) + §f(5€n)} = o Z {f(zi) + f(xi)}.

i=1

It corresponds to approximating f by its piecewise interpolant on [z;_1,z;] based on
values at {x;—1,2;} (see proof in exercise 1.26).
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The error |I — I | then depends on the regularity of f. We have a decomposition of
the error as the integral between f and its piecewise affine interpolant:

I—i / fla d:c—$[f(wi)+f(wi—1)])

Zl (/Iill f(x)dx — /ﬂaii1 {7xf1—;i1 flaizt) + 72__?;11 f(xl)}dx)

If f is twice differentiable and has a second derivative bounded by L uniformly in ab-
solute value, then we have the bound (which can be obtained by Taylor’s formula; see
exercise 1.26):

. "L 3 L
[ =1 Z / i~ o) = aim)d :;ﬁ T T)T = e

We thus have an error bound in O(1/n?) if we assume two bounded derivatives. We
typically get an error of O(1/n®) for such numerical integration methods if we assume s
bounded derivatives (with the appropriate rule, such as Simpson’s rule, which makes a
piecewise quadratic interpolation). See exercises 1.27 and 1.28.

Exercise 1.26 Consider a function g : [0,1] — R. Show that the piecewise interpolant
based on values at {0,1} equals §: z — (1 — x)g(0) + zg(1) and that its integral equals
39(0)+ 2g(1). Assuming g is twice differentiable with second-derivative bounded in mag-
nitude by L, show that for all z € [0,1], |g(z) — §(z)| < Zz(1 — z).

Exercise 1.27 Show that the trapezoidal rule leads to an error in O(1/n) if we assume
only one bounded derivative.

Exercise 1.28 (#) Show that for 1-periodic functions, the trapezoidal rule leads to an
error in O(1/n®) if we assume s bounded derivatives.

1.2.6 Concentration Inequalities for Random Matrices (¢4)

As it turns out, the concentration inequalities that have been presented in this chapter
apply equally well to matrices with the positive semidefinite order. The following bounds
are adapted from Tropp (2012) and presented without proofs, with the following nota-
tions: Amax(M) denotes the largest eigenvalue of the symmetric matrix M; in contrast,
|M]|op denotes the largest singular value of a potentially rectangular matrix M, and
A < B if and only if B — A is positive semidefinite.

Proposition 1.6 (Matrix Hoeffding bound (Tropp, 2012, theorem 1.3)) Given
n independent symmetric matrices M; € R4 such that for alli € {1,...,n}, E[M;] = 0,
M2 < 02 almost surely, with 0% = max( ZZ 1 02). Then for all t > 0,

( mdx( ZM) )gd-exp(—g%z).



20 CHAPTER 1. MATHEMATICAL PRELIMINARIES

Proposition 1.7 (Matrix Bernstein bound (Tropp, 2012, theorem 1.4)) Given
n independent symmetric matrices M; € R¥*? such that for alli € {1,....,n}, E[M;] =0,
Amax(M;) < ¢ almost surely, with o2 = )\max(% oy E[Mf]) Then for allt > 0,

1 & nt?/2
]P’</\max<E;Mi) >t> <d~exp(— m)

We can make the following observations:

e Note the similarity with the corresponding bounds for scalar random variables when
d = 1. McDiarmid’s inequality can also be extended (Tropp, 2012, corollary 7.5).

e These bounds also apply to rectangular matrices M; € R%*% by considering the

]\40T 1\6[) € R(ditd2)x(ditd2) whose eigenvalues are plus
%

and minus the singular values of M;; see section 1.1.4 and Stewart and Sun (1990,
theorem 4.2).

symmetric matrices M; = (

Exercise 1.29 Assume that the matrices M; € R¥*% qre independent, have zero mean,
and || M;||op < ¢ almost surely for all i € {1,...,n}. Show that

"

Moreover, with 0* = max {Amax (= > i M;" M), Amax (£ S0, MiM;")}, show that

“

Infinite-dimensional covariance operators (#4). As used within chapter 7, we will
need to extend the results given above, which depend on the underlying dimension, to
the notion of “intrinsic dimension,” which can still be finite if the underlying dimension
is infinite. That is, we have this bound from Minsker (2017, equation (3.9)):

n

1
w2 M

8c2
i=1

nt?
Op>t><(d1+d2)'exp(— )

n

1
2 Mo

i=1

nt?/2 )
o2+ ct/3/°

Zt) g(dl—l—dg)-exp(—
op

Proposition 1.8 (Matrix Bernstein bound—intrinsic dimension) Given n indepen-
dent random bounded self-adjoint operators M; on a Hilbert space, such that for all
i € {1,...,n}, E[M;] =0, Anax(M;) < ¢ almost surely, and 37" | E[M?] < V. Then
for allt >0,

1 6 t?2/2
P()\max (E ; Mi> > t) <d- (1 + (0 + ct/3)2) exp ( _ 02n+ ét/_?)),

for 02 = Apax(V) and d = V) When t > 5=+ \%, then we get the upper bound

o2 n
Tdexp ( — %)




Chapter 2

Introduction to Supervised
Learning

Chapter Summary

e Decision theory (loss, risk, optimal predictors): What is the optimal prediction and
performance given infinite data and infinite computational resources?

e Statistical learning theory: When is an algorithm “consistent”?

e “No free lunch” theorems: Learning is impossible without making assumptions.

In this chapter, we present the supervised learning problem, which is the main object
of study in this book. After a short introduction highlighting the main motivating prac-
tical examples in section 2.1, the decision-theoretic probabilistic framework set forth in
section 2.2 provides the traditional mathematical formalization, with the notions of loss,
risk, and optimal predictor. This will precisely define the goals and evaluation standards
of machine learning that will be applied to the learning algorithms presented throughout
this book. Section 2.3 then presents the two main classes of learning algorithms: local
averaging techniques, and methods based on empirical risk minimization. Notions of
statistical consistencies are described in section 2.4; studying the consistency of learning
methods will be our main objective in this book: as shown in section 2.5 on “no free
lunch” theorems, no method can perform uniformly well, and assumptions have to be
made to obtain meaningful quantitative results, as shown in section 2.6. We conclude
this introductory chapter by presenting in section 2.7 classical extensions to the basic
supervised learning frameworks, and, in section 2.8, a summary and an outline of the
subsequent chapters of this book.

21
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2.1 From Training Data to Predictions

Main goal. Given some observations (z;,y;) € X x Y, i = 1,...,n, of inputs/outputs,
features/labels, covariates/responses (which are referred to as the “training data”), the
main goal of supervised learning is to predict a new y € Y given a new previously unseen
x € X. The unobserved data are usually referred to as the “testing data.”

/\ There are few fundamental differences between machine learning and the branch of
statistics dealing with regression and its various extensions, particularly when providing
theoretical guarantees. The focus on algorithms and computational scalability is arguably
stronger within machine learning (but also exists in statistics). At the same time, the
emphasis on models and their interpretability beyond their predictive performance is more
prominent within statistics (but also exists in machine learning). See also the discussion
in section 4.7.

Examples. Supervised learning is used in many areas of science, engineering, and in-
dustry. There are thus many examples where X and Y can be very diverse:

e Inputs = € X: They can be images, sounds, videos, text documents, proteins, se-
quences of DNA bases, web pages, social network activities, sensors from industry,
financial time series, etc. The set X may thus have a variety of structures that can
be leveraged. All learning methods that we present in this textbook will use at some
point a vector space representation of inputs, either by building an explicit mapping
from X to a vector space (such as R?) or implicitly by using a notion of pairwise
dissimilarity or similarity between pairs of inputs. The choice of these representa-
tions is highly domain-dependent. However, we note that (1) common topologies
are encountered in many diverse areas (such as sequences or two-dimensional or
three-dimensional objects), and thus common tools are used, and (2) learning these
representations is an active area of research (see discussions in chapters 7 and 9).

In this textbook, we will primarily consider that inputs are d-dimensional vectors,
with d potentially large (up to 10° or 10%).

e Outputs y € Y: The most classical examples are binary labels Y = {0,1} or
Y = {—1, 1}, multicategory classification problems with Y = {1,..., k}, and classical
regression with real responses/outputs Y = R. These will be the main examples that
we examine in most of the book. Note, however, that most of the concepts extend
to the more general structured prediction setup, where more general structured
outputs (e.g., graph prediction, visual scene analysis, source separation, ranking)
can be considered (see chapter 13).

Why is it difficult? Supervised learning is difficult (and thus interesting) for a variety
of reasons:

e The label y may not be a deterministic function of z: Given x € X, the outputs
are noisy; that is, y is a random function of z. When y € R, we will often make
the simplifying “additive noise” assumption that y = f(z)+ ¢ with some zero-mean



2.1. FROM TRAINING DATA TO PREDICTIONS 23

noise ¢, but in general, we only assume that there is a conditional distribution of y
given x. This stochasticity is typically due to diverging views between labelers or
dependence on random external unobserved quantities (i.e., y = f(x,z), with 2
random and not observed, which is common, e.g., in medical applications, where
we need to predict a future occurrence of a disease based on limited information
about patients).

e The prediction function f may be quite complex, highly nonlinear when X is a
vector space, and even hard to define when X is not a vector space.

e Only a few z’s are observed: we thus need interpolation and potentially extrapo-
lation (see the following diagram for an illustration for X =Y = R), and therefore
overfitting (predicting well on the training data but not as well on the testing data)
is always a possibility.

‘%/ x Training data
e Testing data

Interpolation

>z

e «—— Extrapolation

Moreover, the training observations may not be uniformly distributed in X. In
this book, they will be assumed to be random, but some analyses will rely on
deterministically located inputs to simplify some theoretical arguments.

e The input space X may be very large (i.e., with high dimension when this is a vector
space). This leads to both computational issues (scalability) and statistical issues
(generalization to unseen data). One usually refers to this problem as the curse of
dimensionality.

e There may be a weak link between training and testing distributions. In other
words, the data at training time can have different characteristics than the data at
testing time.

e The criterion for performance is not always well defined.

Main formalization. Most modern theoretical analyses of supervised learning rely on a
probabilistic formulation; that is, we see (x;,y;) as a realization of random variables. The
criterion is to maximize the expectation of some performance measure with respect to the
distribution of the test data (in this book, mazimizing the performance will be obtained
by minimizing a loss function). The main assumption is that the random variables
(x4,y;) are independent and identically distributed (i.i.d.) with the same distribution as
the testing distribution. In this book, we will ignore the potential mismatch between
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train and test distributions (although this is an important research topic, as in most
applications, training data are not i.i.d. from the same distribution as the test data).

A machine learning algorithm A is then a function that goes from a dataset (i.e., an
element of (X x Y)™) to a function from X to Y. In other words, the output of a machine
learning algorithm is itself an algorithm.

Practical performance evaluation. In practice, we do not have access to the test
distribution but samples from it. In most cases, the data given to the machine learning
user are split into three parts:

e The training set, on which learning models will be estimated.

e The validation set, to estimate hyperparameters (all learning techniques have some)
to optimize the performance measure.

e The testing set, to evaluate the performance of the final chosen model:

Training Validation — Testing

I

F———— Available data ——

nately only sometimes the case. If the test data are seen multiple times, the

i In theory, the test set can be used only once. In practice, this is unfortu-
estimation of the performance on unseen data is overestimated.

Cross-validation is often preferred, to use a maximal amount of training data and
reduce the variability of the validation procedure: the available data are divided into k
folds (typically k = 5 or 10), and all models are estimated & times, each time choosing a
different fold as validation data (see the pink data below), and averaging the &k obtained
error measures. Cross-validation can be applied to any learning method, and its detailed
theoretical analysis is an active area of research (see Arlot and Celisse, 2010, and the
many references therein).

F———— Available data ———1  Testing

I I N B B e
I N R
I N R I
I I
I I I

“Debugging” a machine learning implementation is often an art: on top of commonly
found bugs, the learning method may not predict well enough with testing data. This
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is where theory can be useful to understand when a method is supposed to work or not.
This is the primary goal of this book.

Model selection. Most machine learning models have hyperparameters (e.g., regular-
ization weight, size of the model, number of parameters). To estimate them from data, the
common practical approach is to use validation approaches like those highlighted thus
far. It is also possible to use penalization techniques based on generalization bounds.
These two approaches are analyzed in section 4.6.

Random design versus fixed design. What we have described is often referred to as
the “random design” setup in statistics, where both = and y are assumed to be random
and sampled i.i.d. It is common to simplify the analysis by considering that the input
data z1,...,z, are deterministic, either because they are actually deterministic (e.g.,
equally spaced in the input space X) or by conditioning on them if they are actually
random. This will be referred to as the “fixed design” setting and studied precisely in
the context of least-squares regression in chapter 3.

In the context of fixed design analysis, the error is evaluated “within-sample” (i.e.,
for the same input points z1,...,z,, but over new associated outputs). This explic-
itly removes the difficulty of extrapolating to new inputs, hence a simplification in the
mathematical analysis.

2.2 Decision Theory

Main question. In this section, we tackle the following question: What is the optimal
performance, regardless of the finiteness of the training data? In other words, what should
be done if we have a perfect knowledge of the underlying probability distribution of the
data? We will thus introduce the concepts of loss function, risk, and Bayes predictor.

We consider a fixed (testing) distribution p(,,) on X x Y, with marginal distribu-
tion p(,) on X. Note that we make no assumptions at this point on the input space X.

/\ We will almost always use the overloaded notation p, to denote p(; ) and p(,), where
the context can always make the definition unambiguous. For example, when f: X — R

and g : X xY — R, we have E[f(2)] = [, f(z)dp(x) and E[g(z,y)] = [y, 9(z,y)dp(z,y).

A\ We ignore measurability issues on purpose. The interested reader can look at Christ-
mann and Steinwart (2008) for a more formal presentation.

2.2.1 Supervised Learning Problems and Loss Functions

We consider a loss function ¢ : Y x Y — R (often R;), where ¢(y,z) is the loss of
predicting z while the true label is y.

/A\ Some authors swap y and z in the definition of the loss.
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/\ Some related research communities (e.g., economics) use the concept of “utility,”
which is then maximized.

The loss function only concerns the output space Y independent of the input space X.
The main examples are as follows, each corresponding to a particular supervised learning
problem (note that for each problem, different losses may be considered):

e Binary classification: Y = {0,1} (or often Y = {—1,1}, or, less often, when
seen as a subcase of the multicategory situation below, Y = {1,2}); the “0-1 loss”
defined as ¢(y, z) = 1y, is the most commonly used; that is, 0 if y is equal to z
(no mistake), and 1 otherwise (mistake).

It is very common to mix the two conventions Y={0,1} and Y={-1,1}:
double-check which convention is used when using toolboxes.

e Multicategory classification: Y = {1,...,k}, and {(y, z) = 1,-. (0-1 loss).

e Regression: Y =R and {(y, z) = (y—2)? (square loss). The absolute loss ¢(y, z) =
ly — z| is often used for robust estimation (since the penalty for large errors is
smaller).

e Structured prediction: while this textbook focuses primarily on the three ex-
amples above, there are many practical problems where Y is more complicated,
with associated algorithms and theoretical results. For example, when Y = {0, 1}*
(leading to multilabel classification), the Hamming loss £(y,z) = Z;C:l Ly;#2; is
commonly used; also, ranking problems involve losses on permutations. See chap-
ter 13 for a detailed treatment.

Throughout this textbook, we will assume that the loss function is given to us. Note
that in practice, the final user imposes the loss function, as this is how models will be
evaluated. Clearly, a single real number may not be enough to characterize the entire
prediction behavior. For example, in binary classification, there are two types of errors,
false positives and false negatives, which can be considered simultaneously. Since we now
have two performance measures, we typically need a curve to characterize the performance
of a prediction function. This is precisely what receiver operating characteristic (ROC)
curves are achieving (see, e.g., Bach et al., 2006, and references therein). For simplicity,
we stick to a single loss function ¢ in this book.

/\ While the loss function ¢ will be used to define the generalization performance in
section 2.2.2, for computational reasons, learning algorithms may explicitly minimize a
different (but related) loss function, with better computational properties. This loss
function used in training is often called a “surrogate.” This will be studied in the context
of binary classification in section 4.1, and more generally for structured prediction in
chapter 13.
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2.2.2 Risks

Given the loss function £: Y x Y — R, we can define the expected risk (also referred to as
generalization error, or testing error) of a function f: X — Y, as the expectation of the
loss function between the output y and the prediction f(x).

Definition 2.1 (Expected risk) Given a prediction function f : X — Y, a loss function
{:YxY =R, and a probability distribution p on X XY, the expected risk of f is defined
as

R(f) = E[t(y, f(2))] = / Uy, f(2))dp(z. y).

AxY

The risk depends on the distribution p on (z,y). We sometimes use the notation R, (f)
to make it explicit. The expected risk is our main performance criterion in this textbook.

Be careful with the randomness, or lack thereof, of f: when performing learn-
ing from data, f will depend on the random training data, not on the testing

A data, and thus R(f) is typically random because of the dependence on the
training data. However, as a function on functions, the expected risk R is
deterministic.

Note that sometimes we consider random predictions; that is, for any x, we output a
distribution on y, and then the risk is taken as the expectation over the randomness of
the outputs.

Averaging the loss on the training data defines the empirical risk, or training error.

Definition 2.2 (Empirical risk) Given a prediction function f : X — Y, a loss func-
tion £ :Y xY — R, and data (z;,y;) € X XY, i =1,...,n, the empirical risk of f is
defined as

n

R(f) = % Zf(yi, f(@4)).

=1

Note that R is a random function on functions (and is often applied to random functions,
with dependent randomness as both will depend on the training data).

Special cases. For the classical losses defined earlier, the expected and empirical risks
have specific formulations:

e Binary classification: Y = {0,1} (or often Y = {—1,1}), and £(y, z) = 1,2, (0-1
loss). We can express the risk as R(f) = P(f(z) # y). This is simply the probability
of making a mistake on the testing data (error rate), while the empirical risk is the
proportion of mistakes on the training data.

/A In practice, the accuracy, which is 1 minus the error rate, is often reported.

e Multicategory classification: Y = {1,...,k}, and ¢(y, z) = 1,2, (0-1 loss). We
can also express the risk as R(f) = P(f(z) # y). This is also the probability of
making a mistake (error rate).
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e Regression: Y =R and {(y,z) = (y — 2)? (square loss). The risk is then equal to
R(f) =E[(y — f(x))?], often referred to as “mean squared error.”

2.2.3 Bayes Risk and Bayes Predictor

Now that we have defined the performance criterion for supervised learning (the expected
risk), the main question we tackle here is: What is the best prediction function f (re-
gardless of the training data)?

Using the conditional expectation and its associated law of total expectation, we have

R(f) =E[ly, f(x))] = E[E[(y, f(2))l|],

which we can rewrite, for a fixed 2’ € X:

R(f) = Earmp []E [y, f(a"))|z = w’]} = / E[l(y, f(2"))|x = 2’| dp(z").

X

/A To distinguish between the random variable z and a value it may take, we use the
notation x’.

From the conditional distribution given any 2’ € X (i.e., y|x = 2’), we can define the
conditional risk for any z € Y (it is a deterministic function of z and z’):

r(zlz") = E[E(y, 2)|x = x’},

which leads to

R(f) = /x r(f (@) )dp(e').

To find a minimizing function f : X — R, let us first assume that the set X is finite: in
this situation, the risk can be expressed as a sum of functions that depends on a single
value of f; that is, R(f) = > . cx r(f(2')|z")P(x=2"). Therefore, we can minimize with
respect to each f(x') independently. Therefore, a minimizer of R(f) can be obtained by
considering for any z’ € X, the function value f(2’) to be equal to a minimizer z € Y of
r(z|2’) = E[l(y, z)|z = 2']. This extends beyond finite sets, as shown next.

A Minimizing the expected risk with respect to a function f in a restricted set does not
lead to such decoupling.

Proposition 2.1 (Bayes predictor and Bayes risk) The expected risk is minimized
at a Bayes predictor f. : X — Y, satisfying for all ' € X,

f«(z') € argminE[{(y, z)|z = 2] = argminr(z|2’). (2.1)
z€Y z€Y

The Bayes risk R* is the risk of all Bayes predictors and is equal to

R* =Eypnp brelgE[ﬁ(y, 2)|z = x’ﬂ
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Proof We have R(f) —R* = R(f) — R(f.) = / [r(f(z")|z") — mégr(d:v')]dp(x’), which
shows the proposition. * |

Note that (1) the Bayes predictor is not always unique, but that all lead to the same
Bayes risk (e.g., in binary classification when P(y = 1|z) = 1/2); and (2) that the Bayes
risk is usually nonzero (unless the dependence between = and y is deterministic). Given
a supervised learning problem, the Bayes risk is the optimal performance; we define the
excess risk as the deviation with respect to the optimal risk.

Definition 2.3 (Excess risk) The excess risk of a function f : X — Y is equal to
R(f) — R* (it is always nonnegative).

Therefore, machine learning could be seen trivial: given the distribution y|z for any =,
the optimal predictor is known and given by equation (2.1). The difficulty will be that
this distribution is unknown.

Special cases. For our usual set of losses, we can compute the Bayes predictors in
closed form as follows:

e Binary classification: the Bayes predictor for Y = {—1,1} and £(y,2) = 1, is
such that

f«(2') € argmin Py # 2|z =2') = argmin 1—P(y = z|z =2')
ze{—1,1} ze{—1,1}
= argmax P(y = z|z = 2').
ze{-1,1}

The optimal classifier will select the most likely class given z’. Using the notation
n(z’) = Py = 1l = '), then, if n(z’) > 1/2, f.(z') = 1, while if n(z’) < 1/2,
f«(2') = —1. What happens for n(z’) = 1/2 is irrelevant, as the expected error is
the same for the two potential predictions.

The Bayes risk is then equal to R* = E[min{n(z),1 — n(x)}], which in general
is strictly positive (unless n(x) € {0,1} almost surely—that is, y is a deterministic
function of ).

This extends directly to multiple categories Y = {1,...,k}, for k& > 2, where we
have f.(z') € argmax P(y = i|z = 2').

i€{l,....k}
/A These Bayes predictors and risks are valid only for the 0-1 loss. Less symmetric
losses are common in applications (e.g., for spam detection) and would lead to
different formulas (see exercise 2.1 and chapter 13).
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e Regression: the Bayes predictor for Y = R and £(y, z) = (y — 2)? is such that!

fo(@) € argminE[(y — 2)*|z = 2]
z€R

= argerﬂrgin {]E[(y —Elylz = 2'])?|lz = 2'] + (2 — E[y|lz = 2']) }

This leads to the conditional expectation f.(z’') = E[y|lz = 2'], with a Bayes risk
equal to the expected conditional variance.

Exercise 2.1 Consider binary classification with Y = {—1,1} with the loss function
0(—1,-1)=£(1,1) =0 and £(—1,1) = c_ > 0 (cost of a false positive), £(1,—1) =cy >0
(cost of a false negative). Compute a Bayes predictor at x as a function of E[y|x].

Exercise 2.2 We consider a learning problem on X x Y, with Y = R and the absolute
loss defined as £(y,z) = |y — z|. Compute a Bayes predictor f. : X — R.

Exercise 2.3 We consider a learning problem on X x 'Y, with Y = R and the “pinball”
loss U(y,z) = aly —2)+ + (1 — a)(z — y)4, for a € (0,1). Compute a Bayes predictor
f« : X — R. Provide an interpretation in terms of quantiles.

Exercise 2.4 (¢#) Characterize Bayes predictors for regression with the “c-insensitive”
loss defined as {(y, z) = max{0, |y — z| — e}. If for each x, y is supported in an interval
of length less than 2¢, what are the Bayes predictors?

Exercise 2.5 (Inverting predictions) Consider the binary classification problem with
Y ={-1,1} and the 01 loss. Relate the risk of a prediction f to that of its opposite —f.

Exercise 2.6 (“Chance” predictions) Consider binary classification problems with
the 0-1 loss. What is the risk of a random prediction rule where we predict the two
classes with equal probabilities independent of input x? Address the same question with
multiple categories.

Exercise 2.7 (¢#) Consider a random prediction rule where we predict from the proba-
bility distribution of y given x. When is this achieving the Bayes risk?

2.3 Learning from Data

The decision theory framework outlined in section 2.2, with notations summarized in
table 2.1, gives a test performance criterion and optimal predictors, but it depends on
the full knowledge of the test distribution p. We now briefly review how we can obtain
good prediction functions from training data; that is, data sampled i.i.d. from the same
distribution.

1We use the law of total variance: E[(y — a)?] = var(y) + (E[y] — a)? for any random variable y and
constant a € R, which can be shown by expanding the square.
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Table 2.1. Summary of notions and notations presented in this chapter and used through-
out this book.

X Input space

Y Output space

P Joint distribution on X x Y

(T1,Y1, -+ Ty Yn) Training data

f:X—=Y Prediction function

Ly, z) Loss function between output y and prediction z
R(f) =E[l(y, f(x))] Expected risk of prediction function f

R(f) = LS s, f () Empirical risk of prediction function f

fe(2') = argmin,cy E[{(y, )|z = 2'] Bayes prediction at z’

R* =Epnpinf,cy El(y, z)|x = 2']  Bayes risk

Two main classes of prediction algorithms will be studied in this textbook:
(1) Local averaging (chapter 6).
(2) Empirical risk minimization (chapters 3, 4, 7, 8, 9, 11, 12, and 13).

Note that there are prediction algorithms that do not fit precisely into one of these two
categories, such as boosting or ensemble classifiers (which perform several empirical risk
minimizations, in series or parallel, see chapter 10). Moreover, some situations do not
fit the classical i.i.d. framework, such as in online learning (see chapter 11). Finally, we
consider probabilistic methods in chapter 14, which rely on a different principle.

2.3.1 Local Averaging

The goal here is to approximate/emulate the Bayes predictor (e.g., f«(z') = E[y|lz = 2]
for least-squares regression, or f.(z') = argmax,cy P(y = z|x = ) for classification with
the 0-1 loss) from empirical data. This is often done by explicit or implicit estimation of
the conditional distribution by local averaging (k-nearest neighbors, which is used as the
primary example for this chapter; Nadaraya-Watson estimators; or decision trees). We
briefly outline here the main properties for one instance of these algorithms; see chapter 6
for details.

The k-nearest-neighbor classifier. Given n observations (x1,y1),. .., (Tn, yn) where
X is a metric space and Y € {—1,+1}, a new point z**' is classified by a majority vote
among the k-nearest neighbors of x¢st,

We consider the 3-nearest-neighbor classifier on a particular testing point (which will
be predicted as 1):
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° ° o ®
. o o e Class +1
. = o Class —1
a < x Testing point
o
De o

e Pros: (1) no optimization or training, (2) often easy to implement, and (3) can get
very good performance in low dimensions (in particular for nonlinear dependences
between z and y).

e Cons: (1) slow at query time: must pass through all training data at each testing
point (there are algorithmic tools to reduce complexity; see chapter 6); (2) bad
for high-dimensional data (because of the curse of dimensionality; more on this in
chapter 6); (3) the choice of local distance function is crucial; and (4) the choice of
width hyperparameters (or k) has to be performed.

e Plot of training errors and testing errors as functions of k for a typical problem.
When k is too large, there is underfitting (the learned function is too close to a
constant, which is too simple), while for k too small, there is overfitting (there is a
strong discrepancy between the testing and training errors).

Errors
Underfitting

k

1 n

Exercise 2.8 How would the curve move when n increases (assuming the same
balance between classes)?

2.3.2 Empirical Risk Minimization

Consider a parameterized family of prediction functions (often referred to as models)
fo: X — Y for & € O (typically a subset of a vector space). This class of learning
methods aims at minimizing the empirical risk with respect to 6 € O:

n

R(fo) = % > Ui, folw))-

i=1
This defines an estimator 6 € arg min j\%( fo), and thus a prediction function f;: X — Y.
0co

The most classic example is linear least-squares regression (studied thoroughly in
chapter 3), where we minimize ="  (y; — 0 ¢(2;))?, and f is linear in some feature



2.3. LEARNING FROM DATA 33

vector p(z) € R? (there is no need for X to be a vector space). The vector (z) can
be quite large (or even implicit, like in kernel methods; see chapter 7). Other examples
include neural networks (chapter 9).

e Pros: (1) can be relatively easy to optimize (e.g., least-squares with its simple
derivation and numerical algebra; see chapter 3), many algorithms are available
(primarily based on gradient descent; see chapter 5); and (2) can be applied in any
dimension (if a suitable feature vector is available).

e Cons: (1) can be relatively hard to optimize when the optimization formulation
is not convex (e.g., neural networks); (2) need a suitable feature vector for linear
methods; (3) the dependence on parameters can be complex (e.g., neural networks);
(4) need some capacity control to avoid overfitting; and (5) require to parameterize
functions with values in {0, 1} (see chapter 4 for the use of convex surrogates).

Risk decomposition. The material in this section will be studied further in more
detail in chapter 4.

e Risk decomposition in estimation error 4+ approximation error: given any 6 € O,
we can write the excess risk of f; as

R(f) =R = {R(f) — jnf R(fo) | +{ it R(for) — "}

= estimation error + approximation error.

The approximation error { infgco R(for) — R*} is always nonnegative, does not de-
pend on the chosen fj, and depends only on the class of functions parameterized by
0 € O. 1t is thus always a deterministic quantity, which characterizes the modeling
assumptions made by the chosen class of functions. When © grows, the approxima-
tion error goes down to zero if arbitrary functions can be approximated arbitrarily
well by functions fy. It is also independent of the number n of observations.

The estimation error {R(f;) — infgrco R(for)} is also always nonnegative and is
typically random because the function fj is random. It typically decreases in n and
increases when © grows.
Overall, the typical error curves look like this:

Errors

Underfitting — <— Opverfitting

> “Size” of ©

e Typically, we will see in later chapters that the estimation error is often decomposed
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as follows, for 6’ a minimizer on © of the expected risk R(fp:):

R(f;) = R(for) = {R(f5) = R(f3)} + {R(fg) — R(fo)} + {R(for) — R(for)}

< 2sup ‘flAQ(fg) — fR(f9)| + empirical optimization error,
EG)

where the empirical optimization error is supgcgq {JA%(fG) - ﬁi(fg)} (it is equal to
zero for exact empirical risk minimizers, but it is not when using the optimiza-
tion algorithms from chapter 5 in practice). The uniform deviation defined as
SUPyco ’fJA%(fg) — R(f9)| grows with the “size” of © (e.g., number or norm of param-
eters), and usually decays with n. See more details in chapter 4.

Capacity control. To avoid overfitting, we need to make sure that the set of allowed
functions is not too large by typically reducing the number of parameters or by restricting
the norm of predictors (thus by lowering the “size” of ©): this leads to constrained
optimization and still allows for risk decompositions as done previously.

Capacity control can also be done by regularization; that is, by minimizing

n

R(J0) +200) =~ S Ui, folan)) +A2(6),

i=1
where Q(6) controls the complexity of fp. The main example is ridge regression:

1 n
in — i — 07 ()% + \[0]]3.
Inin n;(y p(x:))” + All6]2

Regularization is often easier for optimization but harder to analyze (see chapters 4
and 5).

There is a difference between parameters (e.g., 0) learned on the training data
and hyperparameters (e.g., \) estimated on the validation data.

Examples of approximations by polynomials in one-dimensional regression.
We consider (z,y) € R x R, with prediction functions that are polynomials of order k,
from k = 0 (constant functions) to k = 14 (this corresponds to linear regression with
fo(x) of the form 6T ¢(x), where ¢(z) = (1,z,...,2%)T € RF¥*1). For each k, the model
has k + 1 parameters. The training error (using square loss) is minimized with n = 20
observations. The data were generated with inputs uniformly distributed on [—1, 1] and
outputs as the quadratic function f(r) = 22 — % of the inputs plus some independent
additive noise (Gaussian with standard deviation 1/4). As shown in figures 2.1 and 2.2,
the training error monotonically decreases in k while the testing error goes down and
then up. Note the strong overfitting when k is large (third row in figure 2.1).
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Figure 2.1. Polynomial regression with increasing orders k. Plots of estimated functions
in red, with training and testing errors. The Bayes prediction function f.(z) = E[y|x] is
plotted in blue (it is the same for all plots).
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Figure 2.2. Polynomial regression with increasing orders. Plots of training and testing
errors with error bars (computed as standard deviations obtained from 32 replications),
together with the Bayes error. Note that the variance is increasing with the order k.
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2.4 Statistical Learning Theory

The goal of learning theory is to provide some guarantees of performance on unseen data
given some properties of the learning problem. A common assumption is that the data
Dn(p) = {(x1,¥1),---, (Tn,yn)} are obtained as i.i.d. observations from some unknown
distribution p from some family P. The family P of probability distributions on (z,y)
encapsulates the properties of the learning problem and one may consider conditions on
the distributions of inputs or on the conditional distributions of outputs given inputs.

As seen earlier, algorithm A is a mapping from D,,(p) (for any n) to a function from
X to Y. The expected risk depends on the probability distribution p € P, as R,(f). The
goal is to find A such that the excess expected risk

Ry (A(Dn(p))) — R}

is small, where R7 is the Bayes risk (which depends on the joint distribution p), assuming

that D, (p) is sampled from p, but without knowing which p € P is considered. Moreover,
the risk is random because D,,(p) is random.

2.4.1 Measures of Performance

There are several ways of dealing with the randomness of the expected risk of the estimator
to obtain a criterion:

e Fxpected error: we measure performance as

E[Rp (A(Dn(p)))],

where the expectation is with respect to the training data. Algorithm A is called
consistent in expectation for distribution p, if

E[R,(A(Dn(p))] — R;
goes to zero when n tends to infinity. In this book, we will primarily use this notion

of consistency.

e Probably approximately correct (PAC) learning: for a given 6 € (0,1) and € > 0:

The goal of learning theory in this framework is then to find an e that is as small
as possible (typically as a function of 6 and n). The notion of PAC consistency
corresponds, for any € > 0, to have such an inequality for each n and a sequence d,,
that tends to zero.

2.4.2 Notions of Consistency over Classes of Problems

An algorithm is called universally consistent (in expectation) if for all probability distri-
butions p = p(,,y on (z,y), algorithm A is consistent in expectation for the distribution p.
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/\ Be careful with the order of quantifiers: the convergence speed of the excess risk to-
ward zero will depend on p. See the “no free lunch” theorem in section 2.5 that highlights
that having a uniform rate over all distributions is hopeless.

Most often, we want to study uniform consistency within a class P of distributions
satisfying some regularity properties (e.g., the inputs live in a compact space or the de-
pendence between y and x has at most some complexity, e.g., linear in some feature vector
or with a certain number of bounded derivatives). We thus aim at finding algorithm A
such that

sup {E[ﬂ%p(ﬂ(@n(p))ﬂ - IRZ}

peEP

is as small as possible. The so-called minimaz risk is equal to

i%f sup {E[Rp(fl(@n(p)))} —fR;}.

peEP

This is typically a function of the sample size n and parameters that are characteristic of
X, Y and the allowed set of problems P (e.g., dimension of X, model size). To compute
estimates of the minimax risk, several techniques exist:

e Upper-bounding the optimal excess risk: one given algorithm with a convergence
proof provides an upper bound. This is the main focus of this book.

e Lower-bounding the optimal excess risk: in some setups, it is possible to show that
the infimum over all algorithms is greater than a certain quantity. See chapter 15
for a description of techniques to obtain such lower bounds. Machine learners are
happy when upper bounds and lower bounds match (up to constant factors).

Nonasymptotic versus asymptotic analysis. Theoretical results in learning theory
can be nonasymptotic, with an upper bound with explicit dependence on all quantities;
the bound is then valid for all n, even if it is sometimes vacuous (e.g., a bound greater
than 1 for a loss uniformly bounded by 1).

The analysis can also be asymptotic, where, for example, n goes to infinity and limits
are taken. Alternatively, several quantities can be made to grow simultaneously, which
is common in random matrix theory, where dimension d of the features and number n of
observations both tend to infinity, with a ratio tending to a constant (see, e.g., Potters
and Bouchaud, 2020). See also the discussion in section 4.7.

The key aspect here is (arguably) how these rates depend on the problem.

i’i Specifically, the choice of in expectation versus in high probability, or asymp-
totic versus nonasymptotic, does not really matter as long as the problem
parameters explicitly appear.
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2.5 “No Free Lunch” Theorems (4)

Although it may be tempting to define the optimal learning algorithm that works opti-
mally for all distributions, this is impossible. In other words, learning is only possible
with assumptions. See chapter 7 of Devroye et al. (1996) for more details.

Proposition 2.2 shows that for any algorithm, for a fixed n, there is a data distribution
that makes the algorithm useless (with a risk that is the same as the chance level).

Proposition 2.2 (No free lunch—fixed n) Consider binary classification with 01 loss
and X infinite. Let P denote the set of all probability distributions on X x {0,1}. For any
n > 0 and any learning algorithm A,

sup {E[sz(ﬂ(m(p)))} - rR;} >1/2.

Proof (#4) Let k be a positive integer. Without loss of generality, we can assume that
N c X. The main ideas of the proof are (1) to construct a probability distribution
supported on k elements in N, where k is large compared to n (which is fixed), and to
show that the knowledge of n labels does not imply doing well on all k elements, and (2)
to choose parameters of this distribution (the binary vector r defined next) with largest
possible expected risk and compare this worst performance to the performance obtained
by a random choice of parameters.

Given r € {0,1}*, we define the joint distribution p on (x,y) such that we have
Pz = j,y = rj) = 1/k for j € {1,...,k}; that is, for z, we choose one of the first k
elements uniformly at random, and then y is selected deterministically as y = r,.. Thus,
the Bayes risk is zero (because there is a deterministic relationship): R = 0.

Denoting fp, = A(D,(p)) as the classifier, and S(r) = E[pr(fDn)] as the expectation
of the expected risk, we want to maximize S(r) with respect to r € {0, 1}*; the maximum
is greater than the expectation of S(r) for any probability distribution ¢ on r, in particular
the uniform distribution (each r; being an independent unbiased Bernoulli variable).
Then

WV

ErnglS(r)]
P(fp,(z) #y) = B(fp,(z) # rs),

because y = 7, almost surely. Note that we take expectations and probabilities with
respect to Z1,...,Tn, 2, and r (all being independent of each other).

max S(r)
re{0,1}F

Then we get, using that D, (p) = {z1,72,s - Tn,Ts, }»
Erng[S(r)] = P(fo,(2) # r2)
E[P(f@n () #£ry |a:1, ey Ty Ty e ,rzn)] by the law of total expectation,
E[P(f@n(:v) £r, & xé {961,---,ZEn}|£C1,---,fn,ml,---,mn)]

by monotonicity of probabilities,

E[%P(m ¢ {a:l,...,:cn}|a:1,...,:zrn,rzl,...,rzn)},

WV
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because ]P)(fj)n(l') #re|w ¢ {z1, .. wa} 21, B0, Tey s 57w, ) = 1/2 (the label y = 1y
has the same probability of being 0 or 1, i.e., a random guess, given that z was not
observed). Thus,

n

E,g[S(r)] > %P(w ¢{wy, ... an}) = %E{HP(@ * x|x)} =

i=1

(1—1/k)".

N —

Given n, we can let k tend to infinity to conclude. |

A caveat of proposition 2.2 is that the hard distribution used in the proof above may
depend on n (from the proof, it takes k values, with k tending to infinity fast enough
compared with n). The following proposition (theorem 7.2 from Devroye et al., 1996) is
given without proof; it is much “stronger,” as it more convincingly shows that learning
can be arbitrarily slow without assumption (note that the earlier one is not a corollary
of the later one).

Proposition 2.3 (No free lunch—sequence of errors) Consider a binary classifica-
tion problem with the 0-1 loss, with X infinite. Let P denote the set of all probability
distributions on X x {0,1}. For any decreasing sequence a,, tending to zero and such that
a1 < 1/16, for any learning algorithm A, there exists p € P such that for all n > 1:

E[Ry (A(Dn(p)))] — Ry = an.

2.6 Quest for Adaptivity

As seen in section 2.5, no method can be universal and achieve a good convergence rate
on all problems. However, such negative results consider classes of problems that are
arbitrarily large. In this textbook, we will consider reduced sets of learning problems by
considering X = R? and putting restrictions on the target function f, based on smoothness
and/or dependence on an unknown low-dimensional projection. That is, the most general
set of functions will be the set of Lipschitz-continuous functions, for which the optimal
rate will be essentially proportional to O(n~'/?), typical of the curse of dimensionality (as
the required number n of observations to reach a given precision is exponential in d). No
method can beat this—not k-nearest-neighbors, not kernel methods, and not even neural
networks (see lower bounds on performance in chapter 15).

When the target function is smoother (i.e., with all derivatives up to order m bounded),
then we will see that kernel methods (chapter 7) and neural networks (chapter 9), with the
proper choice of the regularization parameter, will lead to the optimal rate of O(n_m/ ),

When the target function moreover depends only on an r-dimensional linear projec-
tion, neural networks (if the optimization problem is solved correctly) will have the extra
ability to lead to rates of the form O(n~™/") instead of O(n~"/¢). This is not the case
for kernel methods (see chapter 9).

Note that another form of adaptivity, which is often considered, may apply in situa-
tions where the input data lie on a submanifold of R¢ (e.g., an affine subspace), where
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for most methods presented in this textbook, adaptivity is obtained. In the convergence
rate, d can be replaced by the dimension of the subspace (or submanifold) where the data
live. For more, see Kpotufe (2011) for k-nearest neighbors, and Hamm and Steinwart
(2021) for kernel methods.

See more details in https://francisbach.com/quest-for-adaptivity/, as well as chap-
ters 7 and 9 for detailed results regarding adaptivity for kernel methods and neural
networks.

2.7 Beyond Supervised Learning

This textbook focuses primarily on the traditional supervised learning paradigm, with
i.i.d. data and where the training and testing distributions match. Many applications
require extensions to this basic framework, which also lead to many interesting theoretical
developments that are out of scope. Next, we present briefly some of these extensions,
with references for further reading.

Unsupervised learning. While in supervised learning, both inputs and outputs (e.g.,
labels) are observed, and the main goal is to model how the output depends on the input,
in unsupervised learning only inputs are given. The goal is then to find some structure
within the data— for example, an affine subspace around which the data live for principal
component analysis (PCA, studied in section 3.9), the separation of the data in several
groups (for clustering), or the identification of an explicit latent variable model (such as
with matrix factorization). The new representation of the data is typically either used
for visualization (then, with two or three dimensions), or for reducing dimension before
applying a supervised learning algorithm.

While supervised learning relied on an explicit decision-theoretic framework, it is not
always clear how to characterize performance and perform evaluation in unsupervised
learning; each method typically has an ad hoc empirical criterion, such as reconstruction
of the data, full or partial (like in self-supervised learning); or log-likelihood when prob-
abilistic models are used (see chapter 14), in particular graphical models (Bishop, 2006;
Murphy, 2012). Often, intermediate representations are used for subsequent processing
(see, e.g., Goodfellow et al., 2016).

Theoretical guarantees can be obtained for the sampling behavior and recovery of spe-
cific structures when assumed (e.g., for clustering or dimension reduction), with a variety
of results in manifold learning, matrix factorization methods such as K-means, PCA, or
sparse dictionary learning (Mairal et al., 2014), outlier /novelty detection (Pimentel et al.,
2014), or independent component analysis (Hyvérinen et al., 2001).

Semisupervised learning. This is the intermediate situation between supervised and
unsupervised, with typically a few labeled examples and typically many unlabeled exam-
ples. Several frameworks exist based on various assumptions (Chapelle et al., 2010; van
Engelen and Hoos, 2020).
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Active learning. This is a similar setting to semisupervised learning, but the user
can choose which unlabeled point to label to maximize performance once new labels are
obtained. The selection of samples to label is often done by computing some form of
uncertainty estimation on the unlabeled data points (see, e.g., Settles, 2009).

Online learning. Mostly in a supervised setting, this framework allows us to go beyond
the training/testing splits, where data are acquired and predictions are made on the fly,
with a criterion that takes into account the sequential nature of learning. See Cesa-
Bianchi and Lugosi (2006), Hazan (2022), and chapter 11.

Reinforcement learning. On top of the sequential nature of learning already present
in online learning, predictions may influence the future sampling distributions; for exam-
ple, in situations where some agents interact with an environment (Sutton and Barto,
2018), with algorithms relying on similar concepts to optimal control (Liberzon, 2011).

Generative modeling. A key task in computer vision or natural language processing is
to generate images or text documents based on simple “prompts.” Here, the goal is often
not to give an output that minimizes some loss, but rather to sample from a distribution
that reflects the natural variability of images and text, given the prompt. Sampling
from such high-dimensional distributions is a practical and theoretical challenge, where
diffusion models prove particularly useful (see, e.g., Chan, 2024, and references therein).

2.8 Summary-Book Outline

Now that the main concepts are introduced, we can give an outline of the chapters of this
book, which we have separated into three parts.

Part I: Preliminaries. Part I contains chapter 1 on mathematical preliminaries, this
introductory chapter, and chapter 3, on linear least-squares regression. We start with
least-squares, as it allows the introduction of the main concepts of the book, such as
underfitting, overfitting, regularization, using only simple linear algebra, without the
need for more advanced analytic or probabilistic tools.

Part II: Generalization bounds for learning algorithms. Part II is dedicated to
the core concepts in learning theory and should be studied sequentially.

e Empirical risk minimization: Chapter 4 is dedicated to methods based on the
minimization of the potentially regularized or constrained regularized risk, with
the introduction of the key concept of Rademacher complexity, which analyzes
estimation errors efficiently. Convex surrogates for binary classification are also
introduced to allow the use of only real-valued prediction functions.

e Optimization: Chapter 5 shows how gradient-based techniques can be used to
approximately minimize the empirical risk and, through stochastic gradient descent
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(SGD), obtain generalization bounds for finitely-parameterized linear models (which
are linear in their parameters), leading to convex objective functions.

Local averaging methods: Chapter 6 is the first chapter dealing with so-called
“nonparametric” methods that can potentially adapt to complex prediction func-
tions. This class of methods explicitly builds a prediction function mimicking the
Bayes predictor (without any optimization algorithm), such as k-nearest-neighbor
methods. These methods are classically subject to the curse of dimensionality.

Kernel methods: Chapter 7 presents the most general class of linear models that
can be infinite-dimensional and adapt to complex prediction functions. They are
made computationally feasible using the “kernel trick,” and they still rely on convex
optimization, so they lead to strong theoretical guarantees, particularly by adapting
to the smoothness of the target prediction function.

Sparse methods: While chapter 7 focused on Euclidean or Hilbertian regulariza-
tion techniques for linear models, chapter 8 considers regularization by sparsity-
inducing penalties such as the ¢;-norm or the {y-penalty, leading to the high-
dimensional phenomenon that learning is possible even with potentially exponen-
tially many irrelevant variables.

Neural networks: Chapter 9 presents a class of prediction functions that are
not linearly parameterized, leading to nonconvex optimization problems, where ob-
taining a global optimum is not certain. The chapter studies approximation and
estimation errors, showing the adaptivity of neural networks to smoothness and
linear latent variables (in particular for nonlinear variable selection).

Part ITI: Special topics. Part III presents a series of chapters on special topics that
can be read in essentially any order.

e Ensemble learning: Chapter 10 presents a class of techniques aiming at combin-

ing several predictors obtained from the same model class but learned on slightly
modified datasets. This can be done in parallel, such as in bagging techniques, or
sequentially, such as in boosting methods.

From online learning to bandits: Chapter 11 considers sequential decision prob-
lems within the regret framework, focusing first on online convex optimization, then
on zeroth-order optimization (without access to gradients), and finally multiarmed
bandits.

Overparameterized models: Chapter 12 presents a series of results related to
models with a large number of parameters (enough to fit the training data perfectly)
and trained with gradient descent (GD). We present the implicit bias of GD in linear
models toward minimum Euclidean norm solutions and then the double descent
phenomenon, before looking at implicit biases and global convergence for nonconvex
optimization problems.

Structured prediction: Chapter 13 goes beyond the traditional regression and
binary classification frameworks by first considering multicategory classification and
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then the general framework of structured prediction, where output spaces can be
arbitrarily complex.

e Probabilistic methods: Chapter 14 presents a collection of results related to
probabilistic modeling, highlighting that probabilistic interpretations can some-
times be misleading but also naturally lead to model selection frameworks through
Bayesian inference and PAC—Bayesian analysis.

e Lower bounds on generalization and optimization errors: While most of the
book is dedicated to obtaining upper bounds on the generalization or optimization
errors of our algorithms, chapter 15 considers lower bounds on such errors, showing
how many algorithms presented in this book are, in fact, optimal for a specific class
of learning or optimization problems.






Chapter 3

Linear Least-Squares
Regression

Chapter Summary

e Ordinary least-squares estimator: Least-squares regression with linearly parame-
terized predictors leads to a linear system of size d (the number of predictors).

e Guarantees in the fixed design setting with no regularization: When the inputs are
assumed deterministic and d < n, the excess risk is equal to o2d/n, where o2 is the
prediction noise variance.

e Ridge regression: With /s-regularization, excess risk bounds become dimension
independent and allow high-dimensional feature vectors where d > n.

e Guarantees in the random design setting: Although they are harder to show, they
have a similar form.

e Lower bound of generalization error: Under well-specification, the rate o2d/n can-
not be improved.

3.1 Introduction
In this chapter, we introduce and analyze linear least-squares regression, a tool that can
be traced to Legendre (1805) and Gauss (1809).

Why should we study linear least-squares regression? Has there not been any progress
since 18057 Here are a few reasons:

e It already captures many of the concepts in learning theory, such as the bias-variance
trade-off, as well as the dependence of generalization performance on the underlying

1See https://en.wikipedia.org/wiki/Least_squares for an interesting discussion and the claim that
Gauss had known about it already in 1795.
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dimension of the problem with no regularization, or on dimensionless quantities
when regularization is added.

e Because of its simplicity, many results can be easily derived without the need for
complicated mathematics, both in terms of algorithms and statistical analysis (sim-
ple linear algebra for the simplest results in the fixed design setting).

e Using nonlinear features, this approach can lead to arbitrary nonlinear predictions
(see the discussion of kernel methods in chapter 7).

In subsequent chapters, we will extend many of these results beyond least-squares
regression with the proper additional mathematical tools.

3.2 Least-Squares Framework

We recall the goal of supervised machine learning from chapter 2: we are given some
training data composed of observations (x;,y;) € X x Y, ¢ = 1,...,n, which are pairs
of inputs/outputs, sometimes referred to as features/responses. Given a new x € X, the
goal is to predict y € Y (testing data) with a regression function f such that y =~ f(z).
We assume that Y = R and we use the square loss £(y, z) = (y — z)?, for which we know
from chapter 2 that the optimal predictor is f.(x) = Ely|z] (see section 2.2.3).

In this chapter, we consider empirical risk minimization for regression problems. We
choose a parameterized family of prediction functions (often referred to as “models”)
fo : X =Y =R for some parameter § € © and minimize the empirical risk:

n

Z fG xz )

leading to the estimator § € arg mingee LS (yi — fo(:))?. Note that in most cases,
the Bayes predictor f. does not belong to the class of functions { fy, 6 € ©}; that is, the
model is said to be misspecified.

Least-squares regression can be carried out with parameterizations of the function fy
that may be nonlinear in the parameter 6 (such as for neural networks in chapter 9). In
this chapter, we will consider only situations where fy(z) is linear in 6, which is thus
assumed to live in a vector space, taken to be R for simplicity.

A Being linear in x or linear in 6 is different!

While we assume linearity in parameter 8, nothing forces fy(x) to be linear in input x.
In fact, even the concept of linearity may be meaningless if X is not a vector space. If
fo(z) is linear in @ € R?, then it has to be a linear combination of the form fy(z) =
Zle a;(x)8;, where o; : X = R, ¢ =1,...,d, are d functions. By concatenating them in
a vector p(z) € R? where ¢(r); = a;(x), we get the representation

folx) = p(x)"6.
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The vector ¢(x) € R? is typically called the feature vector, which we assume to be known
(in other words, it is given to us and can be computed explicitly when needed). We thus
consider minimizing the empirical risk:

n

Z(yi - go(aci)TH)Q. (3.1)

i=1

1
n

When X C R?, we can make the extra assumption that fy is an affine function in z, which
can be obtained through ¢(z) = () = (z7,1)" € R**!. Another classical assumption
is to consider vectors p(z) composed of monomials (so that prediction functions are
polynomials, as done in experiments in section 3.5.2). We will see in chapter 7 (kernel

methods) that we can consider infinite-dimensional features.

Matrix notation. The cost function shown in equation (3.1) can be rewritten in matrix
notation. Let y = (y1,...,yn)' € R™ be the vector of outputs (sometimes called the
response vector), and ® € R"*¢ the matrix of inputs, whose rows are o(z;) . Tt is called
the design matrix or data matrix. In this notation, the empirical risk is

~ 1
R(60) = Iy — @] (32)

where ||a||3 = Z?:l o is the squared £y-norm of .

/\ Tt is sometimes tempting at first to avoid matrix notation. We strongly advise against
it, as it leads to lengthy and error-prone formulas.

3.3 Ordinary Least-Squares Estimator

We assume that the matrix ® € R"*? has full column rank (i.e., the rank of ® is d). In
particular, the problem is said to be “overdetermined,” and we must have d < n; that is,
more observations than feature dimension. Equivalently, we assume that ® " ® € R%*¢ ig
invertible.

Definition 3.1 (OLS) When ® has full column rank, the minimizer of equation (3.2)
is unique and called the ordinary least-squares (OLS) estimator.

3.3.1 Closed-Form Solution
Since the objective function is quadratic, the gradient will be linear, and zeroing it will
lead to a closed-form solution through a linear system.

Proposition 3.1 When ® has full column rank, the OLS estimator exists and is unique.
It is given by
= ("®) oy
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Denote the noncentered® empirical covariance matriz as S = %@be € R¥4; we have
j_ 15-15T
Proof Since the function R is coercive (i.e., going to infinity at infinity) and continuous,

it admits at least a minimizer. Moreover, it is differentiable, so a minimizer 6 must satisty
3%’(9) = 0 where 3%’(9) € R? is the gradient of R at §. For all § € R?, we get, by expanding
the square and computing the gradient:

2

RO) == (yl2—20"0 y+6"d @) and R'(9) == (¢ 26— d'y).
n

1
n
The condition R’ (é) = 0 gives the so-called normal equation:
O TPH=dy.

The multidimensional linear normal equations have a unique solution: 6 = (@TD) 1Dy,
This shows the uniqueness of the minimizer of R, as well as its closed-form expression. B

Another way to show the uniqueness of the minimizer is by showing that R is strongly
convex since the Hessian R 0) = 2% is positive-definite for all # € RY (convexity will be
studied in chapter 5).

/\ For readers worried about carrying a factor of 2 in the gradients, we will use an
additional factor 1/2 in the chapters on optimization (e.g., chapter 5).

3.3.2 Geometric Interpretation

The OLS estimator has a natural geometric interpretation.

Proposition 3.2 The vector of predictions h = O(@"®)"'d Ty is the orthogonal pro-
jection of y € R™ onto im(®) C R"™, the column space of ®.

Proof Let us show that IT = ®(®'®)"'®" € R"*" is the orthogonal projection on
im(®). For any a € R?, it holds I®a = ®(@T®)"1®d da = ®a, so [lu = u for all
u € im(®). Also, since im(®)* = null(®"), then for all v/ € im(®)*+, ®Tu' = 0,
and hence Iu' = ®(®T®)~1(® w') = 0. These properties characterize the orthogonal
projection on im(®). Alternatively, we directly have Pl = arg min. eim() |y — zl3. =

We can thus interpret the OLS estimation as doing the following (see the following plot
for an illustration):

1. Compute the projection 4 of y onto the image of ®.

2. Solve the linear system ®6 = g, which has a unique solution.

2The centered covariance matrix would be % P le(xi) = alle(xs) — 3] T, where 2 u— IS0 p(z;) €RY

is the empirical mean, while we consider & = % S e(@)e(z) .
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m(P)

3.3.3 Numerical Resolution

While the closed-form 6 = (®@T®)~'® Ty is convenient for analysis, inverting ® ' ® is
sometimes unstable and has a large computational cost when d is large. The following
methods are usually preferred.

QR factorization. The QR decomposition factorizes the matrix ¢ as ® = QR, where
Q € R™*? has orthonormal columns; that is, @ 'Q = I and R € R?*? is upper triangular
(see Golub and Loan, 1996). Computing a QR decomposition is faster and more stable
than inverting a matrix. We then have ®'® = RTQTQR = R'R, and R is thus the
Cholesky factor of the positive semidefinite matrix ®™® € R?. One then has, since R is
invertible,

(') =0"y & RTQTQRI=R'Q'y & RTRI=R'Q"y & RI=Q"y.

It only remains to solve a triangular linear system, which is easy. The overall running
time complexity remains O(d?). The conjugate gradient algorithm can also be used (see
Golub and Loan, 1996, for details).

Gradient descent. We can bypass the need for matrix inversion or factorization using
gradient descent (GD). It consists in approximately minimizing R by taking an initial
point Ay € R? and iteratively going toward the minimizer by following the opposite of the
gradient:

0, =0,_1 —yR'(6,_1) fort>1,

where v > 0 is the step size. When these iterates converge, they do toward the OLS
estimator since a fixed-point 6 satisfies R'(#) = 0. We will study such algorithms in
chapter 5, with running-time complexities going down to linear in d, e.g., O(nd).

3.4 Statistical Analysis of Ordinary Least-Squares

In this section, we provide guarantees on the predictive performance of the OLS estimator.
There are two classical settings of analysis for least-squares regression:
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o Random design. In this setting, both the inputs and the outputs are random. This is
the classical setting of supervised machine learning, where the goal is generalization
to unseen data (as in chapter 2). Since obtaining guarantees is mathematically
more complicated, it will be done after the fixed design setting.

e Fized design. In this setting, we assume that the input data (z1,...,2,) are not
random (but the output data (y1, ..., y») are themselves random), and we are inter-
ested in obtaining a small prediction error on those input points only. Alternatively,
this can be seen as a prediction problem where the input distribution is the empirical
distribution of (z1,...,x,).

Our goal is thus to minimize the fixed design risk (where thus @ is deterministic):
IRS T )2 1 2
RO) =By | > (i — (@) 0% | =By [~y - @0]3] (3.3)
i=1

This assumption allows a complete analysis with basic linear algebra. It is justified
in some settings, such as when the inputs are equally spaced along a fixed grid, but
is otherwise just a simplifying assumption. It can also be understood as learning
the optimal vector ®6, € R™ of best predictions instead of a function from X to R.

In the fixed design setting, we want to estimate well a label vector y resampled from
the same distribution as the observed y, and no attempts are made to generalize to
unseen input points « € X. The risk in equation (3.3) is often called the in-sample
prediction error, and the task can be seen as “denoising” the labels.

We will first consider the fixed design setting, where the celebrated rate o2d/n will appear
naturally.

3.5 Fixed Design Setting

We thus assume that ® is deterministic, and as before, that T = %Q)T(I) is invertible.
Any guarantee requires assumptions about how the data are generated. We assume the
following;:

e There is a vector §, € R? such that the relationship between input and output is
forie {1,...,n}
yi = () 0. + &5 (3.4)

e All noise variables ¢;, ¢ € {1,...,n}, are independent, with expectation E[e;] = 0

and variance E[e?] = o2.

The vector € € R™ accounts for variabilities in the output due to unobserved factors or
noise. The “homoscedasticity” assumption above, where the noise variances are uniform,
is made for simplicity (and allows the later bound o?d/n to be an equality). Note that
to prove upper bounds in generalization error, we could also only assume that E[e?] < o2
for each i € {1,...,n}. The noise variance o2 is the expected squared error between the
observations y; and the model ¢(x;) 0., as illustrated below:
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&Y

/A Tn equation (3.4), we assume the model is well specified; that is, the target function
is a linear function of ¢(x). In general, an additional approximation error is incurred
because of a misspecified model (see chapter 4).

Relationship to maximum likelihood estimation. If; in the fixed design setting, we
make the stronger assumption that the noise is Gaussian with mean zero and variance o2
(ie., & = yi—p(x;) 0. ~ N(0,0?)), then the least mean-squares estimator of 6, coincides
with the maximum likelihood estimator (where ® is assumed to be fixed). Indeed, the
density/likelihood of y is, using independence between the noise variables ¢; and the
density of the Gaussian distribution,

w10, =TT 5 o0 (= (s = o) 0%/ 20%).

(2

Taking the logarithm and removing constants, the maximum likelihood estimator (6, 52)
minimizes

1 & n 9
2—2 76)* + 5 log(c”).

We immediately see that 6= é; that is, OLS corresponds to maximum likelihood.

/\ While maximum likelihood under a Gaussian model provides an interesting interpre-
tation, the Gaussian assumption is not needed for the forthcoming analysis.

Exercise 3.1 In the Gaussian model given above, show that 52 the maximum likelihood
estimator of o is equal to 6% = L 3" (y; — p(x;) T0)%.

Denoting by R* the minimum value of R(#) = E, [L|ly — ®6||3] over R?, proposi-
tion 3.3 shows that it is attained at 6, and is equal to o2.
Proposition 3.3 (Risk decomposition for OLS—fixed design) Under the linear

model and fized design assumptions made in this section, for any 6 € R?, we have R* = o
and

2

* 2
R(O) - R* = 10— 6.3

where $ = LT is the input covariance matriz and HHH% =0756. If0 is now a random
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variable (such as an estimator of 0, ), then

E[R(©)] - R = |[E[0] - 0.1% +E |16 - E)I%)
—_—  —-

Bias Variance

Proof We have, using y = ®0, + ¢, with E[¢] = 0 and E|||¢||3] = no?,

1 1
%(0) = B, | Ly 00l3] ~E. | o0, + - - oolg]
1 T
= B[00, - 0)[3 + el3 + 2((0. — ) <]

1
= o2+ —-(0-6,)"0 D -0,).
n

Since & = %@Tq) is invertible, this shows that 6, is the unique global minimizer of R(6),
and the minimum value R* is equal to 0. This shows the first claim.

Now if 6 is random, we perform the usual bias/variance decomposition:
E[R()] - R =E[|| - E[f] + E[F] - 6. %]

= E[I0 - B3] +2E[(0 - EB)TSER] - 6.)] +E[IEP] - 0.]]
= E[[16 — EG]1Z] + 0+ IEG] — 0.2

(This is also a simple application of the law of total variance for vectors; that is, E [||z —
al3;] = |Elz] — al%; + E[|lz — E[2]||3,], applied to a = 6., M = S, and z = 0.) ]

Note that the quantity || -[|s is called the “Mahalanobis distance” norm (it is a true norm

whenever 3 is positive-definite). It is the norm on the parameter space induced by the
input data.

3.5.1 Statistical Properties of the OLS Estimator

We can now analyze the properties of the OLS estimator, which has a closed form 6 =
(@T®)"'®Ty =X (1P Ty), with the model y = ®b, + . The only randomness comes

from €, and, to compute the expectation and variance of é, we thus need to compute the
expectation of linear and quadratic forms in e.

Proposition 3.4 (Estimation properties of OLS) The OLS estimator 0 has the fol-
lowing properties:

1. It is unbiased; that is, E[0] = 0,.
2. Its variance is var() = E[(é —0,)(0 — 0.)"] = ‘%i , where S~ is often called

the precision matriz.
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Proof Since E[y] = ®6,, we have directly E[f] = (®T®)"1®T®f, = 0,. Moreover,
0—0,=(®7®) 10T (P, +¢) — 0. = (®T®)"1® e, Thus, using E[ee "] = 021, we get
var(0)=E[(@T®) '@ ecT0(@ @) =0 (@ )" (D P)(@ @) =0 (0 D)

which leads to the desired result ”—;f]fl. [ |

We can now put back the expressions of the bias (equal to 0) and variance in the risk
decomposition of proposition 3.3.
Proposition 3.5 (Risk of OLS) The excess risk of the OLS estimator equals

A o?d

E[R(@)] - % = = (3.5)

Proof Note here that the expectation is over £ only, as we are in the fixed design setting.
Using the risk decomposition of proposition 3.3 and the fact that E[f] = 6., we have

E[R(9)] - %" =E[|6 - 6.]}2].

Thus, using proposition 3.4, we have, using the “trace trick,”

~ A

E[R@O)] - R* = E[§—0.|2] =E[(6—0.)7S(0 — )}
= E[te((6—6.)"S(0 - 0.)] =E[tr((§ — 0.)(8 - 6.)TS)]
= trvar(§)S] = tr [%i-li} = ; tr(I) = %7

since the identity matrix is of size d x d. We can also give a direct proof: Using the
identity 6 — 0, = (27 ®)"1® e, we get

E[R(0)] - R =E[|(27®) "¢ e|F]
= %E[J@(@Trb)—l@Tq>(q>Tq>)—1q>Tg] = %E[J@(@T@)—lqﬁg]
1 T 1 T 02 02d
= gE[E HE} = EE[U‘(HEE )} = ?tr(l_[) -

n

where we used that IT = ®(®"®)"'®T is the orthogonal projection on im(®), which is
d-dimensional. [ |

We can make the following observations:

e In the fixed design setting, OLS thus leads to unbiased estimation, with an excess
risk of o2d/n.

o /A Tn the fixed design setting, the expectation over ¢ appears twice: (1) in the
definition of the testing risk of some arbitrary 6 in equation (3.3), and (2) when
taking an expectation over the data in equation (3.5) to compute the expectation
of the testing risk for the OLS estimator 0.
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e In exercise 3.2, we have an expression of the expected training error, which is equal
to ”—;da2 = 02—50 , while the expected testing error is o + 02 We thus see
that in the context of least-squares regression, the training error underestimates
(in expectation) the testing error by a factor of 202d/n, which characterizes the

amount of overfitting. This difference can be used to perform model selection.?

Exercise 3.2 Show that the expected empirical risk is equal to E[SAQ(GA)] =452 In
particular, when n > d, deduce that an unbiased estimator of the noise variance o
is given by ——|ly — ®0|2.

e On the positive side, the math is elementary, and as we will show in section 3.7,
the obtained convergence rate is optimal.

e On the negative side, for the excess risk being small compared to o2, we need d/n
to be small, which seems to exclude high-dimensional problems where d is close to n
(let alone problems where d > n or d much larger than n). Regularization (ridge in
this chapter or with the ¢;-norm in chapter 8) will come to the rescue.

e This is only for the fixed design setting. We consider the random design setting
next, which is a bit more involved mathematically, primarily because of the presence
of 5 1 which does not cancel any further, leading to the term S 1Y), where ¥ is
the population covariance matrix.

Exercise 3.3 (General noise) Consider the fized design regression model y = ®0, + ¢
with & with zero mean and covariance matriz equal to C € R™*™ (not 0> anymore). Show
that the expected excess risk of the OLS estimator is equal to %tr [@(Q)be)*lbeC]

Exercise 3.4 (Multivariate regression (¢)) Consider Y = R and the multivariate
regression model y = 0] o(x) + e € R*, where 0, € R¥™* and ¢ has zero-mean with
covariance matriz S € R¥*¥ . In the fived regression setting with design matriz ® € R"*4
and Y € R™F the matriz of responses obtained from i.i.d. ¢; € RF, i =1,... n, derive
the OLS estimator minimizing ~||Y — ®0||% and its excess risk (where | M|y denotes the
Frobenius norm defined as the square oot of the sum the squared components of M ).

3.5.2 Experiments

To illustrate the bound o2d/n, we consider polynomial regression in one dimension, with
r € R and the feature vector p(z) = (1,z,22%,...,2%)T € R¥*! sod = k+ 1. The
inputs are sampled from the uniform distribution in [—1, 1], while the optimal regression
function is a degree-2 polynomial f(z) = 2% — % (blue curve in figure 3.1). Gaussian noise
with standard deviation % is added to generate the outputs (black crosses). The OLS
estimator is plotted in red for various values of n, from n = 10 to n = 1,000, for k = 5.

We can observe in figure 3.1 that the testing error goes down when n increases.

We can now plot in figure 3.2 the expected excess risk as a function of n, estimated by
32 replications of the experiment, together with the bound. In the right plot, we consider

3See https://en.wikipedia.org/wiki/Mallows’s_Cp.
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n = 10, train = 0.02, test = 0.23 n = 18, train = 0.05, test = 0.08 n = 32, train = 0.04, test = 0.08
1 1 1

0.5 0.5

n = 56, train = 0.05, test = 0.08 n = 100, train = 0.06, test = 0.07

Figure 3.1. Polynomial regression in one dimension with a varying number of observations
(from n = 10 to n = 1,000 with training and testing errors. Blue: Optimal prediction,
red: estimated prediction by OLS with degree-5 polynomials.
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Fixed design Random design

4 4
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Figure 3.2. Convergence rate for polynomial regression with error bars (obtained from
32 replications by adding/subtracting standard deviations), plotted in logarithmic scale,
with fixed design (left plot) and random design (right plot). The large error bars for
small n in the right plot are due to the lower error bar being negative before taking the
logarithm.

the random design setting (generalization error, considered in section 3.8), while in the
left plot, we consider the fixed design setting (in-sample error). Notice the closeness of
the bound for all n for the fixed design (as predicted by our bounds), while this is valid
only for n large enough in the random design setting.

3.6 Ridge Least-Squares Regression

Least-squares in high dimensions. When d/n approaches 1, we are essentially mem-
orizing the observations y; (that is, e.g., when d = n and ® is a square invertible matrix,
0 = &'y leads to y = ®0; that is, OLS will lead to a perfect fit, which is typically
not good for generalization to unseen data; see more details in chapter 12). Also, when
d > n, ®'® is not invertible, and the normal equations admit a linear subspace of
solutions. These behaviors of OLS in high dimensions (d large) are often undesirable.

Two main classes of solutions exist to fix these issues: dimension reduction and reg-
ularization. Dimension reduction aims to replace the feature vector ¢(x) with another
feature vector of lower dimension, with a classical method being principal component anal-
ysis (PCA), presented in section 3.9, or random projections (presented in section 10.2.2).
Regularization adds a term to the least-squares objective, typically either an /1-penalty
16]]1 (leading to Lasso regression; see chapter 8) or ||0||3 (leading to ridge regression, as
done in this chapter and in chapter 7).

Definition 3.2 (Ridge least-squares regression estimator) For a regularization pa-
rameter X > 0, we define the ridge least-squares estimator 0 as the minimizer of

1
in —|ly— ®0)2+ |02
Inin Iy I3 + Aoz
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The ridge regression estimator can be obtained in closed form. Note that we no longer
require ® T ® to be invertible.

. . 1 ~
Proposition 3.6 We recall that ¥ = 107 ® € R4 We have 0, = — (X + M)l Ty,
n

Proof As with the proof of proposition 3.1, we can compute the gradient of the objective
function, which is equal to % (<I>T<I)9 — <I)Ty) + 2)M0. Setting it to zero leads to the esti-
mator. Note that when A > 0, the linear system always has a unique solution regardless
of the invertibility of X. ||

Exercise 3.5 Using the matriz inversion lemma (discussed in section 1.1.3), show that

the ridge regression estimator given in proposition 3.6 can also be written as 6 = (@Td+
nA)T1e Ty =T (DT +nAl)~ly. What could be the computational benefits?

As for the OLS estimator, we can analyze its statistical properties under the linear
model and fixed design assumptions. See chapter 7 for an analysis of random design and
potentially infinite-dimensional features.

Proposition 3.7 Under the linear model assumption (and for the fized design setting),
the ridge least-squares estimator 0y = %(Z + A)~1® Ty has the following excess risk:

~ ~ 2 ~ ~
E[R(6,)] — R* = A20] (5 + AI) 250, + % tr [S2(S 4+ A1) 2.

Proof We use the risk decomposition of proposition 3.3 into a bias term B and a variance
term V. Since we have E[0)] = L(S+AI) 10T 00, = (S4+\) 750, = 6. —A(S+AI) 16,
it follows that, using the fact that 3 and (i + M)~ commute,

_ ) 2 _ (29T (S —2%

= |E[0\] — 9*”2 =0, (Z+ A\)"*X0,.

For the variance term, using the fact that E[ee "] = 021, we have

J

v = E[l6s - EBIE] =E[| 2 G+ AT

b
_ 1 THS 15T
- E[ﬁtr( (S +AD)ISE + o )]
1 BN ~ -~ o~
- E[—Q tr (@%er(z FA)TISE + A" ) } 2y EE+AD)IEE+ AN,
n
The proof ends by summing the bias and variance terms. ||

We can make the following observations:

e The result given above is also a bias/variance decomposition with the bias equal
to B = A20 (X + AI)~230,, and the variance equal to V = ‘%2 tr [E2(Z + A)72.
They are plotted in figure 3.3.
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Polynomial regression (d = 5) - Ridge

‘ ‘ ‘ - |—-Estimated excess risk
——Theoretical bias

| |—Theoretical variance
— Bias+variance

log;,(excess risk)

—6 —4 -2 0 2

log1y(A)
Figure 3.3. Polynomial regression (same setup as figure 3.2, with n = 300), with k = 5:
bias/variance trade-offs for ridge regression as a function of A. We can see the mono-
tonicity of bias and variance with respect to A and the presence of an optimal choice of A.

e The bias/variance decomposition can be related to the decomposition in approxi-
mation error and estimation error presented in section 2.3.2 and further developed
in chapter 4. The bias term is the part of the excess risk due to the regularization
term constraining the proper estimation of the model. It plays the role of the ap-
proximation error, while the variance term characterizes the effect of the noise and
plays the role of the estimation error.

e The bias term is increasing in A and equal to zero for A = 0 if S is invertible, while
when \ goes to infinity, the bias goes to 6] ¥6,. It is independent of n and plays
the role of the approximation error in the risk decomposition.

e The variance term is decreasing in A and is equal to o2d/n for A = 0 if Sis invertible,
and converging to zero when A goes to infinity. It depends on n and plays the role
of the estimation error in the risk decomposition.

e The quantity tr [22@]—!—)\] )~2] is called the “degrees of freedom” and is often consid-
ered as an implicit number of parameters. It can be expressed as Z;l:l A/ (N + A2,

where (\;)jeq1,...,a} are the eigenvalues of $. This quantity will be important in
analyzing kernel methods in chapter 7. Since the function p — p?/(u + \)? is
increasing from 0 to 1 (when u goes from 0 to +o0), close to zero if u < A, and
close to 1 if > A, the degrees of freedom provide a soft count of the number of
eigenvalues that are larger than .

e Observe how this converges to the OLS estimator (when defined) as A — 0.

e In most cases, A = 0 is not the optimal choice; that is, biased estimation (with
controlled bias) is preferable to unbiased estimation. In other words, the mean-
square error is minimized for a biased estimator.

Choice of A. Based on the expression for the risk, we can tune the regularization
parameter A to obtain a potentially better bound than with the OLS (which corresponds
to A = 0 and the excess risk 02d/n).
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Proposition 3.8 (Choice of regularization parameter) With the choice of reqular-
otr(X)!/?
[10ll2v/n

; tr(2)1/2|6.
E[R(6x)] — R < L\/ﬁ”b'

ization parameter A\, = we have

Proof We have gotten, using the fact that the eigenvalues of (f] + A\ )’2)@ are less
than 1/2 (which is a simple consequence of (11 + \) 72\ < 1/2 & (u+ \)? > 2 for all
eigenvalues p of X),

o o o o A
B=X\0] (S +X)7286, = M0 (X + M) 7236, < §|\9*|\§.

Similarly, we have! V = o2 t [§2(§+)\])72] _o? ; [i)\i(i‘i')\])iﬂ < o2 trs Thi
imilarly, we hav =—tr = <X s
leads to -
5 A o2 tr(%)
E[R(Or)] = R* < S)|0.]15 + ———. .
[R(0x-)] S 104013+ —55 (3.6)

The bound above is of the form aX + b/ for a,b > 0, and is minimized for A = /b/a

with optimal value 2v/ab. This is how ), is chosen (i.e., chosen to minimize the upper
bound on B + V'), which leads to the desired result. |

We can make the following observations:

e If we write R = max;e(1,... n} [|©(2i)||2, then we have

n d n
S el = = S el < B2
=1 j=1 i=1

Thus, dimension d plays no explicit role in the excess risk bound and could even
be infinite (given that R and ||f.||2 remain finite). This type of bounds is called
dimension-free bounds (see more details in chapter 7). Note, however, that in
practice, R often increases with dimension d.

SRS

d
tI’(E) = szj =
j=1

alization capabilities of a learning method; here, the maximal feature norm R

i The number of parameters is usually not the best way to measure the gener-
is more informative and depends on how the data are normalized.

e Comparing this bound with that of the OLS estimator, we see that it converges
slower to 0 as a function of n (from n~! to n~!/2), but it has a milder dependence
on the noise (from o2 to o). The presence of a fast rate in O(n~1) with a potentially

4Using the properties (proof using eigenvalue decompositions left as an exercise) that for any vector u,
any symmetric matrix M, and any symmetric positive semidefinite matrix A, v Mu < ||u||§ - Amax (M)
and tr(AM) < tr(A) - Amax (M).
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large constant and of a slow rate O(n~'/?) with a smaller constant will be explored
several times in this book.

iz Depending on n and the constants, the fast rate result is not always the
best.

e The value of A\* involves quantities that we typically do not know in practice (such
as o and ||0.||2). This is still useful to highlight the existence of some A with good
predictions (which can be found by cross-validation, as presented in section 2.1).

e Note here that the choice of A, = ﬁe” IT:(\//E% is optimizing the upper bound 3[6.[3 +
"; ;fl i, and is thus typically not optimal for the true expected risk.

e We can check the unit homogeneity of the various formulas by a basic dimensional
analysis. We use the bracket notation to denote the unit. Then [A] x [0]? = [y?] =
[02] since \||@]|3 appears in the same objective function as y* (or o). Moreover,
we have [y] = [0] = [¢][f], leading to [\] = [¢]?>. The value of \ suggested in
proposition 3.8 has the dimension %, which is indeed equal to [¢]?. Similarly,

we can check that the bias and variance terms have the correct dimensions.

Choosing )\ in practice. The regularization X is an example of a hyperparameter. This
term broadly refers to any quantity that influences the behavior of a machine learning
algorithm and that is left to choose by the practitioner. While theory often offers guide-
lines and qualitative understanding on best choosing the hyperparameters, their precise
numerical value depends on quantities that are often difficult to know or even guess. In
practice, we typically resort to validation and cross-validation.

Exercise 3.6 Compute the expected risk of the estimators obtained by reqularizing by
0T AO instead of \||0]|2, where A € R¥*? is a positive-definite matriz.

Exercise 3.7 (#) Consider the “leave-one-out” estimator 05" € R obtained, for each

i € {l,...,n}, by minimizing %Z#i(yj — 0T p(z;))? + N|0]|3. Given the matrizx H =
O(OTD +nA)"1®T € R™*", and its diagonal h = diag(H) € R", show that

_Z () TO3)? = L|(T — Diag(h) (1 ~ H)y3,

where Diag(h) denotes the diagonal matriz with h as its diagonal. Hint: use Woodbury
matrix identities from section 1.1.3.

3.7 Lower Bound (¢)

In this section, our aim is to compute a lower bound on the excess risk for any estimator
that is a function of ® and y. This lower bound will turn out to be equal to the upper
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bound on the excess risk obtained from the OLS estimator, namely o2d/n, showing that
this estimator is optimal.

To show a lower bound in the fixed design setting, we will consider only Gaussian
noise (to obtain lower bounds, we can specialize the problem as much as we want); that
is, € has a joint Gaussian distribution with mean zero and covariance matrix o2I. We
follow the elegant and simple proof technique outlined by Mourtada (2022).

The only unknown in the model is the location of #,. To make the dependence on 6,
explicit, we denote by Ry, (§) —R* the excess risk (in chapter 2, we were using the notation
R, to make the dependence on the distribution p explicit), which is equal to

Ro, (0) = R* = (|6 — 0.3
Our goal is to lower-bound

sup E. n(0,021) [Ro. (AP, + €))] — R,

0. R
over all functions A from R™ to R (these functions are allowed to depend on the observed
deterministic quantities such as ®). Indeed, algorithms take y = ®6, + ¢ € R™ as input
and then output a vector of parameters in R%.

The main idea, which is classical in the Bayesian analysis of learning algorithms,
is to lower-bound the supremum by the expectation with respect to some probability
distribution on 6., called the “prior distribution” in Bayesian statistics. That is, we
have, for any algorithm/estimator A (for a parameter A > 0 that will be chosen to tend
to zero later in the discussion),

HSUPd]EsNN(o,gn) [Ro, (A(PO. +¢))] > By x0.22 nEenn(0,021) [Ro, (A(PO. +¢))]. (3.7)
«ER An

Here, we choose the Gaussian distribution with mean 0 and covariance matrix %I as a
prior distribution since this will lead to closed-form computations.

Using the expression of the excess risk (and using 02 = R*), we thus get the lower
bound
EQ*NN(O)%I)EENN(O,O’QI) [”'A(q)e* + E) - 9*”%] - 027
which we need to minimize with respect to A. By making 6, random, we now have a
joint Gaussian distribution for (6.,e). The joint distribution of (0.,y) = (64, PO, + €) is
also Gaussian, with mean zero and covariance matrix:

2 2 T T
(Fo conam) 0o aaroms)
2 2 HHT o 2 An T '
o 00T +0%] ® PO 4nAl
We need to perform an operation similar to computing the Bayes predictor in chapter 2.
This will be done by conditioning on y by writing

EQ*NN(Q%I)EENN(O,UzI) [”‘A(q)e* + E) - 9*”%] = E(9*7y) [H‘A(y) - 9*”%}

- [ [ IA() = 6. dp(0-1y) ) dp(s)
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Thus, for each y, the optimal A(y) has to minimize [, [lA(y) — 9*||2§dp(9*|y), which is
exactly the posterior mean of 6, given y. Indeed, the vector that minimizes the expected
squared deviation is the expectation (exactly like when we computed the Bayes predictor
for regression), here applied to the distribution p(6.|y).

Since the joint distribution of (6., y) is Gaussian with known parameters, we could use
classical results about conditioning for Gaussian vectors (see section 1.1.3). We instead
use the property that for Gaussian variables, the posterior mean given y is equal to the
posterior mode given y; that is, it can be obtained by maximizing the log-likelihood
log (0., y) with respect to .. Up to constants and using independence of € and 6., this
log-likelihood is the sum of the log-likelihoods of £ and 6,:

1 n 1 AN
— 5ol = 210 = —5 5 lly - @0, — 250,13,

which is exactly (up to a sign and a constant) the ridge regression cost function in
section 3.6. Thus, from proposition 3.6, we have A.(y) = (®T® + nAI)~'® Ty, and we
can compute the corresponding optimal risk, to get

inf sup E.n0,021) [Ro, (A(PY, +€))] — R*
A 0. cRd

WV

i%f Ey, x(0,2 1y Eend(0,071) [Ro. (A(®O, +€))] — R* using equation (3.7),

= K EE,\,N(OJQI) [ng* (A*(@H* + E))} — R*

using equality of posterior mean and posterior mode,

0.~N(0,221)

= EH*NN(O,K—iI)]EENN(O7U2I) [ A(PO, + ) — 9*||2§] using the expression of the risk,

= B, 0,22 nBen0.070) [(@T®+nA) "7 (20, +¢)—0.]|2]
using the closed-form expression of the OLS estimator,
= By 0,22 1 Een(0.02) [[(@T®+nA) '@ Te —nA(®T® +nAl)"60.]%]

0.~N(0, 22 1) [[[=nA(@T@+nA) " 0.]12] + Ecnvo,oon [1(@ T @40 " 0 Te|2]

by independence of € and 6.,

~ ~ ~ 1 ~ o~
= NEy .22 p 0 CHA)TIEELA) 0] + —5Eeax(0.021) [eT®E(S+AI) 0 €]
o? a a o? a a
= X tr[(S4+A) 28] + — tr [(E+ M) 7227
n n
o S —2\ S, $2 o S S
= —tr[C+A)TPAE+E?)] = =t [(E+A)7'E]
n n

When @ (and thus 5 has full rank, Z tr [(£ + AI)7'E] tends to Z tr(I) = 24 when A
tends to zero (otherwise, it tends to o rank(®)). This shows that

n

2
inf sup E. n0,021) [3%9* (A(PO, —l—a))} —R*> o’d

A g.erd n
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This gives us a lower bound on testing error, which exactly matches the upper bound
obtained by OLS. Note that this lower bound is the infimum over all potential estimators
of the worst-case error for all potential choices of 6,; it thus shows that in this worst-case
sense, ridge regression cannot improve on OLS (but it often does for particular choices
of 0,). To go beyond least-squares, such lower bounds are significantly harder to show.
See the more general discussion in the dedicated chapter 15.

3.8 Random Design Analysis

In this section, we consider the regular random design setting; that is, both z and y are
considered random, and each pair (z;, ;) is assumed i.i.d. from a probability distribution p
on X x R. We aim to show that the bound on the excess risk that we have shown for the
fixed design setting (namely o2d/n) is still valid. We will make the following assumptions
regarding the joint distribution p, transposed from the fixed design setting to the random
design setting:

e There is a vector 6, € R? such that the relationship between input and output is,
for all 4,
yi = o) 0, + e

e The noise distribution of ¢; € R is independent from z;, and E[e;] = 0 and with
variance E[e?] = 02 (and the same assumption holds for all i, as observations are
Lid.).

With the assumption made in this section, E[y;|x;] = ¢(z;) 0., and thus, we perform
empirical risk minimization where our class of functions includes the Bayes predictor.
This situation is often referred to as the well-specified setting. The risk also has a simple
expression, given in proposition 3.9.

Proposition 3.9 (Excess risk for random design least-squares regression) Un-
der the random design linear model, for any 6 € R?, the excess risk is equal to

R(0) = R* =16 — 0.3,

where ¥ = E[p(z)p(x) "] is the noncentered covariance matriz, and R* = 2.

Proof We have, for a pair (z9,yo) sampled from the same distribution as all (x;,y;),
i=1,...,n, with g9 the corresponding noise variable,

REO) = E[(yo— 0" ¢(20))’] =E[(0) @(x0) +c0 — 0" p(x0))?]
— E[((0. — ) (0))?] +E[2] + E[2¢0(6. — ) o(z0)]
= E[(6. — )" p(x0)p(x0) " (6. — )] +E[e5] +0,
since g and z are independent and E[gg] = 0, leading to R(6) = (0 —6.) " 2(0 —0.) + 02,
which leads to the desired result. |

Note that the only difference with the fixed design setting is the replacement of S with .
We can now express the risk of the OLS estimator.
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Proposition 3.10 Under the random design linear model, assuming that S is invertible,
the expected excess risk of the OLS estimator is equal to

UQIE[t (2571

—E|tr .

n

Proof Since the OLS estimator is equal to 6 = %i_ltb—'—y

0. + %i_l@—rs, we have, using proposition 3.9,

I
3=
Ml)
&
_'
=
R
_|_
N
I

E[R(f)] — R* = E[(%i*%%fz(%i*l@%)}

P P N1 - -
= Elu(3(2270Te) (o2710Te) )| = SB[t (S0 e o8 )]
n n n

= %E[tr (BE710TE[ee [0S )] = %E[O’Q tr (SE 10T oS )]

= %E[tr(iﬁ_l)]. "

Thus, to compute the expected risk of the OLS estimator, we need to compute
E[tr(EZ’l)]. One difficulty here is the potential noninvertibility of . Under simple
assumptions (c.g., () has a strictly positive density on R?), as soon as n > d, 3 is
almost surely invertible. However, its smallest eigenvalue can be very small. Additional
assumptions are then needed to control it (see, e.g., section 3 from Mourtada, 2022).

Exercise 3.8 Show that for the random design setting with the same assumptions as
proposition 3.10, the expected risk of the ridge regression estimator is

E[R()) — R*] = AQ]E[HI@ FA)TIS(E + AI)*le*} + %E[tr S+ AI)*iEH.

3.8.1 Gaussian Designs

Suppose that we assume that ¢(z) has a Gaussian distribution with mean 0 and covari-
ance matrix X. In that case, we can directly compute the desired expectation by first
considering z = X '/2¢(x), which has a standard Gaussian distribution (i.e., with mean
zero and identity covariance matrix), with the corresponding normalized design matrix
Z € R™*? such that ® = ZX'/2, and compute E[tr(Eifl)} =nE[tr(Z72)7].

Note that E[ZT Z] = nl, and by convexity of function M + tr(M~!) on the cone
of positive-definite matrices, using Jensen’s inequality, we see that E[tr((Z72)~1)] >
tr (E[Z7Z])7!) = £ (here, we have not used the Gaussian assumption). However, this
bound is in the wrong direction (this often happens with Jensen’s inequality).

It turns out that for Gaussians, the matrix (Z " Z)~! has a specific distribution, called
the “inverse Wishart distribution,”® with an expectation that can be computed exactly

5See https://en.wikipedia.org/wiki/Inverse-Wishart_distribution.
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as E[(Z7Z)7'] = —4—1I. Thus, we have E[tr(Z72)"'] = —4— if n > d + 1, leading

to the expected excess risk of

o2d o2d 1

n—d—lle—(d—i-l)/n' (38)

See Breiman and Freedman (1983) for further details. Note here that for Gaussian designs,
the expected risk is precisely equal to the expression in equation (3.8) and that later in
this book, we will only consider upper bounds. See also a further analysis in section 12.2.3
in the context of double descent.

Overall, in the Gaussian case, we have an explicit nonasymptotic bound on the risk,
which is asymptotically equivalent to o2d/n when n goes to infinity.

3.8.2 General Designs (¢4)

This last, more technical subsection highlights how the Gaussian assumption can be

avoided. The main idea is to show that with high probability, the lowest eigenvalue

of ¥71/2¥%71/2 is larger than some 1 — t for some t € (0,1). Since the excess risk is

the expectation of %2 tr(?i_l), this immediately shows that, with high probability, the
oc”d 1

excess risk is less than T

To obtain such results, concentration inequalities for matrices are needed next, such as
described by Tropp (2012), Hsu et al. (2012), Oliveira (2016), and Lecué and Mendelson
(2016). Also, see complementary results by Mourtada (2022).

Matrix concentration inequality. We will use the matrix Bernstein bound, adapted
from theorem 1.4 of Tropp (2012), already discussed in section 1.2.6 and recalled here.

Proposition 3.11 (Matrix Bernstein bound) Given n independent symmetric ma-
trices M; € R such that for all i € {1,...,n}, E[M;] = 0, Anax(M;) < b almost
surely, for all t > 0, we have

1 & nt?/2
P<)\max(E;Mi> 215) <d-exp(— m)7
for 7 = Ao (1 S EM7)).

Application to rescaled covariance matrices. We can now prove proposition 3.12,
which will give the desired high-probability bound for the excess risk with one extra
assumption. Next, we will use the partial order between symmetric matrices, defined as
A> B & B< A< A-— B is positive semidefinite.

Proposition 3.12 Given ¥ = E[p(z)p(z) "] € R¥*?, and i.i.d. observations ¢(z1),...,
o(z,) € R, assume that, for some p > 0,

E[o(2) S p(@)p(@)p(@)T | < pds. (3.9)
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For 6 € (0,1), if n > 5pdlog & $, then with probability greater than 1 — 9,
a 1
DIV YT ik (3.10)

Before giving the proof, note that from the discussion earlier, the bound in equation (3.10)
leads to an excess risk that is less than 22 11 =47z °d for t =3 /4. Moreover, which is no
surprise, the bound is nonvacuous only for n>=d (and in fact, because of the constraint
on n, more than a constant times dlogd). The extra assumption in equation (3.9) can be
interpreted as follows: We consider the random vector z = ¥ ~1/2¢(z) € R?, which is such

that E[zz "] = I and E[||z||3] = d. The assumption in equation (3.9) is then equivalent to
/\max(E[Hz||2zzTD < pd. (3.11)

A sufficient condition is that almost surely, ||z||2 < pd; that is, ¢(z) "X p(z) < pd.
Moreover, we always have p > 1,5 and, for a Gaussian distribution with zero mean for z,
one can check as an exercise that p = (1 +2/d). Similar results will be obtained for ridge
regression in chapter 7.

Proof Consider the random symmetric matrix M; = I — z;z, , which satisfies E[M;] = 0,
Amax(M;) < 1 almost surely, and E[M?] = E[| 2?22 ] — I with the largest eigenvalue
less than pd (by equation (3.11)). We thus have for any ¢ > 0, using proposition 3.11:

]P’()\max(l - %ZTZ) > t) <d-exp ( - p;‘%@g).

Thus, if ¢ is such that m
I-1727Z=1-%" 1/25%,-1/2 < {]; that is, the desired result ©~1/25%-1/2 & (1 — ¢)1.

For ¢t = 3/4, the condition becomes n > (32pd/9 + 8/9)log ¢, which is implied by
n = 5pd log% since we always have p > 1 and 5 > @. |

> log %l, then, with probability greater than 1 —4, we have

3.9 Principal Component Analysis (¢)

Unsupervised dimension reduction is an effective way of reducing the number of features,
either for computational efficiency (by storing and manipulating smaller feature vectors)
or to avoid overfitting in a way that is complementary to ridge regularization. In this
section, we present principal component analysis (PCA), which corresponds to looking
for a low-dimensional subspace that contains approximately all feature vectors.

We consider n feature vectors p(z1),...,¢(x,) € R with the corresponding design
matrix ® € R"*?¢, PCA aims at finding a subspace of dimension k such that all feature
vectors are close to their orthogonal projections onto that subspace (see the following

SFrom equation (3.11), we have d? = (E[||z]|3])? < E[||z]|3] = E[|lz|3tr(22T)] = tr(E[||z||222T]) <
Dnx (B[12]3 22 1)) < pd?.
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illustration for d = 2 and k = 1, where the goal is to minimize the sum of squares of all
dotted segments).

In the formulation presented in this subsection, we consider a linear subspace (which
contains 0), but it is common in practice to look for the optimal affine subspace (which
may not contain 0), which can be done by first centering the data; that is, subtracting
the mean from all feature vectors.

Formulation as an eigenvalue problem. We can parameterize (nonuniquely) the
subspace by an orthonormal basis V € R%*¥ such that V'V = I. Then each feature
vector p(z;), i = 1,...,n, has projection VV T¢(x;), and thus the design matrix of all
projected vectors is ®VV T, and the optimal V is found by minimizing

[@—@VVT|E = tr[(@—@VV )T (®—dVVT)]
= tr[@' ] +tr [VVIOTOVVT] —2tr [@ @VV ]
= tr[®'®] —tr [V @TOV].

Thus, minimizing ||® — ®VV T ||3 is equivalent to maximizing tr [V ® T ®V] with respect
to a matrix V € R4** with orthonormal columns. Given an eigenvalue decomposition of
the noncentered empirical covariance matrix ¥ = %@be = UDiag(\)U ", with U € R4*d
orthogonal and A a vector with nonincreasing components, an optimal V is obtained by
taking the first k£ columns of U; that is, a basis of the principal subspace of dimension k.
Such a basis can be computed by various algorithms from numerical algebra (Golub and
Loan, 1996). See exercise 3.9 for a simple alternating optimization algorithm.

Exercise 3.9 (#) Given ® € R"*4, we consider minimizing |® — AD||% with respect to
D € R gnd A € R™ *. Show that the optimal solution is such that AD is the data
matriz after performing PCA. Using the singular value decomposition of ®, show that
an alternating minimization algorithm that iteratively minimizes ||® — AD||% with respect
to A, and then D, converges to the global optimum for almost all initializations of D;
compute the corresponding updates.

Exercise 3.10 (K-means clustering) Given ® € R"*¢ we consider minimizing the
objective ||® — AD||% with respect to D € R¥*4 and A € {0,1}"** such that each row of A
sums to 1. Compute the updates of an alternating optimization algorithm that minimizes
| — ADI[%.
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PCA and least-squares regression (#4). While regularization is a common way to
avoid overfitting for least-squares regression (as shown in section 3.6), performing PCA
and then unregularized OLS provides an alternative with similar behavior. That is, we
now consider the feature vector ®V € R™** and minimize ||y — ®V7n||3 with respect
to n € RF, with solution n = (VT ®T®V)~'VTd Ty, leading to the prediction vector
OV =0V(VTeTeV)"lVTedTy c R

If we assume the linear model y = ®0, + € as in section 3.5, we can compute the
excess risk of the estimator based on PCA as follows (using El¢] = 0 and E[ee "] = o21):

l1E5[||<1>vn - 0.3 = U—k + —||<I>V VTeTov) 'V e o0, — 00,

2 .
= 224 0l%0, -0/ SV(VTEV) VT,
n

using that S = %@T@. We can then use that the columns of V' are eigenvectors of S so
that SV = VD and VTSV = D, for a diagonal matrix D € R***  leading to

1 2k ok

—E.[|®Vn — ®0.3] +6,56, —0]VDVTH, = +60,56, —0] vV TSVVTe,

2k

+0](I-VVHSU - VVT)H*.

Since V' is composed of the eigenvectors of S with the k largest eigenvalues, the matrix
(I —VV (I —VVT) has all of its eigenvalues less than Axi1, where A\xy1 is the
(k+1)th-largest cigenvalue of 3, which is less than 1/(k+1) times tr[3] (the sum of all
the eigenvalues). Thus, the excess risk of OLS after PCA is less than

Uk tr[]

+ 6.3

which is similar to equation (3.6) (for ridge regressmn). A good value of k is then the
closest integer to ||0.]|2 - (tr[X])'/2y/n /0, leading, up to constants, to the same excess risk
than for ridge regression, with the identification k ~ 1 tr[X].

3.10 Conclusion

In this chapter, we have considered the simplest machine learning setup; that is, square
loss and prediction functions linearly parameterized by a finite-dimensional parameter.
This simple setup led to estimation algorithms based on numerical linear algebra (solv-
ing linear systems) and a statistical analysis based on simple probabilistic arguments
(mostly variance computations). In particular, we highlighted the importance of regular-
ization, which allows good predictive performance with high-dimensional features through
dimension-free bounds.

Going beyond the square loss will require iterative algorithms based on optimization
(presented in chapter 5) and a more refined statistical analysis with deeper probabilistic
tools (presented in chapter 4).
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Chapter 4

Empirical Risk Minimization

Chapter Summary

e Convexification of the risk: For binary classification, optimal predictions can be
achieved with convex surrogates.

e Risk decomposition: The risk can be decomposed into the sum of the approximation
error (which characterizes the modeling assumptions made by the chosen class of
functions) and the estimation error (which characterizes the effect of having a finite
number of observations).

e Rademacher complexity: To study estimation errors and compute expected uniform
deviations of real-valued outputs, Rademacher complexities, also referred to as
Rademacher averages, are a very flexible and powerful tool that allows obtaining
uniform deviation bounds. This leads to dimension-independent upper bounds on
estimation errors for constrained or penalized linear predictors.

As outlined in chapter 2, given a joint distribution p on X x Y, and n independent
and identically distributed observations (i.i.d.) from p, our goal is to learn a function
f: X = Y with minimum risk R(f) = E[{(y, f(z))], or equivalently minimum expected
excess risk:

R(f) =R =R(f)— inf  R(g).

g measurable

In this chapter, we will consider methods based on empirical risk minimization, with a
focus on statistical analysis (i.e., generalization to unseen data); optimization algorithms
to efficiently find approximate minimizers will be studied in chapter 5. Before looking at
the necessary probabilistic tools, we will show how problems where the output space is
not a vector space, such as binary classification with Y = {—1, 1}, can be reformulated
as real-valued outputs, with so-called convex surrogates of loss functions.

71
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4.1 Convexification of the Risk

In this section, for simplicity, we focus on binary classification where Y = {—1,1} with
the 0-1 loss, but many of the concepts extend to the more general structured prediction
setup (see chapter 13).

As our goal is to estimate a binary-valued function, the first idea that comes to mind
is to minimize the empirical risk over a hypothesis space of binary-valued functions f
(or equivalently, the subsets of X by considering the set {z € X, f(xz) = 1}). However,
this approach leads to a combinatorial problem that can be computationally intractable.
Moreover, how to control the capacity (i.e., how to regularize) for these types of hypoth-
esis spaces needs to be clarified. Learning a real-valued function instead through the
framework of convex surrogates simplifies and overcomes this problem as it convexifies it.
Classical penalty-based regularization techniques can then be used for theoretical analysis
(this chapter) and gradient-based methods for efficient algorithms (chapter 5).

This choice of treating classification problems through real-valued prediction functions
allows us to avoid introducing Vapnik-Chervonenkis dimensions (see Vapnik and Cher-
vonenkis, 2015) to obtain general convergence results for empirical risk minimization. In
this chapter, we will use instead the generic tool of Rademacher complexities (presented
in section 4.5).

Instead of learning f : X — {—1, 1}, we will thus learn a real-valued function g : X — R
and define f(z) = sign(g(z)), where

. 1 ifa>0
sign(a) =\ 4 ¢, <0,

There are several conventions to define a prediction f(z) € {—1,1} when g(z) = 0;
a common one is to always choose one of the two labels. In this book, to preserve
symmetry between —1 and 1 and to make sure that the loss function can be expressed as
a function of yg(x), we consider random predictions; that is, when g(z) = 0, the classifier
f(x) is sampled uniformly at random in {—1,1}, independently from all other random
quantities. When computing the loss incurred by the prediction f(z), we will always take
the expectation with respect to this random choice. Note that in practice, having g(x)
exactly equal to 0 occurs rarely, so the choice of convention makes no visible difference.

The 0-1 risk of function f = signo g, still denoted as R(g) (A note the slight over-
loading of notations R(g) = R(signo g)), is then equal to, separating between situations
where g(z) = 0 or not,

Rlg) = P(f(x) #y) = Ellgazol i@yl + Ellg@)=olr@)y]
1
= E[luq(m)<0] + §E[1g(m):0] = E[(I)Ofl(yg(x))]a
where ®y_1 : R — R is defined as

ifu<O
ifu=0 (4.1)
ifu>0,

(1)0,1 (u) =

o= =
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—0-1loss : gy (u)
—Hinge : max{1—u,0}
3 —Square : (1—u)?
—Logistic : log(1+e™*)

0

-2 0 2 4
Figure 4.1. Classical convex surrogates for binary classification with the 0-1 loss, with
®g_1 defined in equation (4.1).

and is called the “margin-based” 0—1 loss function or simply the 0—1 loss function.

/\ Note the slightly overloaded notation where the 0—1 loss function is defined on R,
compared to the 0-1 loss function from chapter 2, which is defined on {—1,1} x {—1,1}.

In practice, for empirical risk minimization, we then minimize with respect to the
function g : X — R the corresponding empirical risk £ 3" | ®9_1(y;g(z;)). The function
®g_1 is not continuous (and thus also nonconvex) and leads to difficult optimization
problems.

4.1.1 Convex Surrogates

A key concept in machine learning is the use of conver surrogates, where we replace
®(_1 by another function ® with better numerical properties (mostly convexity). See the
classic examples discussed next and plotted in figure 4.1.

Instead of minimizing the classical risk R(g) or its empirical version, one then mini-
mizes the ®-risk (and its empirical version), defined as

Ra(g) = E[®(yg(x))].

In this context, the function g is sometimes called the score function.

The critical question tackled in this section is: Does it make sense to convexify the
problem? In other words, does it lead to good predictions for the 0-1 loss?

Classical examples. We first review the primary examples used in practice:

e Quadratic/square loss: ®(u) = (u — 1)2, leading to, since we have y?> = 1,
®(yg(z)) = (y — g(x))? = (9(x) — y)%. We get back least-squares regression, ignore
that the labels have to belong to {—1, 1}, and take the sign of g(z) for the prediction.
Note the overpenalization for a large positive value of yg(z) that will not be present
for the other losses discussed next (which are nonincreasing).
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e Logistic loss: ®(u) =log(1l + e ), leading to

ﬁ) = —log(a(yg(x))),

D (yg(x)) = log(1 + e~#*)) = —log
where o(v) = H% is the sigmoid function. Note the link with maximum likelihood
estimation, where we define the model through

B(y = L|r) = o(g(z)) and B(y = —1|x) = o(—g(z)) = 1 — o(g(x)).

The risk is, then, the negative conditional log-likelihood E[—log p(y|z)]. It is also
often called the “cross-entropy loss.”! See more details about probabilistic methods
in chapter 14.

e Hinge loss: ®(u) = max(1l—wu,0). With linear predictors, this leads to the support
vector machine (SVM), and yg(z) is often called the “margin” in this context. This
loss has a geometric interpretation (see section 4.1.2).2

e Squared hinge loss: ®(u) = max(1 — u,0)2. This is a smooth counterpart to the
regular hinge loss.

e Exponential loss: ®(u) = exp(—u). This loss is often used within the boosting
framework presented in section 10.3, in particular through the Adaboost algorithm
(section 10.3.4).

Section 4.1 analyzes precisely how replacing the 0—1 loss with convex surrogates still
leads to optimal predictions. This allows us to focus only on real-valued prediction func-
tions in the rest of this book. We will consider loss functions ¢(y, f(x)), which will be
the square loss (y — f(x))? for regression, and any of the ones mentioned previously for
binary classification; that is, ®(yf(z)). We will consider alternatives and extensions in
chapter 13 (on structured prediction).

4.1.2 Geometric Interpretation of the Support Vector Machine
(¢

Given its historical importance, this section provides a geometrical perspective on the
hinge loss to highlight why it leads to a learning architecture called the “support vector
machine (SVM).” We consider n observations (z;,y;) € R? x {—1,1}, fori=1,...,n.

Separable data (Vapnik and Chervonenkis, 1964). We first assume that the data
are separable by an affine hyperplane; that is, there are w € R? and b € R such that for
alli € {1,...,n}, y;(w"x; +b) > 0. Among the infinitely many separating hyperplanes,
we aim to select the one maximizing the distance to the closest points, as illustrated:

1See https://en.wikipedia.org/wiki/Logistic_regression for details.
2See also https://en.wikipedia.org/wiki/Support_vector_machine for details.
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) wz+b=0

|w " xi+b]
lwll2 2

The distance from z; to the hyperplane {z € R?, w'z + b= 0} is equal to
and thus, the minimal distance is

L Yilwlaitb)
ie{l,..,n} lw]|2

and we thus aim at maximizing this quantity. Because of the invariance by rescal-
ing (i.e., we can multiply w and b by the same scalar constant without modifying the
affine separator), this problem is equivalent to minimizing ||w||2 with the constraint that
minge(1, .. .n) Yi (w'x; +b) > 1, and thus to the following problem:

. 1 2 . T
pelhin 2lelg such that Vi € { n}, yi(w z; +b) (4.2)

General data (Cortes and Vapnik, 1995). When a hyperplane may not separate
data, then we can introduce so-called “slack variables” & > 0, ¢ = 1,...,n, allowing
the constraint y;(w'z; + b) > 1 to be violated by introducing the modified constraint
yi(w'z; +b) > 1 —¢& instead. The overall amount of slack is then minimized, leading to
the following problem (with C' > 0):

. 1 2 n . T

weRd#r;lel]%’ cen §||w|\2+C;§i such that Vi e {1,...,n}, yi(w x;4+b) > 1-&, & > 0.
(4.3)

We can minimize in closed form with respect to each &; through & = (1 —y;(w ' x; +b))4.

With A = %, the problem in equation (4.3) is thus equivalent to

n

1 A
. £ 1— T i+ b - 2
S 0T ) Gl

which is exactly an fy-regularized empirical risk minimization with the hinge loss for the
prediction function f(r) = w'x + b.
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Lagrange dual and support vectors (¢). The problem in equation (4.3) is a lin-
early constrained convex optimization problem that can be analyzed using Lagrangian
duality (see, e.g., Boyd and Vandenberghe, 2004). We consider nonnegative Lagrange
multipliers a; and §;, ¢ € {1,...,n}, and the following Lagrangian:

n

b g0 f) = sluld+ 0N 6= ailplw mi+h) ~1+8) Zﬁz&

=1 =1

Minimizing with respect to £ € R™ leads to the equality constraints that for all i €
{1,...,n}, a; + B; = C, while minimizing with respect to b leads to the constraint
Yo yia; = 0. Finally, minimizing with respect to w can be done in closed form as
w= Y1 a;y;z;. Overall, this leads to the dual optimization problem

n

ine%’é e iy le oo 7yly]gc x; such that ;ylaZ =0and Vi e {1,...,n}, a; €1[0,C].
As we will show in chapter 7 for all £5-regularized learning problems with linear predictors,
the optimization problem only depends on the dot products x;r:vj, i,7 =1,...,n. The
optimal predictor can be written as a linear combination of input data points z;, i =
1,...,n. Moreover, for optimal primal and dual variables, the complementary slackness
conditions for linear inequality constraints lead to «; (yi(w—'—xi +b) -1+ {1) = 0 and
(C — ;)& = 0. This implies that a; = 0 as soon as y;(w' z; +b) > 1, and thus many of
the a;’s equal zero, and the optimal predictor is a linear combination of only some of the
data points x;’s which are then called “support vectors.” The sparsity of the «;’s can be
employed computationally (Platt, 1998), but statistically, given that in high dimensions,
the number of support vectors is typically proportional to the number n of observations
(Steinwart, 2003), this sparsity alone cannot directly justify the potential superiority of
the hinge loss over other convex surrogates.

4.1.3 Conditional ®-risk and Classification Calibration (4)

From margin bounds to convergence to optimal predictions. All the convex
surrogates presented in section 4.1.1 are upper bounds on the 0-1 loss or can be made so
with rescaling. This simple fact allows us to get a variety of so-called “margin bounds”
where the 0-1 risk is upper-bounded by the ®-risk. When the ®-risk equals zero, which
can occur only for problems with deterministic labels, this leads to a guarantee that the
resulting classifier is the optimal one. In nondeterministic settings, however, the ®-risk
will be strictly positive, and while the margin bound shows that the error is controlled,
it does not lead to guarantees that the resulting classifier is close to leading to optimal
predictions.

We now study the tools dedicated to obtaining such guarantees, with, in section 4.1.3,
the concept of classification calibration (making sure that minimizing the ®-risk also leads
to a minimizer of the 0-1 risk), and, in section 4.1.4, a quantitative relation between the
two excess risks.
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If we denote n(x) = P(y = 1|x) € [0, 1], then we have E[y|z] = 2n(z) — 1, and, as seen
in section 2.2.3, the Bayes risk (the best possible 0-1 expected risk) is equal to

R* = E[min(n(z), 1 - n(z))] = E[5 — 5[E[y|]]],

and one optimal classifier is fi(z) = sign(2n(x) — 1) = sign(E[y|z])—noting that when
n(xz) = 1/2, our convention of random choice for the sign function is compatible with the
fact that in this situation all predictions are optimal.

A key remark is that there are many potential other functions g(z) than 2n(z) — 1 so
that f.(z) = sign(g(z)) is optimal, namely, all functions g such that g(x) has the same
sign as 2n(z) — 1, which leads to many possibilities beyond 2n(z) — 1. In this section,
we will mostly focus on functions of the form g(x) = b(2n(z) — 1), where b : R — R is
sign-preserving; that is, b(u) > 0 if u > 0, and b(u) < 0 if u < 0.

This section aims to ensure that the minimizers of the expected ®-risk lead to optimal
predictions by ensuring that its minimizer g(x) has the same sign as 2n(z) — 1.

Square loss. Before moving on to general functions ®, the square loss leads to simple
arguments. Indeed, as seen in chapter 2, the function minimizing the expected ®-risk
is then g(x) = Ely|z] = 2n(z) — 1, and taking its sign leads to the optimal prediction.
Thus, using the square loss for binary classification leads to optimal predictions in the
population case.

General losses. To study the impact of using the ®-risk beyond the square loss, we
first look at the conditional risk for a given z (as for the 0-1 loss, the function g that will
minimize the ®-risk can be determined by looking at each = separately). Then, knowledge
of the probability n(x) = P(y = 1]z) is sufficient to characterize the optimal prediction
at that z, and the ensuing excess risk.

Definition 4.1 (Conditional ®-risk and 0-1 risk) For £ € [0,1] and u € R, we de-
fine the conditional ®-risk as

C¢ (u) = € (u) + (1 — ) @(~u),
and the conditional 0-1 risk as, with ®g_1 defined in equation (4.1),

Ce(u) = E@o—1(u) + (1 = §)Po—1(—u).

With these definitions, we can compute the ®-risk and 01 risk of a function g : X — R
as follows:

Ra(9) = E[Cr,y(9(2))] and R(g) = E[Cy)(g(@))]-

1

Note that with our convention ®_1(0) = %, we have C}5(u) = & for all u € R.

The least that we can expect from a convex surrogate is that in the population case,
where all z’s decouple, the optimal g(x) obtained by minimizing the conditional ®-risk

C;b(z) exactly leads to the same prediction as the Bayes predictor, which minimizes C)(,,)



78 CHAPTER 4. EMPIRICAL RISK MINIMIZATION

(at least when this prediction is unique, i.e., n(x) # %) We thus need that for & # %, the
minimizers of the function Cg’ are also minimizers of Cg.

Since the set minimizers of C¢ is R when £ > 1/2 (i.e., when n(z) > 1, the optimal
prediction at this  is +1), and R* when ¢ < 1 (i.e., when n(z) < %, the optimal

prediction at this z is —1), we want that for any £ € [0,1]\{3} (with R% the set of strictly
positive numbers, and a similar notation R* for the set of strictly negative numbers):

1
(Positive optimal prediction) &> 5 © ag min C’gb (u) CRYL (4.4)
u€R
1
(Negative optimal prediction) < 5 & ag min C¢ (u) C R* (4.5)
u€R

(in this discussion, we assume for simplicity that the argmins above are non-empty;
degenerate cases are left as an exercise). A function ® that satisfies these two statements is
said to be classification-calibrated, or simply calibrated. The resulting binary classification
method is then said “Fisher consistent.” It turns out that when ® is convex, a simple
sufficient and necessary condition is available, as described in proposition 4.1.

Proposition 4.1 (Bartlett et al., 2006) Let ® : R — R be a convex function. The
surrogate function ® is classification-calibrated if and only if © is differentiable at 0 and

@'(0) < 0.

Proof Since ® is convex, so is C¢ for any & € [0, 1], and thus we simply consider left and
right derivatives at zero to obtain conditions about the location of minimizers, with the
two possibilities (a) and (b) shown next (minimizer in R* if and only if the right derivative
at zero is strictly negative, and minimizer in R* if and only if the left derivative at zero
is strictly positive):

C¢ (u) C¢ (u)

/

(CE)'(04)=£2'(04)—(1-£)2'(0-) <0 (CE)(0-)=£2"(0-)—(1-£)®'(04)>0
(a) < (b) =N
argmin, cp CF (u) C R% argmin, cp CF (u) C R:

Assume that ® is calibrated. By letting £ tend to %—I— in equation (a) above, this leads
to (052)’(0+) = 1[®'(04)—®'(0_)] < 0. Since P is convex, we always have the inequality
®’(04) —®'(0-) = 0. Thus, the left and right derivatives are equal, which implies that ®
is differentiable at 0. Then (C£)'(0) = (26 — 1)®'(0), and from equations (4.4) and (a),
we need to have ®’(0) < 0.

For the other direction of the equivalence, assume that ® is differentiable at 0 and
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®’(0) < 0. Then (C&)'(0) = (2¢ — 1)®'(0); equations (4.4) and (4.5) are then direct
consequences of equations (a) and (b). ]

Note that proposition 4.1 excludes the convex surrogate u — (—u)+ = max{—u,0},
which is not differentiable at zero. Moreover, all examples from section 4.1.1 are cali-
brated.

We now assume that ® is classification-calibrated and convex; that is, ® is convex, ®
is differentiable at 0, and ®'(0) < 0.

/A Tn the context of classification with probabilistic models, where a model for P(y = 1|x)
is learned, calibration may also refer to the accuracy of the estimate of this probability.
See Silva Filho et al. (2023) and references therein.

4.1.4 Relation between Risk and ®-risk (¢4¢)

Now that we know that for any z € X, minimizing C,,(g(z)) with respect to g(x)
leads to the optimal prediction through sign(g(x)), we would like to make sure that an
explicit control of the excess ®-risk (which we aim to accomplish with empirical risk
minimization using tools from later sections) leads to an explicit control of the original
excess risk. In other words, we are looking for an increasing function H : Ry — R such
that R(g) — R* < H[Ra(g) —Rj|, where R} is the minimum possible ®-risk. Function H
is often called the calibration function. This section shows that this calibration is the
identity for the hinge loss (corresponding to the SVM), while it can be the square root
for smooth convex surrogates such as the square and logistic losses. We will in fact look
for the function G = H~! so that G[R(g) — R*] < Ra(g) — R}, following the general
frameworks of Zhang (2004b) and Bartlett et al. (2006).

As opposed to the least-squares regression case, where the loss function used
for testing is directly the one used within empirical risk minimization, there are

A two notions here: the testing error R(g), which is obtained after thresholding
at zero the function g; and the quantity Re(g), which is sometimes called the
testing loss, or, in this book, the surrogate expected risk.

In terms of conditional risks introduced in definition 4.1, classification-calibration

meant that for all £ € [0,1]\{3}, argmin Cg C argmin C¢. The validity of the calibration
function for the expected risk will be a consequence of the identity

— N C2u) - )
Vu € R, G|C¢(u) J,IgRCg(u) < C¢'(u) ulréfRC'g( u'), (4.6)

which relates the excess conditional ®-risk and the excess 0-1 risk. Indeed, if equa-
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tion (4.6) is satisfied and G is convex, then by Jensen’s inequality,

G[R(g) - %] = G(E[Cym(9(@) — inf Cyiny(0)])
< E[G(Cyn (9@) ~ int o )]
< E[cg}z)(g(x))— nf, CS’(@(u’)]:%(Q)— .

which is the desired calibration inequality.

Expression for the excess conditional 0-1 risk. For £ = %, the function Cf¢ is

constant equal to %, so the corresponding excess risk is equal to zero. If & > %, then, as
illustrated below, inf,/cr Cy gy (') =1 — &, and is attained on R*:

Ce(u)
A 01 loss

L 17{ L .

—1 1 ~u

The excess 0-1 risk C¢(u) — inf,rcr Ce(w') is equal to 26 — 1 if u < 0, 0 if w > 0, and
& — % if u =0, leading to

Yu € R, Cg(’u,) — ul/Iéf]R Cg(’u,/) = (26 — 1)(1)0_1(’(1,) < (25 — 1)1u§0-

If &< %, the same reasoning leads to the quantity (1 — 2&)®o_1(—u) < (1 — 28)1_,<o,
which we can combine into, for any ¢ € [0, 1],

We can also obtain the more practical bound

Vu € B, Celu) — inf Ce(u') < |26 — 1= b(u)| - Tg-nyuco < 126~ 1w, (4.7
for any sign-preserving function b (the inequality is true for { = %, and for £ > %, it
is implied by (26 — 1) - lu<o < (26 — 1 — b(u)) - 1,<o, which is true as soon as b is
sign-preserving).

Quadratic loss. For the square loss ®(v) = (v—1)?, we have Cg (u) —inf,/cr Cg(u’) =
(26 — 1 — u)?; thus, equation (4.7) with b(u) = u directly leads to equation (4.6) with

G(o) = o2. Therefore,

R(g) — R(g.) < (Ralg) — R3) ">, (4.8)

which is a calibration result that we extend next to smooth surrogates.
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Smooth surrogates. We consider smooth losses of the form (up to additive and
multiplicative constants) ®(u) = a(u) — u, where a(u) = ju? for the quadratic loss,
a(u) = 2log(e®/? + e~%/?) for the logistic loss. We assume that a is even and B-smooth
with 8 > 0 (i.e., as will be defined in chapter 5, a”(u) < 3 for all u € R). This implies®
that for all w € R and a € R,

1
g5lo—a . (49)

leading to C?(u) =&0(u) + (1 —&)P(—u) = a(u) — (26 — 1)u and thus,

a(u) — au — ui/réf]R {a(u) —au'} >

C2w)~ inf C2w) = a(w)— (26~ Du— inf {a(u’) - (26 ~ ')
> % (26 —1- a’(u)) by equation (4.9),
> % [Cg( ) — ulréfR Ce(u )] ’ from equation (4.7).

This leads to equation (4.6) with G(o) = ‘7 which implies

m|

1/2

R(g) — R* < V2B(Ra(g) — R3)

This leads to the calibration function H (o) = /o for the square loss and H (o) = V20
for the logistic loss (with the normalization from section 4.1.1).

Exercise 4.1 (¢) On top of the assumptions made in this section, assume that a(0) = 0.
Show that if a* is the Fenchel conjugate of a, then for any function g : X — R, we have
a*(R(g) — R*) < Ralg) — R

Hinge loss. For the hinge loss, for all £ € [0, 1], the function C’g’ is continuous piecewise

affine, with kinks at —1 and +1. For & > %, as illustrated below, it is minimized for u = 1,
and the excess risk is piecewise affine.

Hinge loss

3Using the Fenchel conjugate a* : R — R, which is (1/8)-strongly convex (see chapter 5), we have
a(u)—au—inf,cp {a(u') —au'} = a*(a) —ua—inf . cp {a* (') —ua’} > ﬁ la— /|2, where o = a/ (u)
is the minimizer of inf,/cg {a*(a/) — ua’} (Boyd and Vandonbcrgho, 2004). A direct proof may be
obtained as follows: define the function b : u — a(u) — au, and take u’ a minimizer of b; by smoothness,

b(w') < blu — L6/ () < b(u) + b (w) (= L0 (w) + 5| = 30/ (w)|* = b(u) — 55b (u)?, which exactly leads

to equation (4. 9) See also exercise 5.11.
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For ¢ > %, we can compare the excess conditional ®-risk with the excess risk for the
0-1 conditional risk: these two are equal for v = 0_ and 1, while the excess hinge risk
is always larger. By symmetry, it is also true for ¢ < %, and this is trivially true at
¢ = 1 (since the excess 0-1 risk is 0). Thus, we have shown that equation (4.6) is true
for G the identity function (i.e., H(o) = o). In other words, for the hinge loss, we have

R(g) — R* < Ra(g) — R%; that is, the excess P-risk directly controls the excess 0-1 risk.

Note that only when the Bayes risk is zero (i.e., n(x) € {0,1} almost surely), then
the fact that the hinge loss is an upper bound on the 0-1 loss is enough to show that the
excess risk is less than the excess ®-risk (indeed, the two optimal risks R* and R} are
equal to zero), but this is not the case otherwise.

Exercise 4.2 (¢4) Consider a convez function ® : R — R, which is differentiable at
zero with ®'(0) < 0. Define G(z) = ®(0) — infyer {2 P(u) + 352®(—u)}. Show that G
is conver, G(0) = 0, and G[R(g) — R*] < Ra(g) — Ry for any function g : X — R.

Compute G for the exponential loss.

We can make the following observations:

e For the nonsmooth hinge loss, the calibration function is identity, so if the excess
d-risk goes to zero at a specific rate, the excess risk goes to zero at the same rate.
In contrast, for smooth losses, the upper bound only ensures a worse rate with a
square root. Therefore, when going from the excess ®-risk to the excess risk (i.e.,
after thresholding function g at zero), the observed rates may be worse. However,
as will be shown in chapter 5, smooth losses can be easier to optimize, and, for
the square loss, better generalization bounds can be obtained (see section 7.6).
Moreover, as shown next, the choice of surrogate also impacts the approximation
error. There are, thus, multiple trade-offs between these two types of losses, and
no clear superiority of one over the other.

e Note that the noiseless case where n(x) € {0, 1} (zero Bayes risk) leads to a stronger
calibration function, as well as a series of intermediate “low-noise” conditions (see
Bartlett et al., 2006, for details, as well as exercise 4.3).

Exercise 4.3 (#) Assume that |2n(x) — 1| > € almost surely for some € € (0,1]. Show
that for any smooth convex classification-calibrated function ® : R — R of the form
®(v) = a(v) — v as in this section, then we have R(g) — R(g«) < a%(g) [Ra(g) — R3] for
any function g : X — R.

Impact on approximation errors (#). For the same binary classification problem,
several convex surrogates can be used. While the Bayes classifier is always the same
(i.e., fi(x) = sign(2n(z) — 1)), the minimizer of the population ®-risk will be different.
For example, for the hinge loss, the minimizer g(x) is exactly sign(2n(z) — 1), while
for losses of the form like above ®(v) = a(v) — v, we have a'(g(x)) = 2n(z) — 1, and
thus for the square loss, g(r) = 2n(z) — 1, while for the logistic loss, one can check
that g(x) = 2atanh(2n(z) — 1) (with atanh the hyperbolic arc tangent; proof left as an
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Class-conditional densities Optimal scores
T L |

04F
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Figure 4.2. Optimal score functions for Gaussian class-conditional densities in one di-
mension. Left: conditional densities; right: optimal score functions for the square loss
(9+(z) = 2n(x) — 1), the hinge loss (g«(z) = sign(2n(xz) — 1)), and the logistic loss
(g«(z) = 2atanh(2n(z) — 1)).

exercise). See the examples in figure 4.2, with X = R and Gaussian class-conditional
densities, showing that optimal scores (right plot) may be very different for different
convex surrogates.

The choice of surrogates will have an impact since to attain the minimal ®-risk, differ-
ent assumptions are needed on the class of functions used for empirical risk minimization;
that is, sign(2n(x) — 1) has to be in the class of functions that we use (for the hinge loss),
2n(x) — 1 for the square loss, or 2atanh(2n(z) — 1) for the logistic loss. If these func-
tions are not in the class of models, they have to be well-approximated, which could be
harder for the hinge loss since sign(2n(x) — 1) may be less regular than 2n(x) — 1 or
2 atanh(2n(z) — 1) (see also exercise 4.4 and section 14.2).

Exercise 4.4 For the logistic loss, show that for data generated with class-conditional
densities of x|y = 1 and x|y = —1, which are Gaussians with the same covariance matriz,
the function g(x) minimizing the expected logistic loss is affine in x. This model is
often referred to as “linear discriminant analysis (LDA).” Provide an extension to the
multicategory setting.

Beyond calibration and loss consistency. The main property proved in this section
is R(g) —R* < H[TR¢ (9) — fRfD] for any prediction function g : X — R, for a function H
that tends to zero at zero. When the space of functions chosen for ¢ is flexible enough
to reach the minimizer of R4, such as for kernel methods (chapter 7) or neural networks
with sufficiently many neurons (chapter 9), then g will reach the minimum risk R(g).
Such properties will also be available for structured prediction in chapter 13.

However, it is common in practice, in particular in high dimensions, to use a restricted
class of models, in particular linear models, where reaching the minimum ®-risk is not
possible anymore. In such setups, a more refined notion of consistency can be defined
and studied (see, e.g., Long and Servedio, 2013).
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4.2 Risk Minimization Decomposition

We now consider a family F of prediction functions f : X — R. Empirical risk minimiza-
tion aims to compute

n

f € argmin ﬁi(f) = %Zﬂ(yl,f(acz))

Jeg i=1

with algorithms presented in chapter 5. We consider loss functions that are defined for
real-valued outputs even for binary classification problems through the use of surrogates
presented in section 4.1.1.

We can decompose the risk into two terms as follows:

R =R = {R(f)~ inf R+ { it R(F) -

= estimation error + approximation error.

A classic example is the situation where a subset of R? parameterizes the family
of functions; that is, F = {fs, 6 € O}, for © c R This includes neural networks
(chapter 9) and the simplest case of linear models of the form fy(z) = 67 p(z) for a
particular feature vector ¢(x) (such as in chapter 3). We will use linear models with
Lipschitz-continuous loss functions as a motivating example, most often with constraints
or penalties on the f2-norm ||||2, but other norms can be considered as well (such as the
¢1-norm in chapter 8).

We now turn separately to the approximation and estimation errors.

4.3 Approximation Error

The approximation error inf reg R(f)—R* is deterministic and depends on the underlying
distribution and class F of functions: the larger the class, the smaller the approximation
erTor.

Bounding the approximation error requires assumptions on the Bayes predictor (some-
times also called the “target function”) f., and hence on the testing distribution.

In this section, we will focus on ¥ = {fy, 6 € O} for © C R? (we will consider
infinite dimensions in chapter 7), and convex Lipschitz-continuous losses (with respect to
the second variable), assuming that 6, is the minimizer of R(fy) over § € R?, which is
assumed to exist (typically, 6, does not belong to ©). This implies that the approximation
error decomposes into

inf R(fo) ~ R = { jnf R(fo) — inf R(fo)} +{ inf R(for) - R"}.

e The second term infgcpa R(fpr) — R* is the incompressible approximation error
coming from the chosen set of models fy. For flexible models such as kernel methods
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(chapter 7) or neural networks (chapter 9), this incompressible error can be made
as small as desired.

e The function 6 — R(fy) — infy cgra R(for) is nonnegative on R? and can be typically
upper-bounded by a specific norm (or its square) (6 — 6,), and we can see the first
term above gné R(fo) — inf . R(for) as a notion of “distance” between 6, and ©.

€ 0’€R

For example, if the loss that is considered is G-Lipschitz-continuous with respect
to the second variable (which is possible for regression or when using a convex
surrogate for binary classification as presented in section 4.1), we have

R(fo) = R(for) = E[l(y, fo(x)) — Ly, for(x))] < GE[|fo(x) — for ()],

and thus, this first part of the approximation error is upper-bounded by G times
the distance between fy, and F = {fy, 6 € O}, for a particular pseudodistance
(0,0") — E[|fo(x)— for (x)|] (missing the property of § = 6’ being the only possibility
to be zero).

A classical example will be fy(z) = 0T ¢(x), and © = {§ € R?, |02 < D}, leading
to the upper bound*

inf R(fy)~ inf R(fy) <G int _E[l(a)lz] 16-0. |2 < GE[Ji(a) a] (16 |~ D)-

which is equal to zero if ||0.||2 < D (well-specified model).

Exercise 4.5 Show that for © = {6 € R, ||0||; < D} (¢f1-norm instead of the
ly-norm), we have

inf R(fs) = inf R(fy) < GE[llp(@)]] (6.1 = D).

Generalize to all norms.

4.4 Estimation Error

We will consider general techniques and apply them as illustrations to linear models with
bounded /2-norm by D and G-Lipschitz-losses. See further applications in chapters 7
(kernel methods) and 9 (neural networks).

The estimation error is often decomposed using gg € argminges R(g) as the minimizer
of the expected risk for our class of models and f € argminyes R(f) as the minimizer of

“The identity infg,<p 10 — Oxll2 = ([|0«]l2 — D)+ can be shown by looking for the optimal ¢
proportional to 6. and optimizing with respect to the proportionality constant.
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the empirical risk:
R(f)= inf R(f) = R(f)=R(go)
{R(H) =R} + {R(F)=R(g7)} + {R(g7)—R(g7)}
sup {R(F)=R()} + {R(F)~R(gs)} + sup {R(f) = R(F)}

sup {R(f)—R(f)} +0+sup {R(f)~R(f)} by definition of f. (4.10)
fex fex

N

N

This is often further upper-bounded by 2 sup ;.5 ‘JA%( f)=R(f)|- We can make the following
observations:

e The key tool to remove the statistical dependence between R and f is to take a
uniform bound. This will also be used in section 8.1.1 on sparse methods for square
loss.

e When f is not the global minimizer of R but satisfies I/J\Q(f) <infrey ﬁi(f) + ¢, then
the optimization error € has to be added to the estimation error considered in this
section for the empirical risk minimizer (see more details in chapter 5).

e The uniform deviation grows with the “size” of F, is a random quantity (because of
its dependence on data), and usually decays with n. See the examples that follow.

o A key issue is that we need a uniform control for all f € F: with a single f, we could
apply any concentration inequality to the random variable £(y, f(x)) to obtain a
bound in O(1/4/n); however, when controlling the maximal deviations over many
functions f, there is always a small chance that one of these deviations gets large.
We thus need explicit control of this phenomenon, which we now tackle by first
showing that we can focus on the expectation alone.

Since the estimation error is a random quantity, we need to bound it using prob-
abilistic tools. This can be done either in high probability or in expectation. In the
next subsection, we show how concentration inequalities allow us to focus on control in
expectation.

4.4.1 Application of McDiarmid’s Inequality

Let H(z1,...,2n) = supjeq {R(f) — UA%(f)}, where the random variables z; = (z;,y;) are
iid., and JAQ(f) = L5 U(yi, f(z;)). We assume that the loss functions for all (z,y) in
the support of the data generating distribution and f € F are between 0 and some f,
(for most loss functions, this is a consequence of having bounded prediction functions).®

For a single function f € &, we can control the deviation between JAQ( f), which is an
empirical average of bounded independent random variables, and its expectation R(f)
through Hoeffding’s inequality, presented in detail and proved in section 1.2.1: for any

5For extensions to sub-Gaussian distributions rather than distributions with bounded support, see
theorem 3 in Meir and Zhang (2003).
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d € (0,1), with probability greater than 1 — 4,

R(f) - R(f) < fﬁ log

Such control can be extended beyond a single function f. When changing a single z; €
X x Y into z; € X x Y, the deviation in H is almost surely at most %600.6 Thus, applying
McDiarmid’s inequality (see section 1.2.2), with probability greater than 1 — §, we have

H(Zla"'azn)_]E[H(Zla"'azn)] < %Mlog%

We thus only need to bound the expectation of sup ;e {R(f) — ﬁ(f)} and of the similar

quantity sup je s {.'JAQ —R(f )} (which will typically have the same bound), and add on
top of it \Zﬁ@ /log 2 5, to ensure a high-probability bound.”

We now provide a series of bounds for these expectations, from simple to more refined,
culminating in Rademacher complexities in section 4.5.

4.4.2 Easy Case I: Quadratic Functions

We will show what happens with a quadratic loss function and an £s-ball constraint. We
remember that in this case, £(y, 0" p(z)) = (y — 0" ¢(z))?, leading to

Hence, the supremum can be upper-bounded in closed form as

o (R -R(| < 0] 3 plee() ~Efpe)]
+2DH%iyi‘P(5€i)_ Elye(@)] +‘—Zyl ol
i=1

where || M||op is the operator norm of matrix M, defined as || M|lop = supy,,=1 [[Mull2
(for which we have |u" Mu| < || M||op||ul|3 for any vector u).

Thus, to get a uniform bound, we simply need to upper-bound the three nonuniform
expectations of deviations, and therefore of order O(1/4/n), and we get an overall uniform

SFor a fixed function f € F, only one term in the average is changed, with value in [0, £co], and thus
a deviation of at most %Zoo. This can be extended to the supremum by a simple computation left as an
exercise.

"When combining two bounds in probability, the union bound leads to the term 2/ instead of 1/6;
for more details, see section 1.2.1.
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deviation bound. This case gives the impression that it should be possible to get such a
rate in O(1/4/n) for other types of losses than the quadratic loss. However, closed-form
calculations are impossible, so we must introduce new tools.

Exercise 4.6 (¢#) Provide an explicit bound on supjg,<p |R(f) — IJAQ(f)|, and compare
it to using Rademacher complexities in section 4.5. The concentration of averages of
matrices from section 1.2.6 can be used.

Note that from now on, in the following sections, unless otherwise stated, we
do not require the loss to be convex.

4.4.3 Easy Case II: Finite Number of Models

We assume in this section that the loss functions are bounded between 0 and /... We can
then upper-bound the uniform deviation using the union bound (as detailed in section 1.2)
to get

P(;gg R(H) = R(N| > 1) < %w(@m ~R()| =),
We have, for f € F fixed, IJAQ(f) = L5 Uy, f(x;)), and we can apply Hoeffding’s

inequality from section 1.2.1 (as done in section 4.4.1) to bound each ]P)(|JA€(f)—fR(f)} >t),
leading to

(supyfR —R(f)| >t) <> 2exp(—2nt2/62,) = 2|F] exp(—2nt?/£2,).
feg teT

Thus, by setting § = 2|F| exp(—2nt?¢2.) and finding the corresponding ¢, with probability
greater than 1 — §, we get (using va + b < /a + Vb):

R — 291 _ \/ L
;telglﬁ(f) R(f)| < ¢ \/— log = \/— (2/51) +1og6

log 2|ff'~
< Ao\ —5— \/1o
\/_

which is an upper bound on uniform deviations.

Exercise 4.7 (¢) In terms of expectation, show the following (using the proof of the maz
of random variables from section 1.2.4, which applies because bounded random variables
are sub-Gaussian):

log(2|71)

E{sup@(f)_y(f)” S Lo 2n

fex

Thus, according to the bound, learning is possible when the logarithm log(]F|) of
the number of models is significantly smaller than n. This is the first generic control of
uniform deviations.
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/\ Note that this is only an upper bound, and learning is possible with infinitely many
models (the most classical scenario). See the following subsections.

4.4.4 Beyond Finitely Many Models through Covering Numbers

(#)

The simple idea behind covering numbers is to deal with function spaces with infinitely
many elements by approximating them through a finite number of elements. This is often
referred to as an “e-net argument.”

For simplicity, we assume that the loss functions are regular; for example, that they
are G-Lipschitz-continuous with respect to their second argument. Then, as already seen
in section 4.3, we have, for any f, f' € F,

[R(f) = R(f)| < G-E[|f(z) = f'(@)]] =G - Af, ). (4.11)

Covering numbers. We assume that there are m = m(e) elements f1, ..., f,, such that
for any f € F, 3i € {1,...,m} such that A(f, f;) < e for A defined in equation (4.11).
The minimal possible number m(e) is the covering number of F at precision e. See the
example here in two dimensions of a covering with Euclidean balls:

The covering number m(e) is a nonincreasing function of €. Typically, m(e) grows
with € as a power e~¢ when ¢ — 0, where d is the underlying dimension. Indeed, for
the {y-metric, if (in a certain parameterization) F is included in a ball of radius ¢ in the
{o-ball of dimension d, it can be easily covered by (c/e)? cubes of length 2¢ (if ¢ > ¢),
as illustrated:
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[\
oy —1

Given that all norms are equivalent in dimension d, we get the same dependence in
e~% of m(e) for all bounded subsets of a finite-dimensional vector space, and thus log m(¢)
grows as dlog% when ¢ tends to zero. This dependence in dimension generalizes to all
norms (see exercise 4.8).

Exercise 4.8 Let m(g) be the covering number of a unit ball of R% by balls of radius € for

an arbitrary norm. Using comparisons of volumes, show that (%)d <m(e) < (1 + %)d.

For some sets (e.g., all Lipschitz-continuous functions with bounded Lipschitz-constant
in d dimensions), log m(e) grows faster, such as e~%. See, for instance, Wainwright (2019).

e-net argument. Given a cover of F, for all f € F, and with (fi)icq1,...m(e)} being

the associated cover elements, using that both R and R are G-Lipschitz-continuous with
respect to the distance A, we have, for any i € {1,...,m(e)},

IR(F) =R <R = RU)| + [ROF) = RUD| + |R(f2) = RO
< 2G-A(f, fi) + |R(f) — R(f2))
< 2G-A(f,fi)+  sup }@Uﬂ—ﬂhw

Jj€{1,...,m(e)

Taking the minimum with respect to ¢, and using the cover property, we get

R(f) —R(F)| <2Ge+  sup  [R(f5) — R(f)]

je{1,....m(e)}

This implies, using section 4.4.3 that with probability greater than 1 — 9,

. e | fe [ 1
ilelg‘fR(f) R(f)| < 2Ge + U o —l—m loga.

Therefore, if m(e) ~ €9, ignoring constants, we need to upper-bound the quantity

dlog(1/e)/n. The choice € x 1/4/n leads to a rate proportional to y/(d/n)log(n),
which shows that the dependence in 7 is also close to 1/4/n. Unfortunately, unless refined

computations of covering numbers or more advanced tools (such as “chaining”) are used,



4.5. RADEMACHER COMPLEXITY 91

this often leads to a nonoptimal dependence on dimension and/or number of observations
(see, e.g., Wainwright, 2019, for examples of these refinements).

Two powerful tools that allow sharp bounds at a reasonable cost are Rademacher
complexity (Boucheron et al., 2005) and Gaussian complexity (Bartlett and Mendelson,
2002). In this book, we will focus on Rademacher complexity, which we now present.

4.5 Rademacher Complexity

We consider n i.i.d. random variables z1,...,z, € Z, and a class J of functions from Z
to R. In our context, the space of functions is related to the learning problem as z = (z, y),

and H = {(z,y) — Ly, f(z)), f €T}
Our goal in this section is to provide an upper bound on sup ;¢ {fR(f) — j\%(f)}, which

is equal to
sup {E[h(z)] — % Zn:h(Zi)},

heX Pl

where E[h(z)] denotes the expectation with respect to a variable having the same distri-
bution as all z;’s.

We denote the data D = {z1,..., 2,}, and define the Rademacher complezity of the
class of functions H from Z to R as follows:

Ry (H) = E.. { wp + znjaih(zi)} , (4.12)

S
n
hedt N

where € € R™ is a vector of independent Rademacher random variables (i.e., taking values
—1 or 1 with equal probability), which is also independent of D. It is a deterministic
quantity that depends only on n, H, and the common distribution of all z;’s.

Stated in words, the Rademacher complexity is equal to the expectation of the maxi-
mal dot product between values of function h at the observations z; and random labels.
It measures the “capacity” of the set of functions H. We will see later that it can be com-
puted (or simply upper-bounded) in many interesting cases, leading to powerful bounds.
The term “Rademacher average” is also commonly used.

/A Be careful with the two notations R,, (#) (Rademacher complexity) and R(f) (risk of
the prediction function f), not to be confused with the feature norm R often used with
linear models.

Exercise 4.9 Show the following properties of Rademacher complexities (see Bartlett
and Mendelson, 2002, for more details):

o IfH CH, then Rp(H) < Ru(H).
o Ry (H + H') = Ry (H) + R (H).
o IfaeR, Ry(aH) =|a| - Ry (H).
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o Ifhy: 2 — R, Ry(H + {ho}) = Ru(%0).
e R, (H) = Ry (convex hull(H)).

Exercise 4.10 (Massart’s lemma) Assume that H = {h1,..., hy}, and almost surely
we have the bound L 3" | hj(x;)? < R? for all j € {1,...,m}. Show that the Rademacher

complezity of the class of functions H satisfies Ry, (H) < 1/210%1%.

4.5.1 Symmetrization

First, we relate the Rademacher complexity to the uniform deviation through a general
symmetrization property, which shows that the Rademacher complexity directly controls
the expected uniform deviation.

Proposition 4.2 (Symmetrization) Given the Rademacher complexity of H defined
in equation (4.12), we have

{Sup { Zh z)— H < 2R, (H) , E{sup {E[h(z)]—%i h(zi)H < 2R, (H).

heH heJ

Proof (#) Let D' = {z],..., 2/} be an independent copy of the data D = {z1,...,2,}.
Let (gi),c {1,...n} beiid. Rademacher random variables, which are also independent of
D and D’. Using that for all ¢ in {1,...,n}, E[h(z])|D] = E[h(z)] and E[h(z;)|D] = h(z;),

we have

e s (B - 23w }] = B[ {13 mnGHDI- 13 a0}

heXH

by definition of the independent copy D’. Then

e [gup (B0~ 3 oneo ] <2fefam {72 16 -neel o]

using that the supremum of the expectation is less than the expectation of the supremum.
Thus, by the towering law of expectation, we get

E[sup {E[h(z)] - % ih(zi)H < E[sup {

heXH
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We can now use the symmetry of the laws of ¢; and h(z}) — h(z), to get

E| sup {E[h(z)] —~ % zn: h(zz‘)H

L heFH
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The reasoning is identical for E [supj,cqc {2 31 h(2:) — E[h(2)]}] < 2Rn(H). ]

Proposition 4.2 only bounds the expectation of the deviation between the empirical
average and the expectation by the Rademacher average. Together with concentration in-
equalities from section 1.2, we can obtain high-probability bounds, as done in section 4.4.1
with McDiarmid’s inequality.

Exercise 4.11 (¢) The Gaussian complexity of a class of functions H from Z to R is de-
fined as Gp(H) = Ec p [sup,egc = Yo €ih(2;)], where e € R™ is a vector of independent
Gaussian variables with mean zero and variance 1. Show that (1) Ru(H) < /% - G (H)

and (2) Gp(H) < /2log(2n) - Ry, (H

Empirical Rademacher complexities (¢). The Rademacher complexity R, (H) de-
fined in equation (4.12) is a deterministic quantity that depends on the distribution of
inputs. When using bounds in high probability through McDiarmid’s inequality in sec-
tion 4.4.1, we obtained that if h(z) € [0, {s] for all h € H, then with probability greater
than 1 — 6, for all h € K,

E[h(2)] < %zn:h(zz) + 2R (00) + = flox

While we provide estimates based on simple information on the input distribution, an
empirical version can be defined that does not take the expectation with respect to the
data; that is,

R, (H) = [Sup Zsz z] (4.13)

hed N

which is now a random quantity that is computable from the training data and the class
of functions. We can also use McDiarmid’s inequality to bound the difference between
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R, (H) and Rn(ﬂ'f), obtain a similar high-probability bound as before, that is,

1 — 2
= )+ 2 1 4.14
n; 2i) + 2R (30) + \/— g5 (4.14)

which is now computable (if one can compute the empirical Rademacher complexity).
Note that the factor of 3 = 1 + 2 comes from applying McDiarmid’s inequality twice,
once for supj,cqc {R(h) (f)} and once for R, (H) (with then an extra factor of 2
since it appears as 2f{n(ﬂ{)) Empirical Rademacher complexities are data-dependent
complexity estimates that can be used for model selection (see section 4.6).

4.5.2 Lipschitz-Continuous Losses

A particularly appealing property in this context is shown in proposition 4.3 and is some-
times called the “contraction principle,” using a simple proof from lemma 5 in Meir and
Zhang (2003); see also section 4.5 in Ledoux and Talagrand (1991). See proposition 4.4
for a similar result for the Rademacher complexity defined with absolute values (and then
with an extra factor of 2), and section 13.1.3 for extensions to vector-valued prediction
functions.

Proposition 4.3 (Contraction principle—Lipschitz-continuous functions)

Given any functions b, a; : © — R (no assumption) and ¢; : R — R any 1-Lipschitz-
functions, for i = 1,...,n, we have, for ¢ € R™, a vector of independent Rademacher
random variables:

E. [sup {b(e) + Z: si%(ai(e))” <E. [sup {b(e) + Z: siai(ﬁ)}] .

0€O© 0€O

Proof (#) Consider a proof by induction on n. The case n = 0 is trivial, and we show how
n+1

to go from n > 0 to n+1. We thus consider E., .., ., [sup {b(@) + Z aigoi(ai(ﬁ))}] and

0co i—1

compute the expectation with respect to €,41 explicitly, by considering the two potential
values with probability 1/2:

n+1

E517~~~;5n+1 |:Sup { + Z 51901 az }:|
1
= e s {401+ D) + s o 0))

+§E€1,...,an {ggg {b(9)+§6m(ai(9)) - <pn+1(an+1(9))}} ;
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which is equal to

b(0)+b(8")
]Esl ..... En |: 07801/156{ 5
g %(“1(9));“’1(“1(9 ), son+1(an+1(9))—2<pn+1(an+1(9/)) }] |

b(0)+b(¢)
Fer,e sn{ezl}g@{f
Z pi(ai(0 +%(az(9 ))+wn+1(an+1(9))—2<ﬂn+1(an+1(9'))}}
b9+b9 ~ Z—ai9+iai9’ anlﬁ—anlﬁ’
<[ sup (MU 5, ) @) Jonea) s O]

=1

using Lipschitz continuity of ¢,+1. We can redo the same sequence of equalities with
@n+1 being the identity to obtain that the last expression is equal to

EepyiEey,en [ggg {b(@) +entiany1(0) + ; Eiﬁpi(ai(e))}:|

< Eeyenienia {sup {b(@) +ent1an4+1(0) + Z Eiai(ﬁ)}} by the induction hypothesis,
0 i=1

which leads to the desired result. [ |

We can apply this contraction principle to our supervised learning situations where u; —
0(y;,u;) is G-Lipschitz-continuous for all ¢ almost surely (which is possible for regression
or when using a convex surrogate for binary classification as presented in section 4.1),
leading to, by the contraction principle (applied conditioned on the data D to b = 0,

© ={(f(@1),.-., f(zn)), [ €T} CR" and a;(0) = 0;, pi(ui) = £(yi, i),

1 n
E. {;1611;5 ;alﬁ(yz,f(xz)) ' D} < {sup Zszf Z;)
R, (H) < G- R, (F). (4.15)

feg iz

which leads to

Thus, the Rademacher complexity of the class of prediction functions controls the uniform
deviations of the empirical risk. We consider simple examples in section 4.5.3 but give
before, without proof, a contraction result that we will need in section 9.2.3 (see proof of
theorem 4.12 in Ledoux and Talagrand, 1991), with an extra factor of 2.
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Proposition 4.4 (Contraction principle—absolute values) Given any functions

a; : © = R (without further assumption) and any 1-Lipschitz-functions p; : R = R such
that v;(0) =0, fori=1,...,n, we have, for ¢ € R™ a vector of independent Rademacher
random variables,

4.5.3 Ball-Constrained Linear Predictions

We now assume that F = {fa(x) = 0" p(z), Q(0) < D}, where  is a norm on RY. We
denote the design matrix by ® € R™*¢. We have (with expectations with respect to
both e and the data)

R,.(F) = { sup { Zsze () }]: { sup lsbeﬁ}

Q(0)<D QO)<KD T

E. [sup
[dSC] 0coe

ésm(aiw»H < 2K, [sup

%E [Q*(qﬂg)] ,

where 0" (u) = supgg)<1 U T8 is the dual norm of Q. For example, when (2 is the £,-norm,
with p € [1,00], then Q* is the ¢,-norm, where ¢ is such that ;—i—}] =1(eg, |- l5=1"l2
115 =1"lleo, and || - |15 = || - Hl) For more details, see Boyd and Vandenberghe (2004).

Thus, computing Rademacher complexities is equivalent to computing expectations
of norms. When Q = || - ||2, we get

D D
R,.(F) = EE [||<I>TEH2] < - E[||®T¢e|/2] by Jensen’s inequality,

< Ewmn:g B [[® 7 ®]], using that E[eeT] = I,
zg D> _E[(@2T)] = ZEIIM I3] f E[llp(z)I3].  (4.16)
=1

We thus obtain a dimension-independent Rademacher complexity that we will use in the
summary in section 4.5.4. While E[||¢()||3] can be quite large in practice, the lack
of explicit dependence in dimension makes it possible to consider infinite-dimensional
feature vectors, so long as this quantity is controlled.

Exercise 4.12 ({;-norm) Assume that almost surely, ||o(z)|coc < R. Show that the
Rademacher complexity R (F) for F = {fo(x) = 0T p(z), Q0) < D}, with Q= | - ||, is
upper-bounded by RD(QI%(M))UQ.

Exercise 4.13 (¢) Let p € (1,2], and g such that 1/p+1/q = 1. Assume that almost
surely, |o(z)|lq < R. Show that the Rademacher complezity R, (F) for F = {fo(x) =
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plx), < , wib = || - ||lp, % upper-bounded by ==-—— mi: use exer-
o7 Q(f) < D}, with Q P bounded by T2 ——— (hi

cise 1.25). Recover the result of exercise 4.12 by taking p =1+ log(%d).

4.5.4 Putting Things Together (Linear Predictions)

We now consider a linear model based on some feature map ¢ : X — R? and apply the
Rademacher results from section 4.5.3 to obtain a bound on the estimation error. We
then look at the approximation error.

Estimation error. With all the elements discussed previously, we can now propose
the following general result (where no convexity of the loss function is assumed) for the
estimation error. Note that there is no explicit dependence on the underlying dimension d,
which will be important in chapter 7, where we consider infinite-dimensional feature
spaces.

Proposition 4.5 (Estimation error—linear predictions) Assume that the loss func-
tion is G-Lipschitz-continuous, with a set of linear prediction functions F = {fo(x) =
0T o(z), ||0]l2 < D}, where E[||p(x)|3] < R2. Let f = [ € F be the minimizer of the
empirical risk, then

. A4GRD
E[R(f)] < IIGIIISQDR(JCG) + BN

Proof Using proposition 4.2 to relate the uniform deviation to the Rademacher aver-
age, equation (4.15) to take care of the Lipschitz-continuous loss, and equation (4.16)
to account for the fo-norm constraint, we get the desired result. Note that the factor
of 4 comes from symmetrization (proposition 4.2, which leads to a factor of 2), and equa-
tion (4.10) in section 4.4 (which leads to another factor of 2). ]

Approximation error. If we assume that there is a minimizer 6, of R(fg) over R?, the
approximation error (of using a ball of @ rather than the whole R?) is upper-bounded by,
following derivations from section 4.3 and using Cauchy-Schwarz and Jensen’s inequalities,

inf R - R < G inf E T) — )| =G inf E z)' (60— 0,
lolasn (fo) (fo.) lolasD [|f0( ) — fo.( )|] lolasn [|<P( ) ( )|]
< G inf [|0 =042 - E|]e(x <GR inf |6 —0.|s.
16]2<D H H2 [H ( )”2} 16l2<D ” H2

This leads to

4GRD 4GRD
= GR(|f. ] = D)+ + =7

, but this setting requires

E[R(f)] ~ Rfo.) <GR int [0 =6.]>+ ==

We see that for D = ||0.]|2, we obtain the bound 74GR”3*”2

knowing ||6.||2, which is not possible in practice (see section 4.5.5 for penalized problems,
which do not have this issue). If D is too large, the estimation error increases (overfitting).
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At the same time, if D is too small, the approximation error can quickly kick in (with a
value that does not go to zero when n tends to infinity), leading to underfitting. Note
that on top of this approximation error, we need to add the incompressible one due to
the choice of a linear model.

Exercise 4.14 Consider a learning problem with 1-Lipschitz-continuous loss (with re-
spect to the second variable), a function class fo(z) = 07 ¢(x), |01 < D, and p : X — RY,
with ||p(2)||eo almost surely less than R. Given the expected risk R(fo) and the empirical
risk ﬁi(fg). Show that E[R(f;)] < infje,<p R(fo) + 4RD+/2log(2d)/n, for the con-
strained empirical risk minimizer fp.

4.5.5 From Constrained to Regularized Estimation (¢)

In practice, it is preferable to penalize by the norm () instead of constraining. While
the respective sets of solutions when letting the respective constraint and regularization
parameters vary are the same, the main reason is that the hyperparameter is easier to
find, and the optimization is typically easier. We first consider the squared f2-norm in
this section. Moreover, we use the (overloaded) notation R(6) = R(fp) and R(0) = R(fs)
as we only consider the same linear predictors fs = ¢(-) "6, for 6§ € R

We now denote 8, as a minimizer of

~ A A~ A
R(O)+ 51018 = R(fo) + 1013 (4.17)

A s ~ A A ~
If the loss function is always nonnegative, then B 0x]13 < R(0))+ B 0213 < R(0), leading

to a bound [|fx]| = O(1/v/X). Thus, with D = O(1/v/X) in the bound of proposition 4.5,
this leads to an excess risk in O(1/v/An), which is not optimal.

We now give a stronger result using the strong convexity of the squared fo-norm (with
now a convex loss), adapted from Sridharan et al. (2009) and Bartlett et al. (2005).

Proposition 4.6 (Fast rates for regularized objectives) Assume the loss function
is G-Lipschitz-continuous and convex in the second argument, with linear prediction func-
tions © — 07 o(x) for 0 € RY, where ||o(z)|la < R almost surely. Let 0y € RY be the
minimizer of the reqularized empirical risk in equation (4.17); then

24G?R?
n

E[R(0)] < inf {R(0) + J013} +

Proof (#4) For this proof, we use the notation Rx(0) = R(0) + 3/|0||3, with minimum
value R} attained at 6% (which is unique by strong convexity). We also use the notation
Ra(0) = R(0) + 3103

We consider the convex set C: = {§ € R?, Ry (0) — R% < ¢} of e-optimal predictors,

for an € > 0 to be chosen later. By strong convexity (see section 5.2.3 for more details),
we have R () — R} > 3116 — 0%]|3 for all € R?, and thus C. is included in the f-ball

B, with center 6% and radius /2¢/A\.
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The proof works as follows: if N ¢ C., then we can find 7 in the segment joining
05 and 0y, which is in the boundary of C. (i.e., such that Rx(n) — R} = ¢). Because
n € C. C Be, it cannot be too far from 65, as ||n — 0%||2 < /2e/A.

However, using uniform deviation bounds, uniformly on B, |§\Q,\ — Ry| will be, with
high probability, less than a constant times GR,/x, leading to a contradiction if this

. . . . 2 2 . .
quantity is greater than a constant times e, which occurs when e G)\f , which is the
desired scaling. We now make this reasoning precise.

On the segment [Hf\,éA] we thus choose n exactly on the boundary of C., that is,
such that Rx(n ) R5 = €. Moreover, by convexity of the empirical risk R, we have
R)\( ) max {R)\ 9* fR)\ 9)\ } fR)\ 9*) This implies that

R (1) =R (1) +-R (63) = Ra (65) = {Ra (1) = Ra(63)} + {Ra(65) ~Ra(m)} > . (4.18)

Using the uniform deviation bound on an ¢5-ball of radius y/2¢/\, derived in section 4.5.3
based on Rademacher averages,

GR

v
This implies for A = supgep {Ra(€) — Ra(05) — [JA% € — JAQA 03)] }, that its expectation

satisfies E[A 2GR\/25/ +E fR,\ 0%) — Ra(603)] = 2GR\/25/ We can now apply
McDiarmid’s 1nequahty (as in section 4.4.1) since changlng a single data point leads to
an absolute difference %GR«/%/ A, leading to, with probability greater than 1 — 4,

A< +fLGR\/g\/>\/T GR\/2E/)\<2+\/210g5)

We thus get a contradiction when ¢ > A (since n € C. implies that A > ¢ because of
equation (4.18)), that is, we can take, in the limit ¢ — A (which leads to an equation in &

that can be solved):
5T 2
Vn V 0

leading to the bound which is valid with probability greater than 1 — §:

A GR,/z/ 1\1*> _2G2R? 1
x = < —).
R(Ox) = R3 < { ( 2log 6)] S 7w (8+410g (5)

B[ sup {R(§) - R(©)}] <2-

geBE

2e/A
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By integration of the bound,® we obtain the desired result. |

Note that we obtain a fast rate in O(R?/(A\n)), which has a better dependence in n
but depends on A, which can be very small in practice. One classical choice of A that we
have seen in chapter 3 also applies here, as A %, leading to the slow rate

BR(f;,)] < R(4o.) + O T2 16.11).

This result is similar to the one obtained in section 3.6 for ridge (least-squares) regression,
but now for all Lipschitz-continuous losses. Note that the amount of regularization to get
the result discussed here still depends on the unknown quantity ||6.||2. Next, we consider
the general case of penalization by a norm, where we will obtain similar results but with
a hyperparameter that does not depend on the unknown norm of ||6,||2.

Exercise 4.15 (#4) Eztend the result in proposition 4.6 to features that are almost
surely bounded in the £y-norm by R, and a regularizer ¢ that is strongly convex with respect
to the £y-norm; that is, such that for all 0,1 € R%, 4(0) = (n)+¢'(n) T (0—n)+5[0—-n]2,
for some p > 0, where ¥'(n) is a subgradient of ¥ at n. Hint: use exercise 4.183.

Norm-penalized estimation (¢4). While proposition 4.6 considered squared fo-
norm penalization and relied on specific properties of the fs-norm, we now consider
penalization by any nonsquared norm. That is, we now focus on the following objective
function:

~ 1 <& ~

Ra(0) = = > €wi 0T (i) +2Q(0) = R(0) +22(6), (4.19)
i=1

for any norm Q on R?, with Q* denoting the dual norm. Proposition 4.7 provides an

estimation rate in O(1/4/n), with a proof that is similar to the one of proposition 4.6.

Proposition 4.7 (Norm-penalized estimation) Assume that the unregularized risk
R(O) =E[l(y,0" ¢(z))] is minimized at some 0. € R?, the function 6 — ((y,07 ¢(x)) is
convex and G R-Lipschitz continuous on the set {0 € RY, Q(0) < 2Q(0.)}, and Q*(p(z)) <
R almost surely. Denote po = SuPqg«(z,), .. 0% (z,)<1 Ee [Q*(\/LH Yo Eizi)}, where € €

{=1,1}" is a vector of independent Rademacher random variables. For any 6 € (0,1)
and for the regularization parameter \ = 4%%(;)9 + 1/%10g %), with probability at least
1 =0, any minimizer 6y of equation (4.19) satisfies:

R(0)) < R(6,) + 9(9*)8%? <pQ + 1/%log %)

Proof (#4) Let 65 be a minimizer of the population regularized risk R (#) defined as
RA(0) = R(O) + MN2(F). As in the proof of proposition 4.6, we consider the set C. =

8We use the following lemma: if Z is a nonnegative random variable such that Z < u + vlog% with
probability at least 1 — 6 for all § € (0,1), then E[Z] < u + v.
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{6 € RY, Ry (6) — Rx(63) < &} of e-optimal predictors, with an £ to be chosen later. We
first show that C. is included in the set B. = {6 € R, Q(0) < Q(0.) +¢/\}. This is
a consequence of the following series of inequalities that are using the optimality of 6,
for R and of 65 for Ry: if 6 € C.,

R(O) +A2(0) < R(OY) +A2(603) +e < R(O.) +AQ0) +e < RO)+AQ0.) + ¢

which implies that 0 € B.. We are thus in the same setup as the proof of proposition 4.6
(and thus the same illustrative plot), but with a set B. that only imposes that 6 is
bounded, not that 6 is closed to 5. We set ¢ = A2(6.) so that we have B, = {0 €
R, Q(0) < 2Q(0.)}, with A to be determined next.

We now show that with high probability, we must have 0y € C.. If 6, ¢ C., since
0% € C., there is an element 1 in the segment [6%,6,] which is in the boundary of C.;

that is, so that Rx(n) — Rx(0%) = €. Since the empirical risk is convex, we have JAQA(n) <
max {R)\(ei),ﬁ)\(o)\)} = J%,\(Gﬁ) Thus,

R(0%) — R(n) — R(O%) + R(n) { NG ()} + {Ra(n) — RA(65)}
> <> wn—a (4.20)

In order to derive uniform deviation bounds, we notice that pq is such that the Rademacher
complexity of the set of loss functions for linear predictors such that Q(0) < 2Q(6,.), is
less than ﬁpg GR -2Q(0.) (see section 4.5.3). Thus, using McDiarmid’s inequality as in

section 4.4.1, with probability greater than 1 — §, for all § such that Q(0) < 2Q(6.),
P 4paGRO(0.) | 2GR0.) 1

R(0) — R(03) < R(O) — R(03) + 7 7 2log =

Thus, if we choose A so that € = AQ(6,) > 4PQG§£M€ =) 4 2G}f£}(9 ) /21og %, we obtain

a contradiction to equation (4.20) for # = n. Thus, with such a A, with probability at
least 1 — ¢, we have 0y € C.; that is,

Ra(6x) — RA(63) < e = AQ6.). (4.21)

Then, by taking the limiting A = f (pQ + 1/%log %), we get:

RO < Ra(Br) < RA(6) + AQ(6,) from equation (4.21),
< Ra(B.) +AQ20,) = R(6.) +2)Q(0,)
8GR 1 1
< Rw+Q<9*>W(m+\/§1og5),

which is the desired result. Note that the key element in this proposition is that the value
of A\ does not depend on Q(6,.). ]
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Proposition 4.7 can be applied to most of the losses and norms we consider in this
book. For example, for the f3-norm, we have po = 1, while for the ¢1-norm, we have
pa = /2log(2d). In terms of losses, for the logistic loss, we have G = 1, while for the
square loss (with a factor of 1/2) with a model y = ¢(z) " 0. +¢ with |¢| < o almost surely,
we get G = o 4+ 3RQ(0*) (proof left as an exercise). See section 8.3.6 for an alternative
proof framework for the square loss.

4.5.6 Extensions and Improvements

In this chapter, we have focused on the simplest situations for empirical risk minimization:
regression or binary classification with i.i.d. data. Statistical learning theory investigates
many more complex cases along several lines:

e Slower rates than 1/y/n: In this chapter, we primarily studied the estimation
error that decays as 1/y/n. When balancing it with approximation error (by adapt-
ing norm constraints or regularization parameters), we will obtain slower rates,
but with weaker assumptions, in chapter 7 (kernel methods) and chapter 9 (neural
networks).

e Faster rates with discrete outputs: Further analysis can be carried out when
dealing with binary classification, or more generally discrete outputs, with poten-
tially different convergence rates for the convex surrogate and the original loss func-
tion (i.e., after thresholding, where sometimes exponential rates can be obtained).
This is often done under so-called “low noise” conditions (see, e.g., Koltchinskii and
Beznosova, 2005; Audibert and Tsybakov, 2007), as briefly explored in exercise 4.3
(in section 4.1.4).

e Other generic learning theory frameworks: In this chapter, we have focused
primarily on the tools of Rademacher averages to obtain generic learning bounds.
Other frameworks lead to similar bounds but from different mathematical perspec-
tives. For example, PAC-Bayesian analysis (Catoni, 2007; Zhang, 2006) is described
in section 14.4, while stability-based arguments (Bousquet and Elisseeff, 2002) lead
to similar results (see exercise 4.16).

Exercise 4.16 (¢) Consider a learning algorithm and a distribution p on (x,y)
such that for all (x,y) € X x Y, and two outputs f,g : X — Y of the learn-
ing algorithm on datasets of n observations that differ by a single observation,
[0(y, f(z)) — Uy, g(x))| < Bn, an assumption referred to as “uniform stability.”
Show that the expected deviation between the expected risk and the empirical risk of
the algorithm’s output is bounded by [B,. With the same assumptions as in propo-
sition 4.6, show that we have B, = @ (see Bousquet and Elisseeff, 2002, for
more details).

e Beyond independent observations: Much of statistical learning theory deals
with the simplifying assumptions that observations are i.i.d. from the same distri-
bution as the one used during the testing phase. This leads to the reasonably simple
results presented in this chapter. Several lines of work deal with situations when
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data are not independent: among them, online learning presented in chapter 11
shows that many classical algorithms are indeed robust to such dependence. An-
other avenue coming from statistics is to make some assumptions on the dependence
between observations, the most classical one being that the sequence of observations
(x4,9:)i>1 form a Markov chain, and thus satisfies “mixing conditions” (see, e.g.,
Mohri and Rostamizadeh, 2010).

e Mismatch between training and testing distributions: In many applica-
tion scenarios, the testing distribution may deviate from the training distribution:
the input distribution of z may be different while the conditional distribution of y
given z remains the same, a situation commonly referred to as “covariate shift”;
or the entire distribution of (x,y) may deviate (often referred to as the need for
“domain adaptation”). If no assumption is made on the proximity of these two dis-
tributions, no guarantee can be obtained. Several ideas have been explored to derive
algorithms and guarantees, such as importance reweighting (Sugiyama et al., 2007)
or finding projections of the data with similar test and train distributions (Ganin
et al., 2016).

e Semisupervised learning: In many applications, many unlabeled observations
are available (i.e., only with the input x being available). To take advantage of
the abundance of unlabeled data, some assumptions are typically made to show an
improvement in learning algorithms, such as the “cluster assumption” (points in the
same class tend to cluster together) or “low-density separation” (for classification,
decision boundaries tend to be in regions with few input observations). Many
algorithms exist, such as Laplacian regularization (see Cabannes et al., 2021, and
references therein) or discriminative clustering (Xu et al., 2004; Bach and Harchaoui,
2007).

4.6 Model Selection (¢)

Throughout this chapter, we have considered a family F of functions from X to Y and
have obtained generalization bounds for the minimizer f € J of the empirical risk R.
Assuming that the loss function £(y, f(x)) is almost surely in [0, 5], we have obtained in
section 4.4.1, together with the Rademacher complexities in section 4.5, a bound of the

form
~ lso
sup |R(f) =R <2R,(H) + ——
sup [R(1) —~ R(1)| < 2Ra(90) + —=
with probability greater than 1 — §, with the Rademacher complexity R,,(H) of the class
of functions H = {(z,y) — (y, f(z)), f € F}. This leads to, with probability greater
than 1 — 4,

(4.22)

R(f) < R(P) + 2R, (36) + log 5. (4.23)

\/_

which is a data-dependent generalization bound in high probability. Moreover, at the end
of section 4.5.1, we have seen that we could also use the empirical Rademacher complexity,
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which can be more easily computed (with fewer assumptions), and with a similar bound
in equation (4.14).

We now consider a finite (but potentially large) number m of models Fi,...,F,,,
together with their associated loss function spaces Hy,...,H,, and their generalization
bounds for the empirical risk minimizer based on Rademacher complexities. In this
section, we consider how to choose the best corresponding empirical risk minimizer among
fl, ey fm. We consider two approaches, either based on minimizing a penalized data-
generalization bound (also referred to as “structural risk minimization”) or simply using a
validation set. For these two methods, we assume that we can enumerate all m models and
minimize the appropriate criterion. This is not tractable when m is large; see chapter 8
for efficient methods in the context of variable selection.

In both cases, we consider a set of positive weights 7y, ..., 7, that sum to 1. We can
typically choose m; = 1/m for all i € {1,...,m}; we can also consider other choices, in
particular when m gets large (even potentially infinite) and we are willing to put more
prior weight on certain models.

4.6.1 Structural Risk Minimization (#)

We minimize the data-dependent generalization bounds plus an additional parameter to
take into account the prior on models; that is,

507 leo 1
2= argmin < R(f;) + 2R, (H;) + log — 4.24
angmin {R(A) + 2R (36) + 2= log - 1. (1.24)

We can then use equation (4.23) for each of the m models, with ;4 instead of 4, and use

the union bound (so equation (4.22) is satisfied for all models) to get, with probability
greater than 1 — 4,

R(fi) < R(fi) + 2R (3G) + using equation (4.22),

loo 1 2
Van Ogﬁ
: 1 U
min }{ (fi) + 2R (H) + \/_ l}—i—\/ﬁ

by definition of % in equation (4. 24)

< i f R(fi)+ 4R ( }—1-2 lo 4.25
ie{Ill,l.l.r.l,m}{ﬂHell (/i) \/_\/ V2n g  (425)

by reusing equation (4.22) for all ¢ € {1,...,m}. For example, when 71 = -+ = m,, =
1/m, we thus find that the model selectlon procedure pays an extra price of /log(m)/n
on top of the individual generalization bounds (with slightly worse constants).

4.6.2 Selection Based on Validation Set ()

We assume here that we have kept a proportion p € (0,1) of the training data as a
validation set (assuming for simplicity that pn is an integer). We then have an empirical
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risk based on (1—p)n observations, we which now denote as R trau;?g), and a validation

lidation)
:R(va
on

empirical risk denoted as . Given the m minimizers fZ of the training empirical

risks Rgiragfg)(fi) over f; € F;, for i € {1,...,m}, we choose i that minimizes the
following criterion:

RE)\;lahdatlon) ’log -
(for uniform weights m = -+ = m,, = 1/m, thls is sunply the minimizer of the valida-

tion risk). We can then use Hoeffding’s inequality (with respect to the randomness of
the validation set, for which each f; is deterministic) and the union bound to get the
generalization bound (as in section 4.6.1), with probability greater than 1 — 4,

. . by | 1 loo 2
R(f;) < i R(f; ———/log — + ——1/log =,
(f2) ie{rll,l.l.r.l,m} () + V2pn g e + V2pn 8 1)

which shows an extra price proportional to y/log(m)/(pn) (for uniform weights), high-
lighting the fact that the validation set proportion p € (0, 1) should not be too small. We
can also obtain a result similar to the one in section 4.6.1 by using the same generalization
bounds based on Rademacher averages; that is, with probability greater than 1 — 20,

®(f) < min { inf R(7)+2Ra- p>n(9fi>+5%(} =)oz =}

{oo 1 2
o tv vl

Suppose that p is bounded away from 0 and 1 (which the bound pushes to impose).
In that case, we obtain a bound that is similar to equation (4.25), with the difference
that the performance of validation methods is, in practice, much better than the bound
guarantees (while data-dependent bound optimization may not exhibit such adaptivity).

4.7 Relation with Asymptotic Statistics ()

In this last section, we relate the nonasymptotic analysis presented in this chapter to
results from asymptotic statistics (see the comprehensive book by van der Vaart (2000),
which presents this large body of literature).

To make this concrete, we consider a set of models F = {fs : X — R, § € R}
parameterized by a vector § € R? We consider the empirical risk and expected risks
(with a slight overloading of notations):

R(6) = R(fo) = E[tly. fo(@)] and R(O) = R(fa) = 5 > s flar).

We assume that we have a loss function £ : Y x R — R (such as for regression or any of
the convex surrogates for classification), which is sufficiently differentiable with respect
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to the second variable, so that theorems 5.21 or 5.41 on “M-estimation” (which cover
empirical risk minimization) from van der Vaart (2000) apply. In this section, we will
only report their final result and provide an intuitive justification.

We assume that 0, € R? is a minimizer of R(#) and that the Hessian R”(6,) is positive-
definite (it has to be positive semidefinite, as 6, is a minimizer; we assume invertibility
on top of it).

We let 6, denote a minimizer of R. Since R'(6,) = I W’e:e*’ by the
law of large numbers, R'(6,.) tends to R'(0,) = 0 (e.g., almost surely), and we should thus

expect that 0, (which is defined through R (0,) = 0) tends to 6, (all these statements
can be made rigorous; see van der Vaart, 2000).

Then, a Taylor expansion of R’ around 0. leads to
0=R'(0,) ~ R(0,) +R"(0.)(0, — 0.).
By the law of large numbers, R”(6,) tends to H(6,) = R”(6,) when n tends to infinity,
and thus we obtain
0, — 0, ~R"(0,)"'R(0,) = H(0,) 'R (6,).

Moreover, xR (0,) is the average of n ii.d. random vectors, and by the central limit
theorem, it is asymptotically Gaussian with mean zero and covariance matrix equal to

1G(6,) = %E[(aé(ybﬁ(m))) (8é(y;9f;(z)))7‘9:0j, where G(6.) is referred to as the Fisher

information matrix. Therefore, we intuitively find that 0, is asymptotically Gaussian
with mean 6, and covariance matrix L H(0,)"'G(0,)H(6,)".

This asymptotic result has the nice consequence that
N 1 _ _
E[[6, — 6.]3] ~ ~tr [H(0.) ' G(0.)H(0.) "]

B[RO, ~RO.)] ~ 5t [H(6.) 7 0(6.)]

For example, for well-specified linear regression (as analyzed in chapter 3), it turns out

that we have G(6,) = 02H (6.) (proof left as an exercise), and thus we recover the rate
2

o?d/n.

Benefits of the asymptotic analysis. As shown earlier, the asymptotic analysis gives
a precise picture of the asymptotic behavior of empirical risk minimization. Much more
than simply providing an upper bound on E [fR(én) — IR(O*)] , it also gives a limit Gaussian
distribution for 6,, and a fast rate as O(1/n). Moreover, because we have limits, we can
compare limits between various learning algorithms and claim asymptotic superiority or
inferiority of one method over another, which comparing upper bounds cannot achieve.

Thus, an asymptotic analysis does not suffer from the potential looseness of nonasymp-
totic bounds that often rely on crude approximations (in particular the ones leading to
excess risk in 1/4/n), and, while they are valid even for small n and still often exhibit the
desired behavior of n, are overly pessimistic.
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Pitfalls of the asymptotic analysis. The main drawback of this analysis is that it
is...asymptotic. That is, n tends to infinity, and it is impossible to tell without further
analysis when the asymptotic behavior will kick in. Sometimes this is for reasonably
small n, and sometimes for large n. Further asymptotic expansions can be carried out,
but small sample effects are hard to characterize, particularly when the underlying di-
mension d gets large.

Bridging the gap. Studying the validity of the asymptotic expansion described here
can be done in several ways. See, for example, Ostrovskii and Bach (2021) and references
therein for finite-dimensional models, and chapter 7 for nonasymptotic results similar to
o2d/n when the dimension of the feature space gets infinite. See also examples in Christ-
mann and Steinwart (2008). Another line of work considers asymptotic analyses where
several quantities (e.g., dimension d of the features and number n of observations) tend
to infinity, with a ratio tending to a constant (see, e.g., Potters and Bouchaud, 2020).

4.8 Summary

In this chapter, we have first introduced convex surrogates for binary classification prob-
lems to avoid performing optimization on functions with values in {—1,1}. This comes
with generalization guarantees that will be extended in chapter 13 to multiple categories
and, more generally, to structured output spaces.

The chapter’s core was dedicated to introducing Rademacher complexities, which are
flexible tools to study estimation errors in many settings. This led to simple bounds
for linear models and ball constraints, which will be extended to infinite-dimensional
settings in chapter 7 and neural networks in chapter 9. Other frameworks exist to obtain
similar bounds, such as the PAC-Bayes framework presented in detail in section 14.4,
often leading to tighter bounds.

While this chapter was dedicated to the statistical analysis of empirical risk mini-
mizers, the next chapter is dedicated to optimization algorithms aimed at approximating
such minimizers, notably stochastic gradient descent (SGD), which also naturally exhibits
good generalization performance.






Chapter 5

Optimization for Machine
Learning

Chapter Summary

e Gradient descent (GD): The workhorse first-order algorithm for optimization, which
converges exponentially fast for well-conditioned convex problems.

e Stochastic gradient descent (SGD): The workhorse first-order algorithm for large-
scale machine learning, which converges as 1/t or 1/v/t, where t is the number of
iterations.

e Generalization bounds through SGD: With only a single pass on the data, there is
no risk of overfitting, and we obtain generalization bounds for unseen data.

e Variance reduction: When minimizing strongly convex finite sums, this class of
algorithms is exponentially convergent while having a small iteration complexity.

In this chapter, we present optimization algorithms based on GD and analyze their
performance, mainly on convex objective functions. We will consider generic algorithms
that have applications beyond machine learning as well as algorithms dedicated to ma-
chine learning (such as SGD methods). See Nesterov (2018); Bubeck (2015) for further
details.

5.1 Optimization in Machine Learning

In supervised machine learning, we are given n independent and identically distributed
(ii.d.) samples (z;,y;), i = 1,...,n of a couple of random variables (z,y) on X x Y, and

109
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the goal is to find a predictor f : X — R with a small risk on unseen data:

R(f) = Ell(y, f(2))],

where £ : Y x R — R is a loss function. This loss is typically convex in the second
argument (e.g., square loss or logistic loss; see chapter 4), which is often considered a
weak assumption (since it still allows using arbitrarily complex prediction functions).

In the empirical risk minimization approach described in chapter 4, we choose the
predictor by minimizing the empirical risk over a parameterized set of predictors, poten-
tially with regularization. For a parameterization {fg}gcres and a regularizer  : R — R
(e.g., QO) = ||0]|3 or () = ||0]|1), this leads to the minimization of the following objec-

tive function:
n

F() = %Ze(yi,fe(xi))m(e). (5.1)

i=1
In optimization, the function F : R? — R is called the objective function.
In general, the minimizer has no closed form. Even when it has one (e.g., linear

predictor and square loss as discussed in chapter 3), it could be expensive to compute for
large problems. We thus resort to iterative algorithms.

Accuracy of iterative algorithms. Solving optimization problems with high accu-
racy is computationally expensive, and the goal is not to minimize the training objective,
but rather the error on unseen data.

Then, what accuracy is necessary in machine learning? If the algorithm returns 0
and we define 6, € argmingcgra R(fo), from section 2.3.2, the excess risk is the sum of
the approximation error (which characterizes the error due to the use of a specific set of
models {fp}) and the estimation error, which can be decomposed as follows:

R(fy) = jnf, R(fo) = {R(f5) = R} +{R(fy) = R(fo.)} + {R(fo.) = R(fo.)}
< {RU) =R} +{R(fp) = jnf R(fo)}+ {R(fo.) = R(J.)} -
—_— €

deviation - I T g deviation - II
optimization error

On top of the two parts based on the deviation between the expected and empirical
risks, we added the second term, the optimization error, which will equal zero if 0 is the
minimizer of R. It is thus sufficient to reach an optimization accuracy of the order of the
deviation error (usually of the order O(1/4/n) or O(1/n); see chapters 3 and 4). Note that
for machine learning, the optimization error defined here corresponds to characterizing
approximate solutions through function values. While this will be one central focal point
in this chapter, we will also consider other performance measures.

In this chapter, we will first look at minimization without focusing on machine learning
problems (section 5.2), with both smooth and nonsmooth objective functions. We will
then look at stochastic gradient descent (SGD) in section 5.4, which can be used to
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obtain bounds on both the training and testing risks. We then briefly present adaptive
methods in section 5.4.2, bias-variance decompositions for least-squares in section 5.4.3,
and variance reduction in section 5.4.4.

The notation 6, may typically mean different things in optimization and ma-
chine learning: minimizer of the regularized empirical risk, or minimizer of
the expected risk. For the sake of clarity, we will use the notation 7, for the
minimizer of empirical (potentially regularized) risk (i.e., when we look at op-
timization problems), and 6, for the minimizer of the expected risk (i.e., when
we look at statistical problems).

Sometimes we mention solving a problem with high precision. This corre-
sponds to a low optimization error.

In this chapter, we primarily focus on GD methods for convex optimization problems,
which, in learning terms, correspond to predictors that are linear in their parameters (an
assumption that will be relaxed in subsequent chapters) and a convex loss function such
as the logistic loss or the square loss. We first consider so-called “batch” methods, which
do not use the finite sum structure of the objective function in equation (5.1) before
moving on to stochastic gradient methods, which do take into account this structure for
enhanced computational efficiency.

/\ As for bounds on the estimation error in section 4.5.4, most of the convergence
bounds in this section do not have any explicit dependence on the underlying dimension
d. They thus apply in infinite-dimensional Hilbert spaces and can be made practically
implementable in finite dimension using the “kernel trick” (see section 7.4).

5.2 Gradient Descent

Suppose that we want to solve, for the function F' : R? — R, the optimization problem

gxenRrb F(6).
We assume that we are given access to certain “oracles”: the kth-order oracle corresponds
to the access to 0 — (F(0), F'(6), ..., F¥)(6)); that is, all partial derivatives up to order k.
All algorithms will call these oracles; thus, their computational complexity will depend
directly on the complexity of the oracles. For example, for least-squares regression with
a design matrix in R"*¢ computing a single gradient of the empirical risk costs O(nd).

In this section, for the algorithms and proofs, we do not assume that function F is the
regularized empirical risk, but this situation will be our motivating example throughout.
First, we will study gradient descent, a first-order algorithm.

Algorithm 5.1 (Gradient descent) Pick 0y € R? and fort > 1, let

9t = 91&*1 - ”th/(Ht,l), (52)
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for a well (potentially adaptively) chosen step-size sequence (Y¢)i>1-

For machine learning problems where the empirical risk is minimized, computing the
gradient F’(0;—1) requires computing all gradients of 6 — £(y;, fo(z;)) and averaging
them.

There are many ways to choose the step size y;—either constant, decaying, or through
a line search.! In practice, using some form of line search is usually advantageous and is
implemented in most applications. See Armijo (1966) and Goldstein (1962) for conver-
gence guarantees with typical procedures (such as backtracking or Armijo line search). In
this chapter, since we want to focus on the simplest algorithms and proofs, we will focus
on step sizes that depend explicitly on problem constants, and sometimes on the iteration
number. When gradients are not available, gradient estimates may be built from function
values (see, e.g., Nesterov and Spokoiny, 2017, and chapter 11 of this book). Note that
the differences between convergence rates with and without line searches are generally not
significant (see exercise 5.2, about quadratic functions), with sometimes some differences
when exact line search is used (see, e.g., Bolte and Pauwels, 2022). At the same time,
practical behavior is significantly improved with line search.

We start with the simplest example—namely, convex quadratic functions, where the
most important concepts already appear.

5.2.1 Simplest Analysis: Ordinary Least-Squares

We start with a case where the analysis is explicit: ordinary least-squares (OLS; see
chapter 3 for the statistical analysis of this estimator). Let ® € R"*¢ be the design
matrix and y € R™ the vector of responses. Least-squares estimation amounts to finding
a minimizer 7, of

1
F(0) = —||®6 — y|2. )
(6) = 7126 —yl3 (5.3)

/\ A factor of % has been added compared to chapter 3 to avoid a factor of 2 for gradients.

The gradient of F is F'(§) = 107(®0 — y) = L0T®0 — LTy, Thus, denoting
H = %Q)T(I) € R4¥4 for the Hessian matrix (equal for all 6, denoted as S in chapter 3),
minimizers 7, are characterized by F’(n.) = 0; that is,

1
Hn, ==d"y.
n

Since %@Ty € R? is in the column space of H, there is always a minimizer, but unless
H is invertible, the minimizer is not unique. However, all minimizers 7, have the same
function value F(7n.), and we have, from a simple exact Taylor expansion (and using

F/(n*) = 0)7

F(O) = F(3.) = F'(0) (0 = ) + 50 =) HO =) = 50 =) H© ~.).

1See, e.g., https://en.wikipedia.org/wiki/Line_search.
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Two quantities will be important in the following developments: the largest eigenvalue L
and the smallest eigenvalue u of the Hessian matrix H. As a consequence of the convexity
of the objective, we have 0 < p < L. We denote as k = % > 1 the condition number.

Note that for least-squares regression, p is the lowest eigenvalue of the noncentered
empirical covariance matrix, and it is zero as soon as d > n, and, in most practical cases,
it is very small. When adding a regularizer %HOH% (as in ridge regression), then p > A
(but then A typically decreases with n, often between 1/4/n and 1/n; see section 7.6.4 in
chapter 7 for more details).

Closed-form expression. GD iterates with fixed step size y; = -y can be computed as
follows:

0= B A (Br1) = b1 — [~ 8T (@0 — )] = b1 A H (B2 —n.),
leading to
Or — 1 = Or—1 — e — YH(Or—1 —mi) = (I — vH)(Or—1 — ns);
that is, we have a linear recursion, and we can unroll the recursion and now write
Or — e = (I = vH)" (0o — 1)

We can now look at various measures of performance:

16 —mll3 = (B0 —n) (L —vH)* (00 — 1)
1
F(0:) = F(n.) = 500 =n.) (I = yH)"H(I —H)"(60 = n.)
1
= 5(90 — ) (I —yH)*H (0 — n.), since matrices commute.

The two optimization performance measures differ by the presence of the Hessian ma-
trix H in the measure based on function values.

Convergence in distance to the minimizer. If we hope to have ||6; — 7.]|3 going
to zero, we need to have a single minimizer 7., and thus H has to be invertible; that
is, u > 0. Given the form of ||f; — n.||3, we simply need to bound the eigenvalues of
(I —vH)? (since for a positive semidefinite matrix M, u" Mu < Apax(M)||ul|3 for all
vectors u).

The eigenvalues of (I —vH)?' are exactly (1 — y)\)?* for A being an eigenvalue of H
(all of them are in the interval [u, L]). Thus, all the eigenvalues of (I — vH)?" have a

magnitude less than
2t
max |1 — )\) .
(Ae[u,xml M

We can then have several strategies for choosing the step size :
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e Optimal choice: One can check that minimizing maxyep,, ]|l — 7A| is done by
k—1

setting v = 2/(u + L), with an optimal value equal to #=5 =1 — %H € (0,1). See
the following geometric proof:

max{|1l —vL|, |1 —yul}

|1 —~L|

1/L 1/n v
2/(L + p)

e Choice independent of p: With the simpler (slightly smaller) choice v = 1/L, we
get maxyep, ) [1-YA[=1-F =1~ %, which is only slightly larger than the value
for the optimal choice. Note that all step sizes strictly less than 2/L will lead to
exponential convergence.

For example, with the weaker choice v = 1/L, we get

2 1y2t 2
10: =13 < (1= )" 160 = el
which is often referred to as exponential, geometric, or linear convergence.

/\ The term “linear” in this context is sometimes confusing and corresponds to a number
of significant digits that grows linearly with the number of iterations.

We can further bound (1 — %)% < exp(—1/k)?" = exp(—2t/k), and thus the charac-
teristic time of convergence is of order k. We will often make the calculation

1
e =exp(—2t/k) &t = glog o

Thus, for a relative reduction of squared distance to the optimum of &, we need at most
t= %log% iterations.

For k = +oo (i.e,, p = 0), the result remains true but simply says that for all
minimizers, ||6; — 7.]|3 < ||6o — 7+]|3, which is a good sign (the algorithm does not move
away from minimizers), but not indicative of any form of convergence. We will need to
use a different criterion.

Convergence in function values. Using the same step size v = 1/L as before, and
using the upper bound on eigenvalues of (I —vH)?' (which are all less than (1 —1/x)%"),
we get

F(0) ~ Fn) < (1= ) [P(00) ~ F(n)] < exp(~2t/w)[F(0) ~ F(n.). (5.4)

When k < 0o (i.e., u > 0), we also obtain linear convergence for this criterion, but when
K = 00, this is noninformative.
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To obtain a convergence rate, we will need to bound the eigenvalues of (I —vH)*H
instead of (I —~vH)?'. The key difference is that for eigenvalues A of H that are close to
zero, (1 —y\)?t does not have a strong contracting effect, but the eigenvalues count less
as they are multiplied by A in the bound.

We can make this trade-off precise, for v < 1/L, as

ML =A% < Aexp(—yA)* = Nexp(—2tyA)
1 1 1
= 9ty hexp(—2t7\) < —— —a)= — < —,
2ty YA exp(=2t7) 2ty ig%anp( @) 2ety 4ty

where we used that ce™ is maximized over Ry at o = 1 (as the derivative is e=%(1 —@)).

This leads to, with the largest step size v = 1/L:
F(O) ~ F1.) < =100 — -3 = 5 0 = .3 (5.5
t Nx) X St”y 0 Txll2 = St 0 N«llo- .

We can make the following observations:

o /A The convergence results in exp(—2t/k) in equation (5.4) for invertible Hessians,
or 1/t in general in equation (5.5) are only upper bounds! It is good to understand
the gap between the bounds and the actual performance, as this is possible for
quadratic objective functions.

For the exponentially convergent case, when the step-size +y is strictly less than 2/L,
the lowest eigenvalue p dictates the rate for all eigenvalues. So, if the eigenvalues
are well spread (or if only one eigenvalue is very small), there can be quite a strong
discrepancy between the bound and the actual behavior.

For the rate in 1/t, the bound in eigenvalues is tight when ¢y is of order 1 (namely,
when A is of order 1/(¢)). Thus, to see an O(1/t) convergence rate in practice, we
need to have sufficiently many small eigenvalues. As t grows, we often go to a local
linear convergence phase where the smallest nonzero eigenvalue of H kicks in. See
the simulations in figure 5.1, exercise 5.1, and section 12.1.1 for more details.

Exercise 5.1 Let puy be the smallest nonzero eigenvalue of H. Show that GD is
linearly convergent with a convergence rate proportional to (1 — uy/L)?" after t
iterations.

e From errors to numbers of iterations: As already mentioned, the bound in equa-
tion (5.4) says that after ¢ steps, the reduction in suboptimality in function values is
NRT _ . . . 1
multiplied by € = exp(—2t/x). This can be reinterpretated as a need of t = % log <
iterations to reach a relative error €.

e Can an algorithm having the same access to oracles of F' do better?

If we have access to matrix-vector products with matrix ®, then the conjugate
gradient algorithm can be used with convergence rates in exp(—t/y/k) and 1/t2
(see Golub and Loan, 1996). With only access to gradients of F' (which is a bit
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Semilogarithmic scale 0 Full logarithmic scale
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Figure 5.1. GD on two least-squares problems with step size v = 1/L, and two dif-
ferent sets of eigenvalues (Ag)re(1,...,qy of the Hessian, together with the bound from
equation (5.5). Left: semilogarithmic scale. Right: joint logarithmic scale.

weaker), Nesterov acceleration (see section 5.2.5) will lead to the same convergence
rates as conjugate gradient, which are then optimal (in a sense that will be defined
later in this chapter and described in more detail in chapter 15).

e Can we extend beyond least-squares regression? The convergence results given here
will generalize to convex functions (see section 5.2.2), but with less direct proofs.
Nonconvex objectives are discussed in section 5.2.6.

Experiments. Here, we consider two quadratic optimization problems in dimension
d = 1,000, with two different decays of eigenvalues (Ax)reqi,....ay for the Hessian ma-
trix H: one as 1/k (in blue) and one in 1/k? (in red), and for which we plot in figure 5.1
the optimization error for function values, both in semilogarithmic plots (left) and full-
logarithmic plots (right). For slow decays (blue), we see the linear convergence kicking
in (line in the left “semilog” plot), while for fast decays (red), we obtain a polynomial
rate that is not exponential (line in the right “log-log” plot). Note that the bound in
equation (5.5) is very pessimistic and does not lead to the observed power of ¢ (which, as
can be checked as an exercise, should be 1/4/t for ¢ small enough compared to d).

Exercise 5.2 (Exact line search (¢)) For the quadratic objective in equation (5.3),
IF (0 1)l3
F’(Ot,l)TH}"(%t,l)'

Show that when F' is strongly convez, we have F(0;) — F(n.) < (“71)2 [F(0:—1) — F(n.)],

show that the optimal step size v in equation (5.2) is equal to v =

k+1
and compare the rate with constant step size GD. Hint: prove and use the Kantorovich
2
inequality sup|,j,—1 2THzz"H 1z = %.

5.2.2 Convex Functions and Their Properties

We now wish to analyze GD (and later its stochastic version, SGD) in a broader setting.
We will always assume convexity, although these algorithms are also used (and can some-
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times also be analyzed) when this assumption does not hold (see section 5.2.6). In other
words, convexity is most often used for analysis rather than to define the algorithm. In
this section, we present the main properties of convex functions that we will need in this
book.

Definition 5.1 (Convex function) A differentiable function F : R® — R is said to be
convez if and only if

F(n)=F@O)+F(0)"(n-0), Vn6cR (5.6)

This corresponds to the function F' being above its tangent at 6, as illustrated here:

F(O)+F'(0)" (n—9)

-
>

0 Ui
If f is twice-differentiable, this is equivalent to requiring F”(z) 3= 0, Vo € RY; here, 3=
denotes the semidefinite partial ordering—also called the “Lowner order”—characterized

by A = B < A — B is positive semidefinite; see Boyd and Vandenberghe (2004); Bhatia
(2009).

An important consequence that we will use a lot in this chapter is, for all # € R¢ (and
using 7 = 1),
F(p.) = FO)+ F'(0) (. —0) & FO)—F(n) <F'O)"(0-n);  (5.7)
that is, the distance to optimum in function values is upper-bounded by a function of the
gradient.

A more general definition of convexity (without gradients) is that V0,7 € R? and
a € 0,1]:
Flan+ (1= a)f) < aF(n) + (1 - a)F(0),
which generalizes to the usual Jensen’s inequality, as in proposition 5.1.2

Proposition 5.1 (Jensen’s inequality) If F : R? — R is conver and i is a probability
measure on RY, then

F( 9du(9))< F(0)du(6). (5.8)
Rd ]Rd

Stated in words: “The image of the average is smaller than the average of the images.”

/\ When using Jensen’s inequality, be extra careful about the direction of the inequality.

2See also section 1.2 and several applications in https://francisbach.com/jensen-inequality/.
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Exercise 5.3 Assume that function F : R? — R is strictly convex; that is, V0,1 € R?
such that 0 #n and o € (0,1), Flan+ (1 —a)f) < aF(n)+ (1 — «)F(0). Show that there
is equality in Jensen’s inequality in equation (5.8) if and only if the random variable 0 is
almost surely constant.

The class of convex functions satisfies the following stability properties (proofs left as
an exercise); for more properties, see Boyd and Vandenberghe (2004):

. m
o If (Fj)jeq1,..,m) are convex and (ay)je{1,...,m} are nonnegative, then > .7, a;F;
and max;c1,... m} Fj are convex.

e If F: RY — Ris convex and A : RY — R? is affine then F o A : RY — R is convex.

o If F: R4 — R is convex, so is the function zy — inf,, cgas F(1,22) on R%.

Classical machine learning example. Problems of the form in equation (5.1) are
convex if the loss £ is convex in the second variable, fy(z) is linear in 8, and € is convex.
These thus correspond to linear models (in their parameters), and not to nonlinear models
such as neural networks, which are studied in chapter 9.

Global optimality from local information. It is also worth emphasizing the prop-
erty expressed in proposition 5.2 (immediate from equation (5.7)).

Proposition 5.2 Assume that F : R? — R is convex and differentiable. Then 7, € R?
is a global minimizer of F if and only if F'(n.) = 0.

Thus, for convex functions, we only need to look for stationary points. This is not
the case for potentially nonconvex functions. For example, in one dimension below, all
red points are stationary points that are not the global minimum (shown is in green).

>0

The situation is even more complex in higher dimensions. Note that without convexity
assumptions, optimization of Lipschitz-continuous functions will need exponential time
in dimension in the worst case (see section 15.2.2).

Exercise 5.4 Identify all stationary points in the function in R? depicted here:

0
—0.5
-1
~15
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5.2.3 Analysis of Gradient Descent for Strongly Convex and
Smooth Functions

The analysis of optimization algorithms requires assumptions on the objective functions,
like the ones introduced in this section. From these assumptions, additional properties are
derived (typically inequalities), and then most convergence proofs look for a nonnegative
“Lyapunov function” (sometimes called a “potential function”) that goes down along the
iterations. More precisely, if V : R? — Ry is such that V(6;) < (1 — o)V (6;_;), then
V(0;) < (1 — )tV (6y) and we obtain linear convergence to a minimizer of V' (which is
usually chosen to be a minimizer of F'). The task is then to find the appropriate Lyapunov
function; for slower convergence rates, weaker forms of decrease for Lyapunov functions
will be considered.

We first consider an assumption allowing exponential convergence rates.

Definition 5.2 (Strong convexity) A differentiable function F is said to be p-strongly-
convex, with p > 0, if and only if

F(n) > F(6) + F'(6) (1= 6)+ Slln— 0|13, .6 € R (5.9)

Function F is strongly convex if and only if function F' is strictly above its tangent and
the difference is at least quadratic in the distance to the point where the two coincide.
This notably allows us to define quadratic lower bounds on F', as shown here:

F(0) + F'(0)" (n — 0) + 5lln — 013

F(n)

F(0) + F'(0)T(n - 0)

»

9 T

For twice-differentiable functions, this is equivalent to F”(0) 3= ul for all § € RY;
that is, all eigenvalues of F”'(f) are greater than or equal to u (see Nesterov, 2018), but
nonsmooth functions can be strongly convex, since, as a consequence of exercise 5.5, we
can add £| - |3 to any potentially nonsmooth convex function to make it p-strongly-
convex.

Exercise 5.5 Show that function F : R — R is u-strongly-convex if and only if function
0 — F(0) — 4£[0]|3 is convex.

Exercise 5.6 Show that if function F : R* — R is p-strongly-convez, then it has a
unique minimaizer.
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Exercise 5.7 (#) Show that the differentiable convex function F : R? — R is p-strongly
convez if and only if for all 0,7 € RY, ||[F'(0) — F'(n)|l2 = ul|0 — n]|2-

Strong convexity through regularization. When an objective function F is convex,
then F + 4| - ||3 is p-strongly convex (see exercise 5.5). In practice, in machine learning
problems with linear models, such that the empirical risk is convex, strong convexity most
often comes from the regularizer (and thus p decays with n), leading to condition numbers
that grow with n (typically in 4/n or n). While the regularizer was added in section 3.6
to improve generalization, we see in this section that it also leads to faster optimization
algorithms, showing that statistical and optimization performances are often aligned.

Lojasiewicz’s inequality. Strong convexity implies that F' admits a unique mini-
mizer 7., which is characterized by F'(n.) = 0. Moreover, this guarantees that the
gradient is large when a point is far from optimal (in function values):

Lemma 5.1 (Lojasiewicz’s inequality) If F is differentiable and p-strongly convex
with unique minimizer 1y, then we have

IF'O)3 > 20(F(6) - F(n.)), V0 € R

Proof The right side of equation (5.9) is strongly convex in 7 and minimized with
n=60- %F’ (9). Plugging this value into the bound and minimizing the left side by
taking 1 = 7., we get F(1.) > F(0)= LI/ (0) 3+ & |F/(0)]3 = F(0) = & 1F(0)[3. The
conclusion follows by rearranging. |

Note that while strong convexity is a sufficient condition for the Lojasiewicz’s inequality,
it is not necessary, and it may lead to exponential convergence without strong convexity
(see, e.g., section 12.1.1).

To obtain exponential convergence rates, strong convexity is typically associated with
smoothness, which we now define.

Definition 5.3 (Smoothness) A differentiable function F is said to be L-smooth if and
only if

(Fn) ~ F(O)~ F'6) (- 6)| < 26— nl, 0.7 R (510)

This is equivalent to F' having a L-Lipschitz-continuous gradient with respect to the £5-
norm; that is, ||F/(6) — F'(n)|l2 < L||0 — nll2, V8, € R¢ (proof left as an exercise). For
twice-differentiable functions, this is equivalent to —LI < F"(6) < LI (see Nesterov,
2018). If the function is also p-strongly-convex, then all eigenvalues of all Hessians are
in the interval [, L].

Note that when F is convex and L-smooth, we have a quadratic upper bound that is
tight at any given point (strong convexity implies the corresponding lower bound with L
replaced by ), as shown here:
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F(0) + F'(0)"(n — 0) + 5lln — 013

0 n

When a function is both smooth and strongly convex, we denote by xk = L/u > 1
its condition number (for quadratic functions, the Hessian is the same at all points, and
we recover the definition from section 5.2.1). See the following examples of level sets of
functions with varying condition numbers; the condition number affects the shapes of the

level sets:

(Small kK = L/p) (Large k = L/p)

The performance of GD will depend on this condition number. In the following plot,
the steps of the “steepest descent” method (i.e., GD with exact line search) are plotted;

with a small condition number (left), we get fast convergence, while for a large condition
number (right), we get oscillations.

. W4

(Small k = L/ ) (Large k = L/ )
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Exercise 5.8 (¢#) Consider angle a between the descent direction —F'(0) and the de-

wiation to optimum 6 — n,, defined through cosa = M%. Show that for a

w-strongly-convez, L-smooth quadratic function, cosa > 2V“L (Hmt prove and use the
Kantorovich inequality supy,y._, 2 Hzz H 'z = L+“) Show that the same
[Iz]l2=1 anL

result holds without the assumption that F' is quadratic. (Hmt. use the co-coercivity of
the function 0 — F(0) — £|\0||3 from proposition 5.4.)

For machine learning problems, such as linear predictions and smooth losses (square
or logistic), we have smooth problems. If we use a squared fo-regularizer & - [|3 , we
get a p-strongly convex problem. Note that when using regularization, as explained in
chapters 3 and 4, the value of 1 decays with n, typically between 1/n and 1/y/n (see also
section 7.6.4), leading to condition numbers between /n and n.

In this context, GD on the empirical risk is often called a “batch” technique because
all the data points are accessed at every iteration. In proposition 5.3, we show that GD
converges exponentially for such smooth and strongly convex problems, thus extending
the result for quadratic functions from section 5.2.1.

Proposition 5.3 (Convergence of GD for smooth strongly convex functions)
Assume that F' is L-smooth and p-strongly convex. Choosing vy, = 1/L, the iterates (60;)i>0
of GD on F satisfy

F(8) ~ F(n.) < (1= ) (F(B) ~ F(n.)) < exp(—1/w) (F(60) ~ F(n.)).

Proof By the smoothness inequality in equation (5.10) applied to 6;—1 and the next
iterate 0; = 01— F’(0;—1)/L, we have the following descent property, with v = 1/L:

F(6) = F(6r1—F
= F(0;-1) -

1)/L) < F(9t71)+F’(9t71)T(—F’(9t—1)/L)+gl\—F’(Gt—l)/LH%

(61—
1 / 2
FIE @13 + 51 F )3

Rearranging, we get

F(6r) = F(1+) < F(0r-1) = F(n.) — —||F'(9t Dl
Using lemma 5.1, it follows that

F(0r) = F(n.) < (1= p/L)(F(0-1) — F(n.)) < exp(—p/L)(F(01-1) — F(1.)).

We conclude by recursion on ¢ and with the definition k = L/pu. |

We can make the following observations:

e As mentioned before, we necessarily have p < L; the ratio k = L/u is called the
condition number. It is a property of the objective function, which may be hard
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or easy to minimize. It is not invariant under linear changes of variables § — A6,
where A is an invertible linear map; finding a good A to reduce the condition
number is the main principle behind preconditioning techniques (see, e.g., Nocedal
and Wright, 1999, for more details, as well as the end of section 5.2.5).

e If we only assume that the function is smooth and convex (not strongly convex),
then GD with the constant step size v = 1/L also converges when a minimizer
exists, but at a slower rate in O(1/t). See section 5.2.4.

e Choosing the step size only requires an upper bound L on the smoothness constant
(if it is overestimated, the convergence rate only degrades slightly).

e Writing the update (6; — 6,_1)/y = —F'(0¢—1), this algorithm can be seen, under
the smoothness assumption, as the discretization of the gradient flow

S(t) = ~F (),

where n(ty) ~ 6;. This analogy can lead to several insights and proof ideas (see,
e.g., Scieur et al., 2017, and chapter 12 where this analogy is studied further for
nonconvex problems).

e For this class of functions (convex and smooth), first-order methods exist that
achieve a faster rate, showing that GD is not optimal. However, these improved
algorithms also have drawbacks (lack of adaptivity, instability to noise, etc.). See
section 5.2.5.

Exercise 5.9 Compute all constants for lo-reqularized logistic regression and for ridge
TEGresSIon.

Adaptivity. Note that GD is adaptive to strong convexity: the exact same algorithm
applies to both strongly convex and convex cases, and the two bounds apply. This
adaptivity is important in practice, as often, locally around the global optimum, the
strong convexity constant converges to the minimal eigenvalue of the Hessian at 7, which
can be significantly larger than p (the global constant).

Fenchel conjugate (¢). Given some convex function F : R? — R, an important
tool is the Fenchel-Legendre conjugate F*, defined as F*(a) = supgega @' — F(6). In
particular, when we allow extended-value functions (which may take the value +00), we
can represent functions defined on a convex domain, and we find, under simple regularity
conditions, that the conjugate of the conjugate of a convex function is the function itself.
Thus, any convex function can be seen as a maximum of affine functions. Moreover,
suppose that the original function is not convex. In that case, the bi-conjugate is often
referred to as the “convex envelope” and is the tightest convex lower bound (this is often
used when designing convex relaxations of nonconvex problems). Moreover, using Fenchel
conjugation is crucial when dealing with convex duality (which we will not cover in this
chapter). See Boyd and Vandenberghe (2004) for details.
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Exercise 5.10 Let F be an L-smooth convex function on R. Show that its Fenchel
conjugate is (1/L)-strongly convez.

Exercise 5.11 (Fenchel-Young inequality) Let F' be an L-smooth convex function
on R and F* be its Fenchel conjugate. Show that for any 0,z € R, we have F(6) +
F*(z) — 270 >0, if and only if z = F'(0). (#) Show in addition that we have the lower
bound F(0) + F*(z) — 270 > 5|z — F'(0) |3

5.2.4 Analysis of Gradient Descent for Convex and Smooth Func-
tions (¢)

To obtain the 1/t convergence rate without strong convexity (as we found in section 5.2.1
for quadratic functions), we will need an extra property of convex, smooth functions,
sometimes called “co-coercivity.” This is an instance of inequalities that we need to use
to circumvent the lack of closed form for iterations.

Proposition 5.4 (Co-coercivity) If I is a conver L-smooth function on R, then for
all 0,1 € R, we have

TIFO) ~ Pl < [F'©0) ~ F'n)] (6 - n), (5.11)

Moreover, we have

F(0) > F(n) + F'(n)" (6 —n) + %HF’(@ - F'(n)3. (5.12)

Proof We will prove equation (5.12), which implies equation (5.11), by applying it twice
with 7 and 0 swapped and summing them. Using convexity (to obtain the left inequality)
and smoothness (to obtain the right inequality), we have, for any ¢ € R?,

Fin)+F'(n)"(§—n) < F(§) < F(9)+F'(9)T(€—9)+§||9—€||§- (5.13)

We can find the & minimizing the difference between the rightmost and leftmost terms in
equation (5.13) by setting the gradient of the difference with respect to £ to zero, leading
to F'(n) — F'(8) — L(§ — §) = 0. Putting this value of £ back in equation (5.13) and
rearranging terms lead to equation (5.12). |

We can now state the following convergence result for GD with potentially no strong con-
vexity. Up to constants, we obtain the same rate for quadratic functions in equation (5.5).

Proposition 5.5 (Convergence of GD for smooth convex functions) Assume
that F is L-smooth and convex, with a global minimizer n.. Choosing v, = 1/L, the
iterates (0¢)i>0 of GD on F satisfy, fort > 0,

L
F(8) = F(n) < 5210 nel3
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Proof (¢) Following Bansal and Gupta (2019), the Lyapunov function that we will
choose is

Vi(0r) = HF (@) ~ F()] + 5 16— nel3

and our goal is to show that it decays along iterations (the requirement is thus weaker
than for exponential convergence). We can split the difference in Lyapunov functions into
three terms (each with its own color):

Vi(0r) — Vi1 (6e-1)
= HF(O) ~ FO) + FOr) ~ )+ 210 = nul3 = 2101 — .
To bound it, we do the following:
o We use F(0;)—F(6;—1) < —5-||F"(0;-1)||3 as in the proof of proposition 5.3.

e We use F(0,_1) — F(n.) < F’(@t,l)—r(ﬁt,l — 1), as a consequence of convexity
(function above the tangent at 6;_1), as in equation (5.7).

2
o Weuse 510, — 1.[l3 = 510:—1 — null3 = =Ly (-1 — 0.) T F' (1) + £ | F'(Be—1)II3
by expanding the square.

This leads to, with the step size v = 1/L,

Vi) ~Via(0) <t = o IF G n)I3] + F 0 )T (01— )

_ o T L_’YQ / 2
Ly(Or—1 — )" F(0r-1) + —= 1" (-1 12

t—1
= —THF/(@t—l)H% <0,
which leads to t[F(6;) — F(n.)] < Vi(6:) < Vo(bo) = %60 — 1|3, and thus the desired
bound F(6;) — F(n.) < £160 — n. 3. ]

This proof is mysterious on purpose: the choice of Lyapunov function seems arbi-
trary at first, but all inequalities lead to nice cancellations. These proofs are sometimes
hard to design. For an interesting line of work trying to automate these proofs, see
https://francisbach.com/computer-aided-analyses/, and see exercises 5.12 and 5.13 for
simpler more direct proofs.

Exercise 5.12 (Alternative convergence proof - I) Consider an L-smooth convex
function with a global minimizer n., and GD with step size v, = 1/L:

e Using proposition 5.4, show that ||0; — 0|3 < ||0:—1 — |3 — %F’(Gt,l)T(ﬁt,l — 1)
o Show that F(0;) < F(6,-1).
e Using a telescoping sum, show that F(0;) — F(n.) < H_%HHO — |13

Exercise 5.13 (Alternative convergence proof - II (¢)) Consider an L-smooth con-
vex function with a global minimizer 1., and GD with step size vy = 1/L:
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o Show that ||0; — n||3 < ||0s—1 — 0|3 for all t > 1.

e Show that F(0;) < F(0;—1) — 5= | F'(6:—1)|13 for all t > 1.

e Denoting Ay = F(0y) — F (1), show that Ay < Ap—q — MAil forallt > 1.
Conclude that Ay < t2+—L4H6‘0 — .13

Early-stopping for machine learning (#4). An inspection of the proof of proposi-
tion 5.5 shows that throughout, a minimizer 7, can be replaced by any n € R?, leading
to (for the step size v = 1/L):

L L
HF(00) — F)] + 5 10— nll3 < 5 10—l (5.14)

When F(6) = ﬁ(@) = LS l(yi, 0 p(z;)), for a smooth loss function (with con-
stant G), for linear predictions with feature fo-norms smaller than R, we have L < GoR%.
Moreover, if the loss is nonnegative, less than G at zero predictions, and also Lipschitz-
continuous (with constant Gi), such as the logistic loss, we showed in section 4.5.4 that

for any D,
2G1RD
vn

Then from equation (5.14), assuming that we initialize with 8y = 0, we get for n =0,

G22R2 60:113 < tGo; that is, |62 < (555215)1/2. This leads to for any n € R?, using

equation (5.15):

E[I\HSIEED (o) - R0} <

: (5.15)

E[R(6:)] < R(m)+E[R@O) - Rm)] +

2G1R( 2G0 t)1/2

vn \GyR?
2W2G1GLY? Vi

Inl2 + ui

ar Vi

G2 R?
2t

< R+

showing that if ¢ = o(n) (we do not take too many steps), the testing error is controlled.
In particular, if 6, is a minimizer of the expected risk R, then with ¢ = y/n, we obtain
E[R(6:)] — R(0.) = O(n~Y/*). This bound with early-stopping of GD is not as good as
O(n_l/ %), which we will obtain through explicit regularization at the end of section 5.3.
Note that early-stopped SGD will also lead to a bound in O(n~'/?) (at a much cheaper
computational cost). We will revisit early-stopping of batch algorithms when we describe
boosting procedures in section 10.3.

5.2.5 Beyond Gradient Descent (¢)

While GD is the simplest algorithm with a simple analysis, there are multiple extensions
that we will only briefly mention here (see more details by Nesterov, 2004, 2018).
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Nesterov acceleration. For strongly convex functions, a simple modification of GD
allows for obtaining better convergence rates. The algorithm is as follows and is based
on updating the following two iterates:

1
0 = mM—1— Zg'(nt—l) (5.16)
ne = O+ N/ 0p —01-1). (5.17)

The convergence rate is then F(6;) — F(n.) < L||0o — n.||3(1 — \/p/L)t, which is equal to
L||6o — n«||3(1—1/y/k)¢; that is, the characteristic time to convergence goes from x to /.
If k is large (typically of order y/n or n for machine learning), the gains are substantial.
In practice, this leads to significant improvements. See a detailed description and many
extensions by d’Aspremont et al. (2021).

For convex functions, we need the extrapolation step to depend on ¢ as follows:

1

0 = M1 — EF/(ntfl) (5.18)
t—1

m o= O+ H—2(9t —0i1). (5.19)

This simple modification dates back to Nesterov (1983) and leads to the following conver-
_ 2
gence rate F\(6;)—F(n,) < %

et al. (2021) for more details.

. See exercises 5.14 and 5.15, as well as d’Aspremont

Moreover, the last two rates are known to be optimal for the considered problems.
For algorithms that access gradients and combine them linearly to select a new query
point, it is impossible to have better dimension-independent rates. See Nesterov (2013)
and chapter 15 for more details.

Exercise 5.14 (#4) For the updates in equations (5.16) and (5.17), show that for the
Lyapunov function V(0,n) = f(0) — f(n.) + 4|0 —ne + (1 + VL) (n—0) 5 then we
have V (0,m:) < (1 — /u/L)V (0—1,m—1). Show that this implies a convergence rate
proportional to (1 — \/u/L)t.

Exercise 5.15 (#4) For the updates in equations (5.18) and (5.19), show that for the

. 2 2
Lyapunov function Vi(6,n) = (2)7[f(0) — f(n.)] + %Hn — 1+ L(n — 9)”2, then we
have Vi(0¢,m:) < Vie1(0s—1,m:—1). Show that this implies a convergence rate proportional
to 1/t%.

Newton method. Given 6;_;, the Newton method minimizes the second-order Taylor
expansion around 6;_; (or, equivalently, finds a zero of F’ by using a first-order Taylor
expansion of F’ around 6;_1):

FOi_1)+F'(0,-1)" (0 —0;_1) + %(9 — 0, 1) "F"(6,_1)T (0 —0,_1).
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The gradient of this quadratic function is F(6;_1) + F”(0;—1) T (6 — 0;_1), and setting it
to zero leads to 0y = 6,1 — F"(6;—1) "' F’'(0;_1), which is an expensive iteration, as the
running-time complexity is O(d?) in general for solving the linear system. It leads to local
quadratic convergence: if ||@;—1 — 0.||2 small enough, for some constant C, one can show
(Cl|0; — 0.12) < (C||0i—1 — 04]]2)*. See Boyd and Vandenberghe (2004) for more details
and conditions for global convergence, in particular through the use of self-concordance,
which is a property that relates third- and second-order derivatives.

/\ The term “quadratic” is sometimes confusing and corresponds to a number of signif-
icant digits that doubles at each iteration.

Note that for machine learning problems, quadratic convergence may be overkill com-
pared to the computational complexity of each iteration since cost functions are averages
of n terms and naturally have some uncertainty of order O(1/+/n).

Exercise 5.16 ($) Assume that function F is p-strongly converz, twice-differentiable,
and such that the Hessian is Lipschitz-continuous: || f"(0) — f""(n)|lop < M||6 —n||2. Us-
ing Taylor’s formula with an integral remainder, show that for the iterates of Newton’s
method, |[VF(0;)]2 < %HVF(&_QH%. Show that this implies local quadratic conver-
gence.

Proximal gradient descent (¢#). Many optimization problems are said to be “com-
posite”; that is, the objective function F' is the sum of a smooth function G and a
nonsmooth function H (such as a norm). It turns out that a simple modification of GD
allows us to benefit from the fast convergence rates of smooth optimization (compared to
the slower rates for nonsmooth optimization that we would obtain from the subgradient
method described in section 5.3).

For this, we need to first see GD as a proximal method. Indeed, one may see the
iteration 0; = 0,1 — %G’(@t_l) as

. L
0; = argmin G(0;_1) 4+ (0 — 0;_1) " G'(6;-1) + §|\9 —0: 1)1,
fcRd

where, for a L-smooth function G, the objective function given here is an upper bound
of G(0) that is tight at 6;_1 (see equation (5.10)).

While this reformulation does not bring much for GD, we can extend this to the
composite problem and consider the following iteration, where H is left as is:

. L
0y = arg mitl G(0i-1)+ (0 —0:1) ' G'(Be—1) + §H9 — 0,13+ H(0). (5.20)
It turns out that the convergence rates for G + H are the same as smooth optimization,
with potential acceleration (Nesterov, 2013; Beck and Teboulle, 2009); see a proof in
exercise 5.17.

The crux is to be able to compute the proximal update in equation (5.20); that is,
minimize with respect to ¢ functions of the form £||0 — n||3 + H(). When H is the
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indicator function of a convex set (which is equal to 0 inside the set, and +oo otherwise),
we get projected GD. When H is the ¢1-norm (i.e., H = A|| - ||1), this can be shown to
be a soft-thresholding step, as for each coordmate 0; = (Im] — )\/L)+| | (the proof is

left as an exercise). See applications to model selection and sparsity-inducing norms in
chapter 8.

Exercise 5.17 (Convergence of proximal gradient method) Consider a convex L-
smooth function G and a convex function H defined on R®. We consider the update in
equation (5.20) and a minimizer n. of G+ H.

Show that G(0;) < G(0y—1) + G'(0s_1) " (0y — 0;_1) + %H@t —61]|3.

Show that G(0;—1) < G(ns) + G'(04—1) T (0:—1 — ns).

Show that H(0;) < H(n.) + (LO;—1 — LO; — G (0;-1)) T (0; — n.).

Deduce that G(0¢) + H(0:) < G(n) + H() + 51021 = 013 — 5110 — 0. 3.
Conclude that for t > 1, G(6;) + H(6;) — [G(n.) + H(n.)] < £160 — .13

Preconditioning (¢). The convergence rate of GD depends crucially on the condition
number x, which is not invariant under linear rescaling of the problem. That is, if we
equivalently aim to minimize G(f) = F(Af) for some invertible matrix A € R%? and a
twice-differentiable function F, the gradient of G is G’ 0)=ATF’ (Aé) and thus GD on
function G can be written as 6, = 0,1 — WG'(H) =0, 1 — ATF'(AHt 1), which can be
rewritten as 6; = 0;_1 — WAATF’(Ht_l) with the change of variable 6 = Af. This is thus
equivalent to premultiplying the gradient of F' by the positive-definite matrix AAT.

This will be advantageous when the condition number of G is smaller than that of F'.
For example, for a quadratic function F' with constant Hessian matrix H € R¥*? tak-
ing A as an inverse square root of H leads to the minimal possible value of the condition
number, and thus the preconditioned gradient iteration (here, equal to the Newton step)
converges in one iteration. Such a value of A optimizes the condition number but is not
computationally efficient, and various conditioners can be used in practice (for functions
with varying Hessians), based on diagonal approximations of the Hessian, random pro-
jections (Martinsson and Tropp, 2020), or incomplete Cholesky factorizations (Golub and
Loan, 1996). Such preconditioning is also useful in nonsmooth situations (see section 5.4.2
in the context of SGD).

5.2.6 Nonconvex Objective Functions (¢)

For smooth, potentially nonconvex objective functions, the best that one can hope for
is to converge to a stationary point € such that F’(6) = 0. The proof that follows
provides the weaker result that at least one iterate has a small gradient. Indeed, using
the same Taylor expansion as in the convex case (which is still valid), we get, using the
L-smoothness of F',

F(6:) < F(0:- 1)——||F(9t V3,
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leading to, summing these inequalities for all iterations between 1 and ¢,

S , _ F(6o) — F(6;) _ F(6o) — inf,cra F(n)
I < < .
5Li ;:1 [F(0s—1)l5 < ; < ;

Thus, there is one s in {0,...,¢t — 1} for which [|[F'(6,)||3 < O(1/t). Without further
assumptions, this does not imply that any of the iterates is close to a stationary point.
See an extension of this proof for SGD in exercise 5.30.

5.3 Gradient Methods on Nonsmooth Problems

We now relax our assumptions and only require Lipschitz continuity in addition to con-
vexity. The rates will be slower, but extending to stochastic gradients will be easier.

Definition 5.4 (Lipschitz-continuous function) Function F: R? — R is said to be
B-Lipschitz-continuous if and only if

|F(n) — F(0)] < Bln—0l2, V8. €R"

This setting is usually referred to as nonsmooth optimization.

Exercise 5.18 Show that if F is differentiable, B-Lipschitz-continuity is equivalent to
the assumption ||F'(0)||2 < B, V0 € R.

From gradients to subgradients. We can apply nonsmooth optimization to objective
functions that are not differentiable (such as the hinge loss from section 4.1.2). For convex
Lipschitz-continuous objectives, one can show that the function is almost everywhere
differentiable (see, e.g., Nekvinda and Zajicek, 1988). In points where it is not, one can
define the set of slopes of lower-bounding tangents as the subdifferential and any element
of it as a subgradient. That is, we can define the subdifferential as (see the illustration
that follows):

OF () ={zeR% VneRY, F(n) > F@O)+z"(n—10)}.

fF------
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For a convex function defined on R¢, the subdifferential happens to be a nonempty
convex set at all points §. Moreover, when F' is differentiable with gradient F’(f), the
subdifferential is reduced to a point; that is, OF (8) = {F’'(0)}. For example, the absolute
value 0 — |0] has a subdifferential equal to [—1, 1] at zero. See more details in Rockafellar
(1997).

The GD iteration is then meant as using any subgradient z € 9F(6;_1) instead of
F'(6;—1), for which we will only need that the function is above the tangent defined by
this subgradient. The method is then often referred to as the “subgradient method” (it
is not a descent method anymore, i.e., the function values may increase occasionally).

Exercise 5.19 Compute the subdifferential of 0 +— |0 and 0 — (1 —y0 ' x), for the label
y € {—1,1} and the input € R

Convergence rate of the subgradient method. We can prove convergence of the
GD algorithm, now with a decaying step size and a slower rate than for smooth functions.

/\ As with SGD in the next section, and as opposed to GD for smooth functions in
section 5.2, the objective function for the subgradient method for nonsmooth functions
may not decrease at every iteration.

Proposition 5.6 (Convergence of the subgradient method) Assume that F is con-
vex and B-Lipschitz-continuous, and admits a minimizer 0, that satisfies ||n. —0oll2 < D.

By choosing v = BL\/E’ the iterates (0¢)i>0 of GD on F satisfy

min {F(6,) — F(n.)} < DB2 log(t)

[ —v (5.21)

Proof We look at how 6, approaches 7,; that is, we try to use ||6; — 7.]|3 as a Lyapunov
function. We have

10 = nell3 = N6s—1 = e F" (6s—1) — 113
= (10—t = el = 27 F (0-1) T (Be—1 — 1) + VN F'(0e-1) 13-
Combining this with the convexity inequality F(6;—1) — F(n.) < F'(0:—1) T (6;—1 — n4)

from equation (5.7), using the boundedness of the gradients (i.e., |F’(6;—1)||3 < B?), it
follows that

10¢ — 03 < 10e—1 — mll3 — 2%e[F(61—1) — F(ns)] + 77 B>

We are in a situation where the Lyapunov function 6 — || — 7.]|3 is not decreasing
along iterations because of the term 7ZB2. It is then classical to isolate the negative term
—2%[F(0:—1) — F(n«)] and sum inequalities. Thus, by isolating the distance to optimum
in function values, we get

1
(1001 = mali3 = 6n = mal3) + 59282 (5:22)

N~

Y (F(0i-1) — F(ns)) <
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It is sufficient to sum these inequalities to get (in fact, for any 7. € R? not only the
minimizer)

90 T)x s— 75
278 S 1 F(T/*)) H ”2 +B 2 Z 1
Zs 17s s=1 225 17s 225 175

As a weighted average, the left side is larger than minggs<i—1{F(0s) — F(n«)}, and also
larger than F(8;) — F(n.), where 0; = (3", vs0s—1)/(35_, 7s) by Jensen’s inequality.

The upper bound goes to 0 if Zi:l s goes to +oo (to forget the initial condition)
and v — 0 (to converge to the global optimum). Let us choose vs = 7/4/s for some
7 > 0. By using the series-integral comparisons that follow, we get the bound

0<s<t—1

min {F F(n. } < W(D— +7B*(1 + log(t )))

We choose 7 = D/B (which is suggested by optimizing the previous bound without
the logarlthmlc term) which leads to the result. In the proof, we used the inequality
Z’; 1 f > ES 1 \[ = +/t, and the following series-integral comparisons for decreasing

functions: Y0 1 =1+, L <1+ [ & =1 +log(t). [

The proof scheme given here is very flexible. It can be extended in the following
directions:

e There is no need to know in advance an upper bound D on the distance to optimum;

we then get, with an arbitrary D with the same step size 7, = %, a rate of the form

BD (M +(1+1log(t))). Moreover, a slightly modified version of the subgradient

VAN
method removes the need to know the Lipschitz constant. See exercise 5.20.

Exercise 5.20 Consider the iteration 0, = 0;_1 — m F'(6,—1). Show that

with the step size v, = D/+/t (independent of B), we get the following guarantee:

i 241
minggs<i—1 F(0s) — F(n.) < DB +2f/g_(t)'

e The algorithm applies to constrained minimization over a convex set by insert-
ing a projection step at each iteration (the proof, which uses the contractivity of
orthogonal projections, is essentially the same; see exercise 5.21).

Exercise 5.21 Let K C R? be a conver closed set, and denote as g (6) the orthog-
onal projection of 0 onto K, defined as Ik (0) = argmin,ex ||n — 0||3. Show that
function I is contractive; that is, for all 6,m € R, ||k (0) — g (n)|2 < |0 —1n]|2-

For the algorithm 0, = U (0i—1 — v F'(0:-1)), and with n. being a minimizer of F
on K, show that the guarantee of proposition 5.6 still holds.

e The algorithm applies to nondifferentiable convex and Lipschitz objective functions
(using subgradients; i.e., any vector satisfying equation (5.6) in place of F’(6;)).



5.3. GRADIENT METHODS ON NONSMOOTH PROBLEMS 133

e The algorithm can be applied to “non-Euclidean geometries,” where we consider
bounds on the iterates or the gradient with different quantities, such as Bregman
divergences. This can be done using the “mirror descent” framework, and for
instance, can be applied to obtain multiplicative updates (see, e.g., Juditsky and
Nemirovski, 2011a,b; Bubeck, 2015). See more details in the online and stochastic
cases in section 11.1.3.

Exercise 5.22 (¢) Let F': R? — R be a differentiable function, and ¢ : R — R
a strictly convex function.

e Show that the minimizer of F(0) + F'(6)T (n — 0) + %Hn — 0|3 is equal to
n=0—~yF(0).

o Show that the Bregman divergence Dy(n,0), defined as Dy(n,0) = ¥(n) —
»(0) — ' (0) T (n — 0), is nonnegative and equal to zero if and only if n = 6.

e Show that the minimizer of F(0)+ F'(0)" (n—0)+ %Dw(n, 0) satisfies ¥'(n) =
P'(0) — vEF'(0). Show that the same conclusion holds if ¥ is only defined on
an open convex set K C R?, and the gradient ¢ is a bijection from K to RY.

e Provide an explicit form of the resulting algorithm when ¥(0) = E?:l 0;log 0;.

e Often, the uniformly averaged iterate is used, such as + ZS o 0s. Convergence rates
(without the logt factor) can be obtained with a slightly more involved proof using
the Abel summation formula (see also section 11.1.1).

Exercise 5.23 (¢) Consider the same assumptions as exercise 5.21 and the same
algorithm with orthogonal pmjectwns With D being the diameter of K, show that

for the average iterate 6, = + Zs —o0s, we have F(0;) — F(0,) < 32{3})

e The algorithm with the decaying step size v is an “anytime” algorithm; that is,
it can be stopped at any time ¢, and the bound in equation (5.21) then applies.
Computations are often easier when considering a constant step size v that depends
on the number of iterations 7" that the user wishes to perform, with 7" being usually
referred to as the “horizon.” Starting from equation (5.22), we get the bound

D? B?

—ZF (1) — F(6.) < 27T+77’ (5.23)
where the optimal v can be obtained as v = D/ (B\/— ) and there is an optimized
rate of DB/ VT. We gain on the logarithmic factor, but we no longer have an
anytime algorithm (since the bound applies only at time T'). This also applies to
SGD in section 5.4. In these situations, a “doubling trick” can be used, leading to
an anytime algorithm with the same guarantee but undesirable practical behavior
as the algorithm makes substantial changes at each iteration that is a power of 2
(see exercise 5.24).

e Stochastic gradients can be used, as presented in section 5.4 (one interpretation is
that the subgradient method is so slow that it is robust to noisy gradients).
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e The proof technique used for proposition 5.6 will be used several times in this book,
for SGD in section 5.4 as well as for online learning in section 11.1.

Exercise 5.24 (Doubling trick for subgradient method) Consider an algorithm
that successively applies the SGD iteration with step size vy = D/(B\/2_k) during 2F itera-
tions, for k =0,1,.... Show that after t subgradient iterations, the observed best expected
value of I is less than a constant times DB/\/t.

Exercise 5.25 Compute all constants for la-regularized logistic regression and the sup-
port vector machine (SVM) with linear predictors (section 4.1).

Machine learning with linear predictions and Lipschitz-continuous losses. For
specialized machine learning problems, we can now close the loop on the discussion out-
lined in section 5.1 regarding the need to take into account the optimization error on top
of the deviations between empirical means and expectations (which correspond to the es-
timation error for the minimizer of the empirical risk). For convex Lipschitz-continuous
losses (with constant G) such as the logistic loss or the hinge loss, for linear predictions
with feature ¢o-norms smaller than R, a parameter bounded in the f3-norm by D, we
showed in section 4.5.4 that the estimation error for the empirical risk minimizer was
upper-bounded by a constant times GRD/+/n. From equation (5.23), the optimization
error after ¢ iterations of the subgradient method is upper-bounded by a constant times
GRD/ V't since the Lipschitz constant of the objective function is B < GR.

Adding these two bounds, there is no need to have the number of iterations ¢ larger
than the number of observations n. However, since each full gradient computation requires
computing n gradients for the individual loss functions associated with a single data point,
the total number of such gradient computations is tn ~ n?, which is not scalable when n
is large. We now show how SGD can turn this number to n with the same upper bound
on the generalization error.

5.4 Stochastic Gradient Descent

For machine learning problems, where F(0) = £ 3" | ((y;, fo(x;)) + Q(6), at each iter-
ation, the GD algorithm requires computing a “full” gradient F’(6;_1), which could be
costly, as it requires accessing the entire dataset (all n pairs of observations). An alterna-
tive is to instead only compute unbiased stochastic estimations of the gradient g;(6;—1);

that is, such that
Elg:(01-1)10:—1] = F'(6;-1), (5.24)

which could be much faster to compute, in particular by accessing fewer observations.

A Note that we need to condition over 6;_; because 0;_1 encapsulates all the randomness
due to past iterations, and we only require fresh randomness at time ¢.

/\ Somewhat surprisingly, this unbiasedness does not need to be coupled with a vanishing
variance: while there are always errors in the gradient, the use of a decreasing step size will
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ensure convergence. If the noise in the gradient is not unbiased, then we get convergence
only if the noise magnitudes go to zero (see, e.g., d’Aspremont, 2008; Schmidt et al., 2011
and references therein).

This leads to algorithm 5.2.

Algorithm 5.2 (Stochastic gradient descent) Choose a step-size sequence ()10,
pick Oy € R%, and fort > 1, let

0r = 011 — 19:(0r—1),

where gi(0:—1) satisfies equation (5.24).

SGD in machine learning. There are two ways to use SGD for supervised machine
learning:

e Empirical risk minimization: If F(6) = 1 Y% | ¢(y;, fo(x;)) then at iteration ¢,

we can choose uniformly at random i(¢) € {1,...,n} and define g, as the gradient
of 6 — £(yit), fo(zir))). Here, the randomness comes from the random choice of
indices.

There are “mini-batch” variants where, at each iteration, the gradient is averaged
over a random subset of the indices (we then reduce the variance of the gradient
estimate, but we use more gradients, and thus the running time increases; see
exercise 5.27). We then converge to a minimizer n,. of the empirical risk.

Note here that since we sample with replacement, a given function will be selected
several times, even within n iterations. Sampling without replacement can also
be studied, but its analysis is more involved (see, e.g., Nagaraj et al., 2019, and
references therein).

e Expected risk minimization: If F(0) = E[{(y, fo(x))] is the expected nonob-
servable risk, then at iteration ¢, we can take a fresh sample (z;,y;) and define g;
as the gradient of 6 — £(ys, fo(x:)), for which, if we swap the orders of expectation
and differentiation, we get unbiasedness. Note here that to preserve unbiasedness,
only a single pass is allowed (otherwise, this would create dependencies that would
break it) and the randomness comes from the observations (x,y:) themselves.

Here, we directly minimize the generalization risk. The counterpart is that if we
have only n samples, then we can run only n SGD iterations, and when n grows,
the iterates will converge to a minimizer 0, of the expected risk.

Note that in practice, multiple passes over the data (i.e., using each observation
multiple times) often lead to better performance. To avoid overfitting, either a
regularization term is added to the empirical risk or the SGD algorithm is stopped
before its convergence (and typically when some validation risk stops decreasing),
which is referred to as regularization by “early-stopping.”

We can study these two situations using the latter one by considering the empirical
risk as the expectation with respect to the empirical distribution of the data (and we



136 CHAPTER 5. OPTIMIZATION FOR MACHINE LEARNING

thus use the notation 6, to refer to the global minimizer).

SGD is not a descent method: the function values often go up, but they go
down “on average.” See, for example, an illustration in figure 5.2.

Under the same usual assumptions on the objective functions, we now study SGD
with the following assumptions:

e (H-1) unbiased gradient: E[g;(0;—1)|0:—1] = F'(0:-1), Yt > 1
e (H-2) bounded gradient: | g;(6;—1)||3 < B? almost surely, Vt > 1

Assumption (H-2) could be replaced by other regularity conditions (e.g., Lipschitz-
continuous gradients; see exercise 5.28 for SGD for smooth functions). Assumption (H-1)
is crucial and is often obtained by considering independent gradient functions g, for
which we have E[g:(-)] = F'(-).

Proposition 5.7 (Convergence of SGD) Assume that F is convex, is B-Lipschitz,
and admits a minimaizer 0, that satisfies ||0.—0o||2 < D. Further, assume that the stochas-
tic gradients satisfy assumptions (H-1) and (H-2). Then, choosing v; = (D/B)//t, the
iterates (0¢)t>0 of SGD on F' satisfy
- 2 + log(t)
E[F(9,) — F(6,)] < DB=28Y)
[F(6) - F(2.)] I

where 0; = (Ei:l 759571)/(2221 Vs)-

We state our bound in terms of the average iterates because the cost of finding the best
iterate could be higher than that of evaluating a stochastic gradient (since we cannot
compute F' in general).

Proof We follow essentially the same proof as in the deterministic case (proposition 5.6),
adding some expectations at well-chosen places. We have

E[16; — 0.115] = E[[16:—1 — 719:(0e—1) — 0. 13]
= E[||0:-1 = 0.]13]) = 27E[g:(0:—1) " (01 — 0.)] +7E[llg:(6:-1) ]3]
We can then compute the expectation of the middle term as
E[ge(0i—1) " (0i=1 — 6.)] = E[E[ge(6s—1) " (B1—1 — 0.)]0:—1]]
= E[E[Qt(et—l)‘et—l]—r(et—l —0,)] =E[F'(0,-1)" (6—1 — 0.)],
where we have crucially used the unbiasedness assumption (H-1). This leads to
E[[16: — 0.)12] < E[[6:-1 — 6.[I3] — 2%E[F'(Bi—1) T (61-1 — 6.)] +~2 B2
Thus, combining the last inequality with the convexity inequality from equation (5.7)

(ie., F(0;—1) — F(0.) < F'(0;—1) T (0;—1 — 0.)), we get

VEIF(61) — F(6.)] < 5 (10— 6.l3] ~ E[l6 — 6.13]) + 302B%  (5:25)
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Except for the expectations, this is the same bound as equation (5.22), so we can conclude
as in the proof of proposition 5.6. |

We can make the following observations:

e Averaging of iterates is often performed after a certain number of iterations (e.g.,
one pass over the data when doing multiple passes): having such a “burn-in” period
speeds up the algorithms by forgetting initial conditions faster.

e Many authors consider the projected version of the algorithm, where after the gra-
dient step, we orthogonally project onto the ball of radius D and center 8y. The
bound is then exactly the same.

e As with the subgradient method in equation (5.23), we can consider a constant step
size v to obtain

T
1 D? B2
— E|F(0;—1)| — F(0,) < — + —,
T;[(tl)] (6:) T T 2
from which we get E[F(6;)] — F(6.) < 2’3—; + 7732 = D—\/g for the specific choice
v=D/ jB\/T), which depends on the horizon T, and for the uniformly averaged
iterate 6;.

e The result that we obtain, when applied to a single-pass SGD, is a generalization
bound; that is, after n iterations, we have an excess risk proportional to 1//n,
corresponding to the excess risk compared to the best predictor fp.

This is to be compared to using results from chapter 4 (uniform deviation bounds)
and nonstochastic GD. It turns out that the estimation error due to having n
observations is exactly the same as the generalization bound obtained by SGD
(see section 4.5.4). Still, we need to add the estimation error of the empirical risk
minimizer on top of the optimization error proportional to 1/v/¢ (with the same
constants). The bounds match if ¢ = n; that is, we run n iterations of GD on the
empirical risk. This leads to a running time complexity of O(tnd) = O(n?d) instead
of O(nd) using SGD; hence the strong gains in using SGD.

/\ We are still comparing upper bounds.

e The bound in O(BD/+/t) is optimal for this class of problem. That is, as shown
by Agarwal et al. (2012), among all algorithms that can query stochastic gradi-
ents, having a better convergence rate (up to some constants) is impossible. See
section 15.3 for a detailed proof.

e As opposed to the deterministic case, the use of smoothness does not lead to sig-
nificantly better results (see exercise 5.28).

e An inspection of the proof shows that we can replace the almost sure bounds
l9:(6:~1)[I3 < B? by bounds in expectation E[||g;(6;—1)[|3] < B? For machine
learning problems with linear predictions where feature vectors have £o-norms boun-
ded by R and a G-Lipschitz-continuous loss, the gradient g;(6;—1) is the gradient
of function  — £(y;, ¢(x;)"0) taken at 6,1, and thus its squared norm is less
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than G? - ||¢(x¢)]|3. An almost sure bound, therefore, is G?R?, while a bound in
expectation is G? - E[||¢(x¢)||3], which is stronger.

e In section 11.1, we will extend the analysis of this section to online learning, where
the function that is optimized can change at every iteration, leading to guarantees
that are more robust to nonstationary problems.

e We can obtain a result in high probability, using an extension of Hoeffding’s in-
equality to “differences of martingales,” as shown in exercise 5.26 below.

Exercise 5.26 (High-probability bound for SGD (¢)) Using the same assumptions
and motations as in proposition 5.7, we consider the projected SGD iteration: 6; =
Ip(0i—1 — V1g:), where Ip is the orthogonal projection on the £2-ball with center 0 and
radius D. Denoting z = —v¢(0;—1 — 0.) " [g¢ — F'(0:—1)], show that E[z;|F:—1] = 0 and
|2¢| < 49¢BD almost surely, and

1 1
WF(O-1) = PO < 5 (B[00 — 0.13] B[00 — 0.113]) + 5738 + 2.

Using Azuma’s inequality (see exercise 1.14), show that with probability at least 1 — 0,
then, for the weighted average 6; defined in proposition 5.7, for any step sizes vq:

_ 2D? t 2 t_ o\ 1/2 1
F) - F(0.) < —2—_ | pr 2=t T +4BDM 2log =,
Zs:l Vs 2 Es:l Vs 25:1 Vs 0
and for a constant step size, v; =7y, F(0;) — F(0.) < Q,YATQ + 'YTBQ + %1/210g% (for the

uniformly averaged iterate).

SGD or GD on the empirical risk? As seen previously, the number of iterations to
reach a given precision will be larger for SGD than for smooth deterministic GD, but with
a complexity that is typically n times faster. Thus, for high precision—that is, low values
of F(0) — F(n.) (which is not needed for machine learning)-the number of iterations
of SGD may become prohibitively large, and deterministic full GD could be preferred.
However, for low precision and large n, SGD is the method of choice (see also recent
improvements that allow exponential convergence with cheap iteration costs, described
in section 5.4.4).

In particular, as mentioned earlier, for the linear prediction case described at the
end of section 5.3, we obtain the exact same rate in proposition 5.7 as for nonstochastic
GD on the empirical risk. If sampling from the n observations with replacement, after
t = n steps, the sum of the optimization error and the estimation error of the empirical
risk minimizer is of the same order O(GRD/+/n), with only n accesses to individual loss
gradients (instead of n? with batch methods—thus, with a big improvement). Moreover,
with a single pass over the data, proposition 5.7 is directly a generalization performance
result with the same rate.

Exercise 5.27 (Minibatch SGD) Consider the mini-batch version of SGD, where at
every iteration, we replace g.(0;—1) by the average of m independent samples of stochastic
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gradients at 0;_1. Show that the convergence result of proposition 5.7 still holds.
() Which assumption on gradients would improve the convergence rate?

Exercise 5.28 (SGD for smooth functions (¢)) Consider independent and identi-
cally distributed (i.i.d.) convex L-smooth random functions fi : R* — R, t > 1, with
expectation F : R? — R, which has a minimizer 0, € R%. Consider the SGD recursion
0y = 01—y f{(0:—1), with v, being a deterministic step-size sequence. Using co-coercivity
(proposition 5.4), show that

E[|0: —04113] < E[|16:—1 —0x13] —27¢(1 = LYE[F’ (61-1) T (=1 — 0.)] + 277 E[|| £/ (62) I3 ]

Extend the proof of proposition 5.7 to obtain an explicit rate in O(1/+/t). (#) Show that
the minibatch version leads to an improvement in the rate (as opposed to the nonsmooth
case in exercise 5.27).

Exercise 5.29 (Nonuniform sampling (¢)) Consider the function F : R? x Z — R,
which is convexr with respect to the first variable, with a subgradient F'(0, z) with respect
to the first variable that is bounded in the la-norm by a constant B(z) that depends on z.
Consider a distribution p on Z. We aim to minimize E,.,[F(0, z)], but we sample from
a distribution q, with density dq/dp(z) with respect to p to get i.i.d. random z, t > 1.
Consider the recursion 0y = 0,1 — WF/@% zt). Provide a convergence rate for
this algorithm and show how a good choice of q leads to significant improvements over
the choice ¢ = p when B(z) is far from uniform in z. Apply this result to the SVM when

applying SGD to the empirical risk.

Exercise 5.30 (SGD for nonconvex functions) Consider an L-smooth potentially
nonconvez function F, and the SGD recursion with constant step size v, with unbiased
and bounded gradient estimates (e.g., assumptions (H-1) and (H-2)).

* Show that E[F(6,)] < E[F(0,1)] —vE[IF'(6-1)I13) + L5

2
o Show that + 3, E[[F'(0s-1) 3] < 5 [F(60)  infcxs ()] + 2222,

1
~yt
5.4.1 Strongly Convex Problems (4)

We consider the regularized problem G(0) = F(6) + 4||0||3, with the same assumptions
(H-1) and (H-2) as before, and started at 6y = 0. The SGD iteration is then, with g;(6;—1)
a stochastic subgradient of F' at 6;_;:

9t = 9,571 -Vt [gt(Ht,l) + ,Uﬂt,ﬂ . (526)
We then have an improved convergence rate in O(1/t) with a different decay for the step

size y;, in 1/t rather than 1/v/t.

Proposition 5.8 (Convergence of SGD for strongly convex problems) Assume
that F is convex, is B-Lipschitz, and that F + &|| - ||3 admits a necessarily unique min-
imizer 0. Assume that the stochastic gradient g satisfies assumptions (H-1) and (H-2).
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Then, choosing v, = 1/(ut), the iterates (0;)1>0 of the SGD recursion from equation (5.26)

satisfy ,
B[G() - G(0.)] < 228D

)

5 t
where 0; = %25:1 Os_1.

Proof The beginning of this proof is essentially the same as for convex problems, leading
to (with the new terms in blue):

E[116:—1 — ve(ge(Be—1)+1b:—1) — 0. 13]

E[||0:—1 — 04]13] —2%E[(g:(0—1)+10:—1) " (011 —9*)}
+7E [l ge(0e—1)+1b:—1|3]-

E[[|6: — 6.]I3]

From the iterations in equation (5.26), we see that 0; = (1 — v p)0:—1 + Y1 [ — %gt(ﬁt_l)}
is a convex combination of gradients divided by —pu, and thus, since all gradients are
bounded in norm by B, ||g:(0:—1) + pub;—1||3 is always less than 4B2. Therefore,

E[[6: — 6.113] < E[||6:—1 — 04113] — 2%E[G' (1) T (i1 — 0.)] + 447 B>.

Therefore, combining with the inequality coming from strong convexity (see equa-
tion (5.9)) G(6;—1) — G(0.)+516:—1 — 0.3 < G'(6i—1) T (0:—1 — 0..), it follows

YHE[G(0;-1) — G(04)] < %((1—’Ytﬂ)E[||9t—1 —0.]13] — E[|16: — 0.3]) +27¢ B,

and thus, now using the specific step-size choice v, = 1/(ut):

E[G(0i-1) = G(0.)] < 5((" = WE[10—1 — 0.13] — 2 "E[l|0: — 0.1[5]) + 275,

N~ N

(1t = V{1611 = 0.1] — weE16, = 0. 5]) + =

Thus, we get a telescoping sum: summing between all indices between 1 and ¢, and using
the bound Ei:l % < 1+ logt, we get the desired result. |

We can make the following observations:

e For smooth problems, we can show a similar bound of the form O(k/t). For
quadratic problems, constant step sizes can be used with averaging, leading to
improved convergence rates (Bach and Moulines, 2013). See exercise 5.31.

Exercise 5.31 (¢) Consider the minimization of F(0) = $0THO — 76, where
H € R s positive-definite (and thus invertible), and the recursion 0y = 6;_1 —
Y[F'(0:—1) + et], where all e;’s are independent, with zero mean and covariance
matriz equal to C. Compute explicitly E[F(Ht) — F(ﬁ*)}, and provide an upper

bound of E[F(0;) — F(6.)], where 6, = 1 ZZ;B 0.
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e The bound in O(B?/ut) is optimal for this class of problems. That is, as shown
by Agarwal et al. (2012), among all algorithms that can query stochastic gradi-
ents, having a better convergence rate (up to some constants) is impossible (see
section 15.3).

e We note that for the same regularized problem, we could use a step size proportional
to DB/\/Z and obtain a bound proportional to DB/\/Z7 which looks worse than
B?/(ut) but can, in fact, be better when y is very small.

Note also the loss of adaptivity: the step size now depends on the problem’s diffi-
culty (this was different for deterministic GD). See the experiments that follow for
illustrations.

e When applied in a single pass over the data, the resulting rate in O(B?/un) is the
same, up to logarithmic terms, as the generalization bound for the minimizer of the
regularized empirical risk in proposition 4.6.

Exercise 5.32 With the same assumptions as proposition 5.8, show that with the step

and with 0; = t(t%l) Ei:l s0s_1, we have E[G(G_t) - G(H*)] < _8B°

size vy = ISR

2
u(t+1)”
Exercise 5.33 Consider the minimization of F(0) =E|[||0 — z||3/2] from i.i.d. observa-
tions z1,...,zt. Show that the t-th iterate of SGD equals %(zl +o 4 2.

Experiments. Here, we consider a simple binary classification problem with linear
predictors in dimension d = 40 (inputs generated from a Gaussian distribution, with
binary outputs obtained as the sign of a linear function with additive Gaussian noise),
with n = 400 observations, and observe features with the f3-norm bounded by R. We
consider the hinge loss with a squared fy-regularizer £|| - ||3 (i.e., the SVM presented in
section 4.1.2). We measure the excess training objective. We consider two values of
and compare the two step sizes v; = 1/(R?v/t) and ¢ = 1/(ut) in figure 5.2. We see that
for the larger value of u (top plot), the strongly convex step size is better. This is not the
case for small p (bottom plot). Note the strong variability for the step size v = 1/(ut)
in early iterations.

These experiments highlight the danger of a step size equal to 1/(ut). In practice, it
is often preferable to use v, = 1/(B2\/t + ut), as shown in exercise 5.34.

Exercise 5.34 (¢4) With the same assumptions as in proposition 5.8, with step size
v = 1/(B?\/t + ut), provide a convergence rate for the averaged iterate.

5.4.2 Adaptive Methods (4)

The discussion on preconditioning for GD on smooth functions at the end of section 5.2.5
can be adapted to stochastic gradient methods for nonsmooth problems. In this section,
we highlight the potential gains and give references for precise results. We focus on a
linear prediction problem with i.i.d. features bounded in the ¢3-norm by R, and a convex
G-Lipschitz-continuous loss function, in the setting of proposition 5.7. For a constant



142 CHAPTER 5. OPTIMIZATION FOR MACHINE LEARNING
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Figure 5.2. Comparison of step sizes for SGD for the SVM, for two values of the regular-
ization parameter p (top: large u = 10~1; bottom: small 1 = 10~3). The performance is
measured with a single run (hence the variability) on the excess training objective (left:

regular plot; right: log-log plot).
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step size «, in the proof of proposition 5.7, we obtained an expected excess risk equal to,
starting from 6y = 0,

1 ~G?
— 16,3 + = tr[X],
710213 + 25 1)

where ¥ = E[p(x)¢(x) "] is the covariance matrix of the features. Optimizing over

G||0+«
leads to the overall rate of % tr[X].

As done at the end of section 5.2.5, premultiplying each gradient by the matrix AAT
is equivalent to minimizing the expectation of £(y, p(x)" Af), which itself corresponds
to replacing the feature map ¢ by ATy, and 6, by A~'6,. The complexity bound then

becomes )
1 _ G
9l (aAT) g, tr[SAAT].
3707 (447) 710, + T u(zaaT]

Matrix M = (yAAT)™!, which is the inverse of the matrix multiplying the gradient in
the SGD iteration, can be optimized in the specific situation where we restrict matrix M
to be diagonal with diagonal m € RY. We then obtain the bound

d d

1 G? g
J— 0* 2 . m.; + R l7
N WP o

j=1 Jj=1
1/2
Ji o
which can be substantially smaller than the corresponding rate with uniform m, propor-
tional to %\/dztjzl >);;; this is in particular the case when the ¥;;’s have hetero-
geneous values.

with optimal m; equal to E}fG\/Z/H@* |0 and an overall rate equal to % Zj‘l:l b))

In practice, before running the learning algorithm, we can estimate the required ele-
ments of 3, the noncentered covariance matrix of the features, and, more generally, the
covariance of the gradients. These quantities can be estimated online, leading to the
Adagrad (Duchi et al., 2011), or Adam (Kingma and Ba, 2014) algorithms, which come
with specific complexity bounds (see, e.g., Défossez et al., 2022).

5.4.3 Bias-Variance Trade-offs for Least-Squares (¢)

In this section, we consider the least-squares learning problems studied in chapter 3; that
is, we assume that we have i.i.d. observations (x;,y;) € X x R, for ¢ > 1, assuming that
there is a feature map ¢ : X — R? and 6, € R such that y; = p(z;) " 0. + &;, where &;
has mean zero and variance o2, and is independent of z;. The goal of this section is to
relate the performance of single-pass SGD to the regularized empirical risk minimization
studied in sections 3.3 and 3.6, and to study the impact of noise on SGD precisely.

The SGD recursion, often referred to as the “least-mean-squares (LMS)” recursion,
can be written as, with a constant step size:,

0 = 01— (0 10(xe) — ye)p(ae) = i1 — (0 1o(2e) — 0. (1) — 1 )p(a1),
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leading to
0 — 6. = (I — 7@(%)90(551&)T)(9t—1 — 0.) + verp(xe). (5.27)
Thus, as in the deterministic case in section 5.2.1, we obtain a linear dynamical system,

this time with random coefficients.

Classical analysis. We can first use a similar proof as in previous sections; that is,
expanding equation (5.27),

[6: = 0.115 = [16i—1 — 64115 + [ve(ze)o(@e) " (Bi—1 — 0,113
—2y(0i—1 — 0.) T o(@e)p(we) T (Brm1 — 04) + [vecp(ae) I3
+2verp(we) (I — yp(we)o(we) ") (01 — 0.),

leading to, with F;_; the information up to time t—1 (generated by x1,y1, ..., i—1,Yt—1),
and using that [l¢(z¢)||3 < R? almost surely, and E[|¢(z)||3¢(z:)o(z) "] < R?E, for

X= E[S"(%)‘P(%)T]:
B0, — 01315 1] < 1001 — 0.3+ (2B = 29) (00 — 0.) 501 — 0.) + 120 R
This leads to, with F(0) — F(6.) = £(6 — 6.) "$(0 — 6..), for v < 1/R?,

’}/O'QR2
2 )

E[F(6; 1) — F(0.)] < %(E[Het_l —0.13] —E[]l6: — 9*||§D +

and thus, for the average 6; = % 22:1 0s_1, using Jensen’s inequality,

’}/O'QR2
2 )

1
E[F(et)} —F(G*) < 2_'WH90_0*H%+

(5.28)

which is a similar result to the nonsmooth case but with an explicit bias/variance de-
composition where the noise variance o2 explicitly appears, as well as the norm of ..
Note that it requires the step size to depend on the number of total iterations to obtain
convergence. When applied in a single pass over the data, we end up with a generalization
bound which is similar to the one for ridge regression in section 3.6, but now with an
efficient algorithm.

Exercise 5.35 (Weaker assumptions) Consider a joint distribution on (z,y) € XxR,
and a feature map ¢ : X — R? bounded by R in the lo-norm. Denoting 0, a minimizer
of E[(y — ¢(x)"0)?] with respect to 6, show that the bound in equation (5.28) applies
with 0 = E[(y — o(x) " 6,)?].

However, for least-mean-squares, a finer analysis can be performed, explicitly allowing
constant step sizes and a clear relationship with generalization bounds for least-squares
regression outlined in chapter 3, which we present next.
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Finer analysis of the LMS recursion (#4). A detailed analysis of the LMS recursion
in equation (5.27) is out of the scope of this book. However, a simplified recursion with
essentially the same behavior can be analyzed with simple linear algebra tools. To obtain
this simplified recursion, we rewrite equation (5.27) as

O = 0n = (I =7X)(0:-1 — 0x) + veep(we) +7(Z = (o) () ") (Os—1 — b.),

which is the recursion of the expected risk, corresponding to the term (I —~vX)(0;—1 —6.),
plus additional stochastic terms with zero conditional mean. One of them, veyp(z;) is
purely additive (i.e., it does not depend on 6;_1) and has a constant nonzero variance,
while the other one, v(X — ¢(x;)p(z¢) ") (f:—1 — 0) is multiplicative and has a variance
that will go to zero as iterates converge to 6,. The simplified recursion ignores that term,
and we now study the recursion (started at 1y = 6p):

— 0 = (I —¥E)(ne—1 — 0x) + verp(ar), (5.29)
which also corresponds to replacing o(z)@(z¢) T in equation (5.27) by its expectation X.

We can then explicitly unroll the recursion as

me— 0 = (I—75) (o —0.)+ > veuld — vE) "p(zu),

u=1

with two parts, one that only depends on the initialization (i.e., (I —y%)(n9 —6.)), which
is precisely the deterministic recursion from section 5.2.1, and which we call the “bias,”
and a part that depends on the noise variables €, u = 1,...,t, which we refer to as the
“variance.” Assuming that these noise variables are independent of x, the two parts can
be considered totally independently when looking at expectations.

We then have, for the averaged iterates, using ZZ;B(I_VE)U = (D) HI-(I-7%)]
several times,

_(bias 1 v 1 -

e — g, = ;Z(I—WE) (no = 0.) = > (v2) [T = (T = v%)'] (o — 0.)
t 1 v ,7 t—1 t—1

ﬁgvar) —9, = = Z Z/}/Eu I ,72 ’U u xu =3 Z Z I — ’}/E Euﬁp(xu)
v=1u=1 u=1lv=u

Z X I 72)t u] Eus"(xu)

leading to, using v < R2 (which implies T — X 5= 0) for ¢ > 0:

_(bias 2 1 - 2
77 =0y = Z0 =0T (=) [ = (1 = %)) Sl — 6.)
1 _
< W(HO—G*)TZ 1(770—9*)7
g2 = 24

Blla-oly) = F X [P - -] <5

t
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Figure 5.3. The iterates of SGD form a Markov chain, which is homogeneous when the
step size 7 is constant. It typically converges to a stationary distribution with expec-
tation év, which happens to be the global minimum 6. for quadratic costs (and with a
deviation of 42 in general). The nonaveraged iterates go from the initial condition 6y to
the vicinity of 9_7, while the averaged iterates converge to that expectation 9_7.

We thus obtain two terms, the variance in #, which exists because the optimal prediction
is not equal to the response, and the bias in ﬁ (no—0+) " X1 (no—0.), which corresponds
to the forgetting of initial conditions. It is worth comparing to the same quantities
for the nonaveraged iterates: the bias is upper-bounded by (using the same constants)
72—1152(770 —0,) "2 (o — 0,), but it is typically faster when the lowest eigenvalue of ¥ is
strictly positive. The variance term is only of order yo? tr[%] (thus, with no convergence).
This is illustrated in figure 5.3; note that averaged SGD with constant step size converges
to the global optimum only for the quadratic loss (see Bach and Moulines, 2013, for an
extension to the logistic loss).

When ¢ = n iterations are performed, these should be compared to the excess risk for
the least-squares estimators defined in section 3.3, obtained by minimizing the empirical
risk (only with the fixed design assumption). The variance is the same as 02d/n = O(1/n),
while the bias is in O(1/n?) and seems smaller in the dependence on n. However, in high-
dimensional problems, it can start to be larger for small n, highlighting the impact of
forgetting initial conditions (see, e.g., Défossez and Bach, 2015).

The analysis provided in this section can be extended in several ways, for the “true”
multiplicative noise, with similar results (Bach and Moulines, 2013; Défossez and Bach,
2015), in order to obtain dimension-free results akin to section 3.6 (Dieuleveut and Bach,
2016; Dieuleveut et al., 2017), and to go beyond least-squares regression by studying
logistic regression (Bach, 2014).

5.4.4 Variance Reduction (¢)
We now consider a finite sum F() = 23" | f;(9), where each f; is R%-smooth (e.g.,

~n
logistic regression with features bounded by R in the fo-norm), and which is such that F
is p-strongly convex (e.g., by adding 4|6||3 to each f;, or by benefiting from the strong
convexity of the sum). We denote by x = R?/u the condition number of the problem

(note that it is larger than L/p, where L is the smoothness constant of F').
Using SGD, the convergence rate has been shown to be O(k/t) in section 5.4.1, with
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iterations of complexity O(d), while for GD, the convergence rate is O(exp(—t/k)) (see
section 5.2.3), but each iteration has complexity O(nd). We now present a result allowing
exponential convergence with an iteration cost of O(d).

The idea is to use a form of variance reduction, made possible by keeping past gradients

) € RY the version of gradient ¢ stored at time t.

The SAGA algorithm (Defazio et al., 2014), which combines the earlier algorithms
SAG (Schmidt et al., 2017) and SVRG (Johnson and Zhang, 2013; Zhang et al., 2013),
works as follows: at every iteration, an index i(¢) is selected uniformly at random in
{1,...,n}, and we perform the iteration

0, = 0,1 — [f 0 (6i-1) Z (-1 _ (- 1)}

in memory. We denote by zi(t

with zz((t)) = fi’(t) (0;—1) and all others zi(t) left unchanged (i.e., the same as zi(t*l)). Stated

in words, we add to the update with the stochastic gradient fi'(t) (0:—1) the corrective

term L 37 ft D_ z((tt)l) which has zero expectation with respect to (t). Thus, since

the expectation of fj(6:—1) with respect to i(¢) is equal to the full gradient F”(6), the
update is unbiased, as for regular SGD. The goal is to reduce its variance.

The idea behind variance reduction is that if the random variable zz((t ;) 2 (only consid-

ering the source of randomness coming from i(t)) is positively correlated with fi’(t) (Br—1),
then the variance is reduced and larger step sizes can be used.

As the algorithm converges, then zl-(t)

converges to f/(n.) (the individual gradient at
optimum). We will show that simultaneously 6; converges to n. and zit converges to

fl(ns) for all ¢, all at the same speed.

Proposition 5.9 (Convergence of SAGA) If nitializing with z = fl(6p) at the
initial point 6y € RY, for all i € {1,...,n}, we have, for the choice of step size v = %
1 3u t n 9
E[0: 3] < (1 —min { =, 2 b)Y (14 2 160 — el (5.30)

Proof (44) As with all proofs in this chapter, the proof consists in finding a Lyapunov
function that decays along iterations.

Step 1. We first try our usual Lyapunov function, making the differences ||zl-(t) — ()3

appear, with the update ; = 0;_1 —yw;, with w; = [fi'(t) (Br—1)+ % S zi(tfl) — zi((t;)l)]:

2 .
161 =112 = 27(B—1 =) "wi + 72”th2 by expanding the square,
101 =715 = 2y(s—1—7) T F'(0:—1)

+72Ei(t>{ (0 ) ZZ“ b_ H]

16: =713
Eit) [116:—n13]
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using the unbiasedness of the stochastic gradient. We further get

Eiey (100 = 3] < 1001 — |3 — 29(Be—1 — mu) " F'(61-1) .
2 _ 1 —1)2
+2”Y2]Ei(t) |:Hfi/(t) (0r-1) — fi/(t) (77*)"2} + 272]Ei(t) [Hfi/(t)(n*) - Z(L)l) + n Z Zz‘<t )Hg}’
=1

) 2
using [la + b[|3 < 2|lal|3 + 2|b]|]3. To bound E; [Hfz(t) (0r—1) — fl.’(t)(n*)HJ, we use co-
coercivity of all functions f; (see proposition 5.4), to get

2

] = 2 e - sl

_ZR2 £iO1) = ()] (061 — )

Bty || o Oe—1) = Fico (1)

N

= R*F'(6,-1)" (61-1—n.) since Y _ f{(n.) = 0. (5.31)

i=1

To bound E; ) {Hfi/(t) (1) — f(LL)l) +E3 Z(L 1)Hﬂ , we use the inequality between vari-

ance and second moment E;;) [[|Z — Ei1) Z||3] < Ei)[|1Z]|3]. We thus get

Eiy [10:=n:115] < 1101—1 =713 — 2781 =) " F' (61-1) + 27232(9%1 —n.) " F'(0;-1)
1
2 (t—1)
+2’Y E E Hf 77* 77 H27

i=1

= [|6i—1—n:)15 — 29(1=yR*)(B—1—1.) " F'(61-1)

2 n
R N TRl
=1

Step 2. We see the term Y .-, Hf M) — z H2 appearing, so we try to study how it
()

varies across iterations. We have, by definition of the updates of the vectors z; ",

Solfm) == = Yo fm) ==V
i=1 i=1
_Hfil(t)(n*) z(t H2+Hfz(t M) fz(t)(et_l)Hi'

Taking expectations with respect to i(t), we get

n 1. & _
Eio [ D 101 ==0[5] = (=) Y 17 ==l + ZHf 0~ 103
=1 =1

1, < _
< (=) Dt = 2705+ B2 (Ot =) TF (01),
i=1
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where we use the bound in equation (5.31). Thus, for a positive real number A to be
chosen later,

- 2
Ex 10— .13+ 2 [17n) — 27|
=1
R2A
< N1 — mull3 —29(1 =R — o )(Or—1 — ) T F'(0—1)

+ole o+ (1= 1/m) A ) — =02

i=1

With A =342 and v = 15, we get 1 —yR? — RVA =2 and 2% = 2. Moreover, using

the identity (6;—1 — 77*) (9t—1) > p|0:—1 — n+]|3 as a consequence of strong convexity,
we then get

B [0 =5+ A 3 [17/0) = =71

=1
S e n*|\2+AZHf () == 7V5).

Thus, by applying this inequality at all times from 1 to ¢, we get:

B[l —n.13) < (1- mm{gn Y (180 = B+ g S i) — 2]
i=1

If initializing with z = fl(6p), we get the desired bound by using the Lipschitz-
continuity of each f’, which leads to (1 + 32)||6p — n.]13 < (1 + %)[|6o — n.]|3. This
leads to the final bound in equation (5.30). |

We can make the following observations:

e The contraction rate after one iteration is (1 — min {%, 12’% }), which is less than
exp ( — min {%, 12’%}). Thus, after an effective pass over the data (i.e., n itera-
tions), the contracting rate is exp ( — min{%, fg*—R’g}). It is only an effective pass
because after we sample n indices with replacement, we will not see all the functions

(while some will be seen several times).

To have a contracting effect of ¢ (i.e., having ||0; — 1.]|3 < €[00 — n«|3), we need
to have exp ( — tmin {%, W})Qn < ¢, which is equivalent to having at least

this number of iterations ¢ > max {?m, 1315 }1og . It just suffices to have ¢t >
(3n + 1252) log , and thus the running time complexity is equal to d times the
minimal number; that is,
16 R? 2
a(3n+ ——)log =
€

This is to be contrasted with batch GD with step size v = 1/R? (which is the
2

simplest step size that can be computed easily), whose complexity is dn— log —.
1 €



150 CHAPTER 5. OPTIMIZATION FOR MACHINE LEARNING

Training objective — n. = 1,000

<
€3
|
S
=
=
%D —SGD
— —SAGA
—GD

0 10 20 30 40 50
Effective passes

Training objective — n = 10,000

=2
=
Y
p—
S
&,
(=)
0 —6r —SGD
= ——SAGA
—GD
78 N

0 10 20 30 40 50
Effective passes

Expected risk — n = 1,000
——SGD

0.65 ——SAGA|]
—GD
0.6
Q? L
<055}
<o
05
0.45
0.4

0 10 20 30 40 50
Effective passes

. Expected risk — n = 10,000

—SGD
0.65 ——SAGA |
—GD

0 10 20 30 40 50
Effective passes

Figure 5.4. Comparison of stochastic gradient algorithms for logistic regression. Top:
n = 1,000; bottom: n = 10,000. Left: training objective in semilog plot; right: expected
risk estimated with n (independent) test points.

We replace the product of n and condition number x = RTQ by a sum, which is

significant where « is large.

e Multiple extensions of this result are available, such as a rate for non-strongly-
convex functions, adaptivity to strong convexity, proximal extensions, and accel-
eration. It is also worth mentioning that the need to store past gradients can be
alleviated (see Gower et al., 2020, for more details).

e Note that these fast algorithms allow very small optimization errors and the best
testing risks will typically be obtained after a few (10 to 100) passes.

Experiments. Here, we consider ¢;-regularized logistic regression and compare GD,
SGD, and SAGA, all with their corresponding step sizes coming from the theoretical
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analysis, with two values of n. We use a simple binary classification problem with linear
predictors in dimension d = 40 (inputs generated from a Gaussian distribution, with
binary outputs obtained as the sign of a linear function with additive Gaussian noise),
with two different numbers of observations n, and the regularization parameter u = R?/n.
See figure 5.4 (top: small n, bottom: large n). We see that for early iterations, SGD
dominates GD, while for larger numbers of iterations, GD is faster. This last effect
is not seen for large numbers of observations in figure 5.4 (right), where SGD always
dominates GD. SAGA gets to machine precision after 50 effective passes over the data in
these two cases. Note also the better performance on the testing data.

5.5 Conclusion

Convex finite-dimensional problems. We can now provide a summary of conver-
gence rates, with the main rates that we have seen in this chapter (and some that we have
not seen) for convex objective functions. We distinguish between convex and strongly con-
vex, and between smooth and nonsmooth, as well as between deterministic and stochastic
methods. In the following table, L is the smoothness constant, y the strong convexity con-
stant, and B the Lipschitz constant (below, we ignore multiplicative factors that involve
the initial distance to optimum in fo-norm or function values, to focus on the dependence
in ¢t and the conditioning of the problem for the strongly convex case):

Convex Strongly Convex
Nonsmooth | Deterministic: 1/v/¢ | Deterministic: B2/(tu)
Stochastic: 1/v/t Stochastic: B2/ (tu)

Smooth Deterministic: 1/t* | Deterministic: exp(—t+/u/L)
Stochastic: 1/v/t Stochastic: L/(tu)
Finite sum: n/t Finite sum: exp(— min{1/n, u/L}t)

The convergence rates are often written as a number ¢ of accesses to individual gra-
dients to achieve excess function values of €. This corresponds to inverting each formula
for ¢ as a function of ¢ to a formula for ¢ as a function of e. This leads to the following
table:

Convex Strongly Convex

Nonsmooth | Deterministic: 1/¢? | Deterministic: B?/(epu)

Stochastic: 1/&2 Stochastic: B?/(epu)
Smooth Deterministic: 1/4/¢ | Deterministic: y/L/ulog(1/¢)
Stochastic: 1/&2 Stochastic: L/(ep)

Finite sum: n/e Finite sum: max{n, L/u}log(1/e)
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As in the rest of the book, where we obtain explicit convergence rates, the
homogeneity of all quantities can be checked (see exercise 5.36). In the context
of optimization, this ensures that algorithms are invariant under a change of
variable 8 — a#f for a # 0.

Exercise 5.36 Check the homogeneity of all quantities of this section (step size and
convergence rates).

Note that many important themes in first-order optimization have not been discussed
here, such as Frank-Wolfe methods (presented in chapter 9), coordinate descent, or dual-
ity. See Nesterov (2018) and Bubeck (2015) for further details. See also chapters 7 and 9
for optimization methods for kernel methods and neural networks.

For strongly convex smooth problems, the following illustration also provides a good
summary, with GD being along a line in a semilog plot (i.e., exponential convergence)
but with a staircase effect due to the lack of progress while computing the full gradient,
SGD starting fast but having trouble reaching low optimization error, with variance
reduction getting the best of both worlds, together with a faster rate of convergence than
regular GD:

Gradient descent (GD)

Stochastic gradient descent (SGD)

log(excess cost)

Variance reduction

Running time

Beyond finite-dimensional problems. Supervised machine learning problems lead-
ing to finite-dimensional convex objective functions are essentially problems with predic-
tion functions that are linear in their parameters, with a feature map that can be explicitly
computed. In chapter 7, we extend some of the algorithms seen in this chapter to fea-
tures that are available only through dot products o(x)"¢(z’). In section 10.3, we also
consider infinite-dimensional sets of predictors optimized through boosting procedures.

Beyond convex problems. Complexity bounds can be obtained beyond convex prob-
lems, as shown briefly in section 5.2.6 and exercise 5.30. However, they certify only that
the gradient norm will go to zero, not that a global optimum has been approximately
reached. Objective functions obtained from neural network training provide an important
class of nonconvex objective functions, which we consider in chapter 9.
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Generalization bounds: Rademacher or SGD? In chapter 4, we showed how to
obtain generalization bounds for the constrained or regularized empirical risk minimizer.
They relied on Rademacher complexities, which apply to all Lipschitz-continuous loss
functions (but not necessarily convex). However, they leave open how to obtain algorith-
mically such minimizers. In this section, we have not only seen algorithms to obtain such
minimizers through gradient-based techniques, but also single-pass SGD that directly
provides the same generalization bound on unseen data for an efficient algorithm. We
will see in section 11.1.3 how this extends to the mirror descent framework to account for
non-Euclidean geometries.

These two ways of obtaining generalization bounds will also be compared for multi-
category classification in chapter 13, where SGD-based bounds will lead to better bounds.






Chapter 6

Local Averaging Methods

Chapter Summary

Nonparametric estimation: This is the book’s first chapter discussing nonparamet-
ric methods, which are not based on parametric models and can adapt to complex
target functions.

“Linear” estimators: These are based on assigning weight functions to each obser-
vation so that each observation can vote for its label with the corresponding weight
(typically, these estimators are nonlinear in the input variables).

Partitioning estimates: The input space is cut into nonoverlapping cells, and the
predictor is piecewise constant.

Nadaraya-Watson estimators (aka kernel regression): Each observation assigns a
weight proportional to its distance in input space.

k-nearest neighbors: Each observation assigns an equal weight to its k-nearest
neighbors, with a majority vote among the corresponding labels.

Consistency: All these methods can provably learn complex Lipschitz-continuous
nonlinear functions with a convergence rate of the form O(n=2/(¢+2) where d is
the underlying input dimension, leading to the curse of dimensionality.

6.1 Introduction

As in previous chapters, we consider the supervised learning setup, where we are being
given a training set: observations (z;,y;) € X x Y, i = 1,...,n of inputs/outputs are
assumed to be independent and identically distributed (i.i.d.) random variables with
common distribution p. We consider a loss function ¢ : Y x Y — R, where ¢(y, z) is the
loss of predicting z when the true label is y.

155




156 CHAPTER 6. LOCAL AVERAGING METHODS

Our goal is to minimize the expected risk; that is, the generalization performance of
a prediction function f from X to Y:

R(f) =E[l(y, f(2))],
where the expectation is computed with respect to the distribution p.

/\ As in the rest of the book, we assume that the testing distribution is the same as the
training distribution.

/A Be careful with the randomness (or lack thereof) of f: The estimator f that we will

use depends on the training data, not on the testing data, and thus R(f) is random
because of the dependence on the training data.

As seen in chapter 2, the two classical cases are

e Binary classification: Y = {—1,1} (or often Y = {0,1}), and £(y, z) = 1,2, (0-1
loss). Then R(f) =P(f(z) # y).

e Regression: Y = R and £(y, z) = (y — 2)? (square loss). Then R(f) = E[(y — f(x))?].

As seen in chapter 2, minimizing the expected risk leads to an optimal target function,
called the “Bayes predictor” f, € argmin R(f) = E[{(y, f(x))]. As shown in section 2.2.3,
the optimal predictor can be obtained from the conditional distribution of y|x as

f«(x) € argmin E[l(y, 2)|z].
z€Y

Note that (1) the Bayes predictor is not unique, but all Bayes predictors lead to the
same Bayes risk, and (2) the Bayes risk is usually nonzero (unless the dependence between
z and y is deterministic). The goal of supervised machine learning is thus to estimate f,,
knowing only the training data D = {(x1,91),..., (n,yn)} and the loss ¢, with the goal
of minimizing the risk or the excess risk R(f) — R*. We have the following special cases
to consider:

e For binary classification: Y = {—1,1} and 4(y,z) = 1,»., the Bayes predictor is
equal to f.(x) € argmax;co,1} P(y = i|z). This extends naturally to multicategory
classification with the Bayes predictor f.(z) € argmax P(y = i|z).

ie{l,....k}
If a convex surrogate from section 4.1.1 is used, such as the logistic loss £(y, z) =

log(1 + exp(—yz)) for z € R, then the target function is f.(z) = log H.

e For regression: Y = R and £(y, z) = (y — 2)?, the Bayes predictor is f.(z) = Ely|z].
Moreover, we have R(f) = R* = [ (f(z) = fu(z))?dp(z) = ||f — f:ll7,(,)-

In chapters 3 and 4, we explored methods based on empirical risk minimization, with
explicit finite-dimensional models (often linear in their parameters) that may not be
flexible enough to adapt to complex target functions. We now explore methods that can,
starting with local averaging methods, which are not based on empirical risk minimization.
Later in this book, we will study kernel methods (chapter 7), neural networks (chapter 9),
and boosting methods (section 10.3).
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6.2 Local Averaging Methods

In local averaging methods, we aim at approximating the target function f, directly,
without any form of optimization. This will be done by approximating the conditional
distribution p(y|z) of y given z, by some p(y|x). We then replace the target function

fi(z) € argmin.ey [, £(y, 2)dp(y|x) by f(x) € argmin,cy Jy £y, 2)dp(y|x). These are
often called “plug-in” estimators.

In the usual cases, this leads to the following predictions:

e For classification with the 0-1 loss: f(z) € argmax P(y = j|z).
je{1,....,k}

e For regression with the square loss: f(z fy y dp(y|z).

6.2.1 Linear Estimators

In this chapter, we will consider linear estimators, where the conditional distribution is

of the form
plylr) = Z i

where 4, is the Dirac probability distribution at y; (putting a unit mass at y;), and the
weight functions w; : X - R, i =1,...,n depend on the input data only (for simplicity)
and satisfies (almost surely in z):

VeeX, Vie{l,...,n}, wi(z) >0, and Zwl(:v) =1. (6.1)

These conditions ensure that for all x € X, p(-|z) is a probability distribution.

/A\ Some references allow the weights not to sum to 1.

For our running examples, this leads to the following predictions:

e For classification: f(z) € argmax sz 1,,=;; that is, each observation (z;,y;)
Je{1,...k} ;4
votes for its label with weight @;(z), a strategy often called “majority vote.”

e For regression: Y = R: f sz x)y;. This is why the terminology “linear

estimators” is sometimes used: as a function of the response vector in R", the
estimator is linear (note that this is also the case for kernel ridge regression in
chapter 7; see section 7.6.1). If we only consider predictions f (x;) at the observed
inputs, the vector § € R™ of predictions §; = f(x;), for i € {1,...,n} is of the
form § = Hy, where the matrix H € R™*", often called the “smoothing matrix” or
the “hat matrix,” is such that H;; = @;(z;). From equation (6.1), the smoothing
matrix H is stochastic; that is, with nonnegative elements and rows that sum to
one.
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Partitioning Nadaraya-Watson 1-nearest-neighbor
1 1 1 M
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Figure 6.1. Weights of linear estimators in dimension d = 1 for the three types of local
averaging estimators. The n = 8 weight functions © — w;(x), i = 1,...,n, are plotted
with the observations in black.

/A For X = R?, linear estimators typically do not lead to prediction functions that
are linear in their inputs.

Note that in addition to being a linear estimator, the estimator satisfies additional
properties: if the same constant is added to all outputs, the exact same constant
is added to the prediction function; moreover, given two vectors of outputs y and
y' € R" with two prediction functions f and f, if y; < y; for all ¢ € {1,...,n},
then f(z) < f'(z) for all z € X.

Construction of weight functions. In most cases, for any i, the weight function
w;(x) is large for training points x; that are close to x, and small otherwise. We now
show three classical ways of building them: (1) partition estimators, (2) nearest-neighbors,
and (3) Nadaraya-Watson estimators (aka kernel regression). See the examples shown in
figure 6.1.

6.2.2 Partition Estimators

If X = U c; 4 is a partition (such that for all distinct j,j' € J, A; N Ay = ) of X
with a countable index set J (which we will assume to be finite for simplicity, equal to
{1,...,|J|}), then we can consider for any x € X the corresponding element A(x) of the
partition (i.e., A(x) is the unique A;, j € J, such that z € A;), and define

N lwieA(m)
Wi () = =f————— 6.2
l( ) 2?,21 1zi/€A(m)7 ( )
with the convention that if no training data point lies in A(z), then w;(z) is equal to 1/n
for each ¢ € {1,...,n}. This implies that each w; is piecewise constant with respect to
the partition; that is, for any nonempty cell A; (i.e., such that at least one observation
falls in Aj), for any x € Aj, the vectors (;());cq1,... n} have weights equal to 1/n4, for
i € Aj, where n 4, is the number of training points in set A;, and 0 otherwise.
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Equivalence with least-squares regression. When applied to regression where the
estimator is f(z) ="/, w;(x)y;, using a partition estimator can be seen as a least-squares

estimator with feature vector (“"(f)) = ((126’*11'”6") € RIVIH1 as we now show.

Indeed, we then aim to estimate (z) € RIVI*1 for the prediction function
f(z) = ZejlzeAj + 7.
jed
From training data (x1,%1), ..., (n, yn), as shown in chapter 3, we can directly estimate

the constant term as n = § = %Z?:l yi, while for the other components, we need to

solve the multidimensional normal equation

n n

D el@)e(@) 0 ="y (yi — 7))
i=1 i=1
It turns out that matrix & = LS o(xi)e(a;) " is diagonal where for each j € J,

nijj is equal to the number n 4, of data points lying in cell A;. This implies that for a
nonempty cell A;, 6; is the average of all y; — ¥, for all 7 such that z; lies in A;. Thus, for
all € Aj, the prediction is exactly 6; + g, as obtained from weights in equation (6.2).
For empty cells, §; is not determined by the normal equation given above, and if we set
it to zero, we recover our convention of predicting as the mean of all labels.

/\ Other conventions exist (such as all zero weights when no data point lies in A(x)).

This equivalence with least-squares estimation with a diagonal (whether empirical or
not) noncentered covariance matrix makes it attractive for theoretical purposes: as shown
in section 6.3.1, we can essentially import results from chapter 3; moreover, partition-
ing estimators provide particularly simple examples of least-squares estimator since the
inversion of the population and expected covariance matrices can be done in closed form.

Choice of partitions. There are two standard applications of partition estimators:

e Fixed partitions: For example, when X = [O,l]d, we can consider cubes of
length h, with |J| = h~%, as illustrated in dimension d = 2 with |.J| = 25:

Ay |Ag [ As | Ay | As
Ag | A7 | Ag | Ag | Ay
An| Ao | Ais| Al Ars
Al Arr| Ais| Avo| Agg
Ag1| Agg| Agz| Ags| Aas

Note here that the computation time for each « € X is not necessarily proportional
to |J| but rather to n (by simply considering the bins where the data lie). This esti-
mator is sometimes called a “regressogram.” We need then to choose bandwidth A
(see analysis in section 6.3.1). See figure 6.2 for an illustration in one dimension.
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e Decision trees: For data in a hypercube, we can recursively partition it by select-
ing a variable to split, leading to a maximum reduction in errors when defining the
partitioning estimate.! A model selection criterion is then needed to control the
number of cells in the partition (see, e.g., section 9.2 from Friedman et al., 2009).
Note here that the partition depends on the labels (so the analysis given here does
not apply unless the partitioning is learned on data different from the one used for
the estimation).

Figure 6.2. Regressograms in dimension d = 1, with three values of |J| (the number of
sets in the partition). Here, n = 100 input data points are distributed uniformly on [0, 1],
and, for i € {1,...,n}, the outputs y; equal % —|x; — %| + ¢&;, where ¢; is a Gaussian with
mean zero and variance 0 = 115. We can observe both underfitting (|.J| too small) and
overfitting (]J| too large). Note that the target function f, is piecewise affine, and on the
affine parts, the estimator is far from linear; that is, the estimator cannot take advantage
of extra regularity (see section 6.5 for more details).

6.2.3 Nearest-Neighbors

Given an integer k£ > 1, and a distance A on X, for any =z € X, we can order the n
observations so that

A4, (2), ) < A(Ziy(2),2) < < A5, (), T)s

where {i1(z),...,in(z)} = {1,...,n} and ties are broken randomly? (i.e., for all z € X,
the indices that come first are sampled randomly). See the illustration below:

1See more details in https://en.wikipedia.org/wiki/Decision_tree_learning.
20ther conventions share the weights among all ties.


https://en.wikipedia.org/wiki/Decision_tree_learning

6.2. LOCAL AVERAGING METHODS 161

We then define
wi(x) =1/k if i € {i1(x),...,ix(x)}, and 0 otherwise.

Given a new input x € RY the nearest neighbor predictor looks at the k nearest
points x; in the dataset {(z1,y1),...,(Tn,¥yn)} and predicts a majority vote among
them (for classification) or simply the averaged response (for regression). The number of
nearest-neighbors is the hyperparameter, which needs to be estimated (typically by cross-
validation); see section 6.3.2 for an analysis. A one-dimensional example is illustrated in
figure 6.3. For k = 1, the prediction function is piecewise constant, with each constant
piece corresponding to a region where a given observation is the nearest-neighbor, leading,
in two dimensions, to the Voronoi diagram, with all regions displayed?:

Algorithms. Given a test point « € X, the naive algorithm looks at all training data
points for computing the predicted response. Thus the complexity is O(nd) per test
point in R?. When n is large, this is costly in terms of both time and memory. Index-
ing techniques exist for (potentially approximate) nearest-neighbor search, such as “k-d
trees,”* with typically a logarithmic complexity in n (but with some additional compil-
ing time), and a memory footprint that can grow exponentially in dimension (see, e.g.,
Shakhnarovich et al., 2005).

Exercise 6.1 For k-nearest-neighbors and partitioning estimates, what is the pattern of
nonzeros in the smoothing matriz H € R"*" ¢

3See more details about Voronoi diagrams in https://en.wikipedia.org/wiki/Voronoi_diagram.
4See https://en.wikipedia.org/wiki/K-d_tree.
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Figure 6.3. k-nearest neighbor regression in dimension d = 1, with three values of k (the
number of neighbors), with the same data as figure 6.2. We can observe both underfitting
(k too large) and overfitting (k too small).

6.2.4 Nadaraya-Watson Estimator (aka Kernel Regression) (¢)

Given a kernel function k£ : X x X — R, which is pointwise nonnegative, we define

k(z,x;)

Wi(z) = =,
) S k)

with the convention that if k(z,x;) = 0 for all ¢ € {1,...,n}, then w;(z) is equal to

1/n for each ¢ (which is the same convention used for estimators based on partitions in

section 6.2.2).

In most cases where X C R?, we take k(z,2’) = h~%(} (z—a')) for a certain function
q : R — R, that has large values around 0, with A > 0 as a bandwidth parameter to
be selected (see the analysis in section 6.3.3). If we assume that ¢ is integrable with an
integral equal to 1, then k(-,2’) is a probability density with mass around «’, which gets
more concentrated as h goes to zero. See the following illustration for the two typical
kernel functions (sometimes called “windows”):

Box kernel Gaussian kernel
A
qn, h small qn, h small
qn, h large
| qn, h large

A J

Typical examples are:

e Box kernel: ¢(x) o< 1)4),<1, Which leads to a weight function @; with many zeros.
See the following for an illustration of this point in dimension d = 2:
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X

e Gaussian kernel ¢(z) « e~ll=ll/ 2 where we use the fact that it is nonnegative
pointwise, as opposed to positive-definiteness (discussed in chapter 7).> See a one-
dimensional experiment in figure 6.4.

In terms of algorithms, with a naive algorithm, for every test point, all the input data
have to be considered (i.e., with a complexity proportional to n). The same techniques
used for an efficient k-nearest-neighbor search (e.g., k-d-trees) can also be applied here.
Algorithms based on the fast Fourier transform can also be used (Silverman, 1982).

h = 0.005 h = 0.050 h =0.250
0.6 —— Target —— Target | —— Target
: —— Nadaraya-Watson —— Nadaraya-Watson —— Nadaraya-Watson
KLk s
o “» |
0.4 ‘ﬁ‘ ] ’ll
Y
"V *) ><>< ! ‘i % B .
0.2 [ ¥
% < N %
% xx X x =W
I N
0 Rl X ks
X
X
—0.2 —0.2
0 0.5 1 i 0 0.5 1
T T T

Figure 6.4. Nadaraya-Watson regression in dimension d = 1, with three values of h (the
bandwidth), for the Gaussian kernel, with the same data as figure 6.2. We can observe
both underfitting (h too large), and overfitting (h too small).

6.3 Generic Simplest Consistency Analysis

For simplicity, here we only consider the regression case. For classification, convex sur-
rogate techniques such as those used in section 4.1 can be used, with, for example, the
square loss or the logistic loss (with a square root calibration function on top of the least-
squares excess risk; see exercise 6.2). Still, better rates can be obtained directly (see, e.g.,
Audibert and Tsybakov, 2007; Chaudhuri and Dasgupta, 2014).

We make the following generic simplifying assumptions (weaker ones could be consid-
ered with more involved proofs):

5See also https://francisbach.com/cursed-kernels/.
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(H-1) Bounded noise: There is o > 0 such that (y—E[y|x])? < 02 almost surely. We could
also consider a weaker assumption that the condltlonal variance E[(y — E[y|z])?|z]
is bounded by o2 almost surely.

(H-2) Regular target function: The target function f.(z) = E[y|z] is B-Lipschitz-continuous
with respect to a distance A. For weaker assumptions, see section 6.4.

We have, with the target function f.(z) = E[y|z], at a test point z € X (and using the
fact that the weights w;(x) sum to 1),

f2) = fu(z) = Zylwl Ely|z]
= sz(:zz) Ui y1|:171 —|—Zw1 Ely;|x;] — [y|517H
=1
= i) i~ Bl +sz [fula) = fo(a)].

Given z1,...,x, (and because we have assumed that the weight functions do not depend
on the labels), the left term has zero expectation, while the right term is deterministic.
We thus have, using the independence of all (x;,¥;), ¢ = 1,...,n, and for = being fixed
(taking expectations uniquely with respect to labels y1,...,yn):

(z) — f*(x))z‘xl,...,:cn}
Ef(a:)‘:z:l,,:zrn] —f*(a:)) —|—Var[ (2)|@1,. .. 0]

(
= [ X o) (fela) - fo@)] + Zwi<w>2E[(yi — Elyil:]) 1]

= bias + variance,

“

with a “bias” term that is zero if f, is constant,® and a “variance” term that is zero
when y is a deterministic function of = (i.e., 0 = 0). Note that at this point, we only had
equalities in the argument; we can now upper-bound as

E[( ( ) f* ’J:l,...,(En}
< [Z Wi ()| fi (@) — ful ] +0? Z w;(x)? using (H-1), (6.3)
< [Z W; () BA(x;, ZC)]:| +0? Zwl(:v)Q using (H-2),

< B? Z i (2)A(zq, )% + o? Z b (x)? using Jensen’s inequality. (6.4)

6What we call “bias” in this book is sometimes referred to as the “squared bias.”
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Note that in the last inequality in equation (6.4), having the weight vector w(z) in the
simplex is crucial. We then have for the expected excess risk this generic bound, which
we will use for all three cases (partitions, k-nearest-neighbor, and Nadaraya-Watson):

| Bl @ 1.@) o) < B[ ROCIERSICIEDY | Blis@lan(o)
(6.5)

/\ The expectation is with respect to the training data. The expectation with respect
to the testing point x is kept as an integral to avoid confusion.

This upper bound can be divided into two terms:

e A variance term 02 Y7 | [, E[w;(2)?]dp(z), which depends on the noise on top of
the optimal predictions. Since the weights sum to 1, we can write .| E[w; (z)?] =
St E[(wi(x) —1/n)?]+1/n; that is, up to a vanishing constant, the variance term
measures the deviation from uniform weights.

e A bias term B2 [, E[Z?:l Wi (2)A(z, 1)2} dp(z), which depends on the regularity
of the target function through the constant B. It will be small if the weight vectors
w(z) put most of their mass on observations x; that are close to .

This leads to two conditions: both variance and bias have to go to zero when n grows,
corresponding to two explicit expressions that depend on the weights. For the variance,
the worst-case scenario is that w;(r)? ~ w;(r); that is, weights are putting all the mass
into a single label (which is usually different for different testing points), thus leading to
overfitting. For the bias, the worst-case scenario is that weights are uniform (leading to
underfitting).

In the following, we will specialize to X a subset of R?, with a distribution with a
density with some minor regularity properties (all will have compact support, i.e., X is
compact), where we show that a proper setting of the hyperparameters leads to good
predictions. This will be done for all three cases of local averaging methods.

We look at universal consistency in section 6.4, where we will relax assumption (H-2).
Exercise 6.2 For the binary classification problem, with Y = {—1,1}, assume that

f«(x) = Ely|z] is B-Lipschitz-continuous. Using section 4.1.4, show that the excess risk
of the majority vote is upper-bounded by

(32 /x E[iwi(:r)A(:ri,x)ﬂdp(x)—|—U2§ /DC E[wi(a:)Q]dp(x)) v

6.3.1 Fixed Partition

For the partitioning estimate defined in section 6.2.2, we can prove the following conver-
gence rate.

Proposition 6.1 (Convergence rate for partition estimates) Assume a bounded
noise (assumption (H-1)), a Lipschitz-continuous target function (assumption (H-2)),
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Regressogram k-nearest-neighbor Nadaraya-Watson
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Figure 6.5. Learning curves for all three local averaging methods as a function of the
corresponding hyperparameter. Left: regressogram (hyperparameter = number |J| of sets
in the partition); middle: k-nearest-neighbor (hyperparameter = number of neighbors k);
right: Nadaraya-Watson (hyperparameter = bandwidth k). In all three cases, we see a
trade-off between underfitting and overfitting.

and a partition of the bounded support X of p, as X = UjeJ Aj; then, for the partitioning

estimate f, we have

/]

/ E[(f(z) — f.(2))%]dp(z) < (802 + %diam(xf) Il 4 B2 maxdiam(4;)%. (6.6)
X n

JjeJ

Optimal trade-off between bias and variance. Before we look at the proof (which is
based on equation (6.5)), we can look at the consequence of the bound in equation (6.6).
We need to balance the terms (up to constants) max;ec s diam(A;)? and Inil In the
simplest situation of the unit cube [0,1]¢, with |J| = h~% cubes of length h, we get
|ni| = —L; and max;cy diam(A;)? = h?, which, with h = n=1/+9 to0 make them equal,
leads to a rate proportional to n=2/(?*®)_ As shown by Gyorfi et al. (2006), this rate is
optimal for the estimation of Lipschitz-continuous functions (see also chapter 15).

While optimal, this is a very slow rate and a typical example of the curse of dimen-
sionality. For this rate to be small, n has to be exponentially large in dimension. This is
unavoidable with so little regularity (only bounded first-order derivatives). In chapter 7
(and also in section 6.5), we show how to use the smoothness of the target function to
get significantly improved bounds (local averaging cannot take strong advantage of such
smoothness). In chapters 8 and 9, we will use dependence on a small number of variables.

Experiments. For the problem shown in section 6.2, we plot in figure 6.5 (left) training
and testing errors averaged over 32 replications (with error bars showing the standard
deviations), where we clearly see the trade-off in the choice of |J].

Proof of proposition 6.1 (4) We consider an element A; of the partition with at least
one observation in it (a nonempty cell). Then for z € A;, and ¢ among the indices of the
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points lying in Aj, ;(x) = 1/na; where na; € {1,...,n} is the number of data points
lying in A;.

Variance. From equation (6.5), the variance term is bounded from above by o2 times

If A; contains no input observations, then all weights are equal to 1/n, and this sum is
equal to n x % = % for all z € A;. Thus, we get

B| S i@l |do@) = [ 3 teea B[ tun 50+ 1l o] dple)
x —

JEJ

1
= Z]P) |: . nA].>O+E1nAj:0:|-

jed A;

Intuitively, by the law of large numbers, n4;/n tends to P(A;), so the variance term is

2\\

expected to be of the order o2 > e P4 )nP(A y = 0~ 5, which is to be expected from

section 3.4, as this is essentially equivalent to least- squares regression with |J| features
(1ze¢4,)jes. We now make this precise.

We consider the decomposition of the variance term

n 1\n K HP(A; Tny >n Aj lna =
B[ S isto?]dote) < S pay) | EASEAD | o B | 0 g
x Lz

na, na,
jeJ A A

< S P2 < B s Lo o)

jeJ

We can then estimate the required probabilities: P(na; = 0) = (1 —P(A;))", and, using
Bernstein’s inequality (single-sided version of equation (1.13) in section 1.2.3) for the
random variables 1,,¢4;, which have mean and variance upper-bounded by P(A4;), we
get:

p(" < JP(4))) = P(" ' <P<Aj>—§P<Aj>) (6.8)
Aj)? /4 5
( CL17373) < exp(onP(A)/10) < s,

—Q

where we have used ae™® < 1/2 for any e > 0. This leads to the bound

"o 5 2 1 8|J|
/XE|:§U)1($) ]dp(x) < ZP(Aj)E[n]P’(Aj) + nP(4;) + P4, < e

jeJ
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Bias. We have, for z € A; and a nonempty cell,
sz (z,2;)? < diam(Aj)Q,

with Y0 () Az, 23)* = L3 | Az, 2;)? < diam(X)? for empty cells. Thus, sepa-
rating the cases na, = 0 and na, > 0:

/x E { Zn: Wi () Az, xi)Q] dp(z) < Y P(4;)E [diam(Aj)%nAj >0 + diam(X)*1,,., :0}

jeJ

Z P(A [dlam P41 - ]P’(Aj))"diam(f)C)z}

jed
= Z P(A;)diam(A +Z P(A A;))"™ diam(X)2.
jed jeJ

Using that u(1 —u)™ < ue™ ™ < 1/(2n) for u € [0, 1], we get

/DCIE[iwi(x)A(x,xl } < ) P(Aj)diam(A4;) + %% x diam(X)?,
i=1

jeJ

which leads to the desired term. [ |

6.3.2 k-nearest Neighbor

Here, since all Weights are equal to zero, except k of them, which are equal to k, we
have >0 | i (x)? = k, so the variance term will go down as soon as k tends to infinity.
For the bias term, the needed term ., ;(z)A(x;, z)? is equal to the average of the
squared distances between = and its k-nearest neighbors within {z1,...,z,}, and this is
less than the expected distance to the kth-nearest neighbor x;, (,), for which lemmas 6.1
and 6.2, taken from theorem 2.4 by Biau and Devroye (2015), give an estimate for the
{+-distance, and thus for all distances by equivalence of norms on R

Lemma 6.1 (Distance to nearest neighbor) Consider a probability distribution with
compact support in X C R%, and n+1 points x1, ..., 2y, Tny1 sampled i.i.d. from X. Then
the expected squared £ -distance between .11 and its first-nearest neighbor is less than

47&‘*“;/36) for d =2, and less than 2diam(X)? for d = 1.

Proof We denote by z(;) a nearest neighbor of z; among the other n points. Since all
n + 1 points are i.i.d., we can permute the indices without changing the distributions,
and all |lz; — 2 |\§o have the same distribution as [|[2n41 — Z(i1)[|%; thus, we can
instead compute = R [||:1:1 —z(||%]. We denote by R; = |lz; — x(;)||s and, for
simplicity, assume R; > O for all ¢ (the general case is left as an exercise). Then the sets

B, ={z € RY, ||z — 2]|oc < £t} are disjoint since for i # 7, ||2; — 7|00 > max{R;, R;}.
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See the following illustration in two dimensions, with squares representing sets B; centered
at x; (represented as dots):

pojos
(-] E"'E. oF

3

Moreover, their union has a diameter less than diam(X)+diam(X) = 2diam(X). Thus,
the volume of the union of all sets B;, which is equal to the sum of their volumes, is less

than (2diam(f)C))d. Thus, we have ZnH R¢ < (2diam(f)C))d. Therefore, by Jensen’s
inequality, for d > 2

n+1 n+1 .
1 d/2 1 24diam ()4
R)" ¢ L8Ry Ziem)!
(n +1 ; K n+1 ;( ) n+1

leading to the desired result. For d = 1, we have (= St R?) <diam(X) (35 SR R;),

which is less than n—Hdlam(fX:)2 ]

Lemma 6.2 (Distance to k-nearest-neighbor) Let k > 1. Consider a probability
distribution with compact support in X C R?, and n + 1 points x1,...,Zn, Tny1 sampled
i.i.d. from X. Then the expected squared lo-distance between x,4+1 and its k-nearest

neighbor is less than 8diam(f)C)2(2n—k)2/d for d > 2, and less than Ediam(X)? for d = 1.

Proof (#) Without loss of generality, we assume that 2k < n (otherwise, the proposed
bounds are trivial). We can then divide randomly (and independently) the n first points
into 2k sets of a size of approximately 5. We denote xzk) a l-nearest neighbor of x,,41
within the jth set. The squared distance from x,11 to the k-nearest neighbor among all
first n points is less than the kth smallest of the distances ||zp+1 —xfk) 1%,7€{l,...,2k}
because we take a k-nearest neighbor over a smaller set. This kth smallest distance is
less than £ Z?il |2ns1 — ;vzk) |4, (it is a general fact that the k-smallest element among
nonnegative p elements is less than their sum divided by p — k, applied here for p = 2k).

Thus, using lemma 6.1 on the 1-nearest neighbor from -+ points, we get that the

2k
desired averaged distance is less than, for d > 2

2% . .
1 diam(X)? diam(X)? 2/d
R =S

A similar argument can be extended to d =1 (proof left as an exercise). |
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Putting things together, we get the following result for the consistency of k-nearest neigh-
bor regression.

Proposition 6.2 (Convergence rate for k-nearest neighbors) Assume a bounded
noise (assumption (H-1)), a Lipschitz-continuous target function (assumption (H-2)),
and an input distribution with bounded support X. Then for the k-nearest-neighbor esti-
mate f with the {o-norm, we have, for d > 2,

2k\2/d
=) (6.9)

/ E[(f(2) - f.(2))?]dp(a) < T + 8B diam(X)? (=
X

Balancing the two terms in equation (6.9) is obtained with k n?/+d) and we get the
same result as for the other local averaging schemes. See more details in Chen and Shah
(2018) and Biau and Devroye (2015).

Exercise 6.3 Show that if the Bayes rate is 0 (i.e., o = 0), then the 1-nearest-neighbor
predictor is consistent.

Experiments. For the problem shown in section 6.2, we plot in figure 6.5 (middle)
training and testing errors averaged over 32 replications (with error bars showing the
standard deviations), where we clearly see the trade-off in the choice of k.

6.3.3 Kernel Regression (Nadaraya-Watson) (¢)

In this section, we assume that X = R%, and for simplicity, that the distribution of the
inputs has a density (also denoted as p) with respect to the Lebesgue measure. We also
assume that the kernel is of the form k(z,2’) = qu(z — ') = h™%(3(z — 2')) for a
probability density ¢ : R? — R,. The function ¢ is also the density of hz when z has
density ¢(z) (it thus gets more concentrated around 0 as h tends to zero). With these
notations, the weights can be written as

o) = an(z — )
wl( ) Z

?:1 an(x — ;)

Smoothing by convolution. When performing kernel regression, quantities of the
form 2 37" | gn(2z — x;)g(x;) naturally appear. When the number n of observations goes

to infinity and z is fixed, by the law of large numbers, it tends to / an(z —2)g(2)p(2)dz
Rd

almost surely, which is exactly the convolution between function g, and function pg,
which we can denote as [(pg) * gp](x). Function gy, is a probability density that puts most
of its weights at a range of values of order h (e.g., for kernels like the Gaussian kernel
or the box kernel). Thus, convolution will smooth function pg by averaging values at
range h. Therefore, when h goes to zero, it converges to the function pg itself. See the
following example for g = 1:
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p(z)

Smoothed(p)(x)

»

X

We can now look at the generalization bound from equation (6.5), and see how it
applies to kernel regression. We now consider the /¢s-distance for simplicity and the
variance and bias terms separately, first with an asymptotic informal result where both h
tends to zero and n tends to infinity, and then with a formal result.

Variance term. We have, for fixed z € X:

ny wi(z)? = ?Efl an(z — ) 5
i=1 (H >ic1 an(z — xz))
Using the law of large numbers and the smoothing reasoning previously discussed, this
sum ny ., w;(z)? is converging almost surely to
Jragn(z — 2)°p(z)dz (g} * pl(x)
(Jga an(z — z)p(z)dz)2 [gn * p](2)?
When h tends to zero, then the denominator [g; * p](2)? in equation (6.10) tends to

p(7)? because the bandwidth of the smoothing goes to zero. The numerator in equa-
tion (6.10) corresponds, up to a multiplicative constant, to the smoothing of p by the

(6.10)

den51ty T — fq# and it is thus asymptotically equivalent to p(z fRd qn(u)?du =

n(u)2du?
p(@)h™? [ou q(u)?du.
Overall, when n tends to infinity, and h tends to zero, we get, asymptotically for z

fixed,
sz — [ atwrau
nhd ( ) R4 ’

and thus, still asymptotically,

/ {Zw } dx'“nidvol(supp(p)) / q(u)?du,

Rd

where vol(supp(p)) is the volume of the support of p in R? (the closure of all 2 for which
p(z) > 0), which we assume to be bounded.

Bias. With the same intuitive reasoning, we get when n tends to infinity (for A the
l5-norm distance):

@A) Je 0= D= 2AEpC):
ZZ B Y R PP
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The denominator has the same shape as for the variance term and tends to p(z) when h
tends to zero. With the change of variable v = %(x — z), the numerator is equal
to f d gn(z — 2)|lz — z[l3p(2)dz = B* [a q(u)||ull3p(z — uh)du, which is equivalent to

) [pa q(uw)]|ul3du when h tends to zero. Overall, when n tends to infinity and h

tends to zero, we get

/ {Zwl (z;, ) }p(:v)d:vth /Rd q(u)]|u2du.

Therefore, overall we get an asymptotic bound proportional to (up to constants depending

on q)
2

272
W + B*h*,
leading to the same upper bound as for partitioning estimates by setting h oc n~/(4+2),
Formal reasoning (44). We can make this informal reasoning more formal using
concentration inequalities, leading to nonasymptotic bounds of the same nature (simply
more complicated) that make explicit the joint dependence on n and h. We will prove
the result given in proposition 6.3.

Proposition 6.3 (Convergence rate for Nadaraya-Watson estimation) Assume
a bounded noise (assumption (H-1)), a Lipschitz-continuous target function (assumption
(H-2)), and a function q : R* — R such that [, q(z)dz =1, and ||q||oc = sup,cpa q(z)
is finite. Moreover, assume that p has bounded support X and density upper-bounded by
Ipllos. Then, for the Nadaraya-Watson estimate f, we have

[ B - .0)ipte) < |l (02 + ?diam(xf) 28] G (6D

p(z)
X [gn *p](x)

With additional assumptions, we can show that the constant C} remains bounded when h
tends to zero (see exercise 6.4). Before giving the proof for this proposition, we note that
the optimal bandwidth parameter is indeed proportional to h o< n=1/(@+2) with an overall
excess risk proportional to n=2/(4+2) like the two other types of estimators.

where ¢ = [pa q(u)l|ull3du and Cy =

aging, consistency is only achieved if the bandwidth tends to zero when the

i As opposed to positive-definite kernel methods in chapter 7, for local aver-
number n of observations tends to infinity.

Proof of proposition 6.3 (¢4) As for the proof for partitioning estimates (equa-
tion (6.7)), to deal with the denominator in the definition of the weights, we can first use
Bernstein’s inequality (single-sided version of equation (1.13) in section 1.2.3), applied to
the random variables g;(z — x;), which is almost surely in [0, h~%||q||o0], to bound

1 & ne
’(; 2 (e =) < Bigla —2)] - ) <o (- sy )
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We get with e = $E[g;(z — 2)], using E[¢} (z — 2)] < ||q|loch ™ @E[gn(z — 2)], for the event
z) ={2>" gl —=;) < 3E[gn(x— 2)]} (which corresponds to equation (6.8) in the
proof of proposition 6.1),

— 1 (Elgn(z — 2)])?
PA@) < o (o)) + B Tl)

. (—%E[qh<w—z>]) lalloe 128 4lldl
h (7/3)hqllos / = nhiElgn(z — 2)] € 3 ~ nhiElgn(z — 2)]’

(6.12)

where we have used ae™® < 1/e for a > 0. We can now bound bias and variance.

Variance. For a fixed z € X, we get, since @;(z) = ¢(3(z — z;))/ > q(3 (z — z)),

qgmw}_Eh@ZM %ﬂu im }

s P (nE[Qh(i — 2)])2EL_1 q(%(x B Ii>)2]
4lqllo 4E [gn(z — 2)°] 8(l¢lls
2

nhiE[qy (z — 2)] n[Eqy(z — 2)] = nhiE[gy(x — 2)]
Moreover, we have E[g, (z—2)] = [ p(z—hu)q(u)du = [pxqy](z). This leads to an overall

. — 8||t1||oo0
bound on the variance term as 02/ E[ w; (x Q}p r)dx <
EUENEE [ 2O

Bias. We have a similar reasoning for the bias term. Indeed, we get for a given = € X,
using the bound in equation (6.12),

[Zwl e 213
[u(m) SO il +E[1A<m>c > (o)l - ail]

=1

I
nElgn(z — 2)]

Ulalloo gz, 20°
P B P 1)

%. iam ()2 % Wlull2du
nhd[gy * p)(x) diam(X)" + [gn * p|(2) /Rd q(u)]ull3du.

< P(A(x)) - diam(X)2 + nEgn(z — 2)|lz — 2|3]

- / a(w)l|ul2p( — uh)du
Rd

This leads to an overall bound on the bias term equal to B%/E [sz@) lz—2; ||§} p(z)dx,
xX .

which is less than B [, th*(;)( yda - 4%1“5" diam(X)? + 2h2HpHOO(fRd q(u)HuH%du)] :
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Putting things together, we get that the excess risk [, E[(f(z) — fo(2))?]dp(z) is less
than

Ml (02 + Gt (02) 4 2802l ([ atwlalian)| - [ 2O a,

x lan * p)(2)
which is exactly the desired bound. |

Exercise 6.4 Assume that the support X of the density p of inputs is bounded and that p
is strictly positive and continuously differentiable on X. Show that for h small enough

(with an explicit upper bound), then Cy = [ [qh*p])( dx < 2vol(X).

Experiments. For the problem shown in section 6.2, we plot in figure 6.5 (right) train-
ing and testing errors averaged over 32 replications (with error bars showing the standard
deviations), where we clearly see the trade-off in the choice of h.

6.4 Universal Consistency (4)

Earlier in this chapter, we have required the following conditions on the weights:

/ [sz Az, x ]dp( ) — 0 when n tends to infinity, to ensure that the

bias goes to zero.

. / ZE[wi(x)z]dp(:r) — 0 when n tends to infinity, to ensure that the variance

goes to zero.

This was enough to show consistency when the target function is Lipschitz-continuous
in R%. This also led to a precise rate of convergence, which turns out to be optimal for
learning with target functions that are Lipschitz-continuous and for which the curse of
dimensionality cannot be avoided (see chapter 15).

To show universal consistency (i.e., consistency for any square-integrable functions),
we need an extra technical assumption, which was first outlined by Stone (1977): there
is ¢ > 0 such that for any nonnegative integrable function h : X — R,

/ ZIE a;)]dp(x) < /x h(x)dp(z). (6.13)

/\ Tn this discussion, as in the rest of this chapter, we only take the expectation with
respect to the training data, while we use the integral notation to take the expectation
with respect to the training distribution.

If equation (6.13) is satisfied, for any € > 0, and for any target function f. € La(p), we
can find function g, which is B(e)-Lipschitz-continuous and such that || f. —gl|z,) <&,
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because the set of Lipschitz-continuous functions is dense in La(p) (see, e.g., Ambrosio
et al., 2013).

Then we have, for a given € X,
EKZ b (@) [ £ (1) - m)}ﬂ

< B (S a1 - gl + ot ~ 0] + loe) 1. ) |

< 3E[(iwi<w>\f*<xi>—g<xl )]+3E[(Z )!g(a)—g(w)\ﬂ

n 2 2
< 3E (Zuﬁz(x)‘f*(xl)—g(xl ) ] +3E[<sz (x :vz)) }
—|—3E[|g(:1:) — fu (x)ﬂ since weights sum to 1, and g is Lipschitz-continuous.

We can further upper-bound E[( Y7 @;(2) [ fx (i) — fu(2)] )2] by

3E{iwz(:r)|f*(xl)— ()] ]+3B {Zwl (z, ;) ]
+3E[’g(m) — f*(ac)ﬂ using Jensen’s inequality on the second term,
< 3c-E[|fulz) — g(x )‘ | +3B(e [sz (x,2;) ]+3E[‘g(x)—f*(x)‘2},

using equation (6.13). We can now integrate with respect to z to get

/[(sz [fu(s) f*(:c)})po(x)

<3c-e? +3B(e / {Zwl (x, ;) ]dp(x)+3£2. (6.14)

Proving universal consistency. We can then combine the bound in equation (6.14)
(which gives a bound on the bias) with equation (6.3), starting from the excess risk,

JxE[(f(z) = fi(x))?]dp(x), less than

/[(Zw )| fu(i) f*($)‘>2]dp(:v)-l—az/xE[éwi(:v)?]dp(x)

which is the sum of a bias term and a variance term; and for which, together with
equation (6.14), we can use the same tools for consistency as for equation (6.5).
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To prove universal consistency, we fix a certain ¢ > 0, from which we obtain a
Lipschitz constant B(e). For such B(e), we know how to make the (squared) bias
term B(e)? [ E[ Y0, wi(@) Az, ;)] dp(x) + 02 [ B[ Y1 @i(2)?]dp(x) less than e, by
choosing an appropriate hyperparameter and a number of observations n (see previous
sections). Thus, if the extra condition in equation (6.13) is satisfied, these three methods
are universally consistent. Note that, in general, n has to grow unbounded when ¢ tends
to zero without any a priori bound (since B(e) cannot be bounded without assumptions
on the target function).

We can now look at the three cases:

e Partitioning: We have then ¢ = 2, and we get universal consistency. Indeed, using
the same notations as in sections 6.2.2 and 6.3.1, we have for any fixed x € A;,
j € J, and f a nonnegative function:

S B[] = Eftay o 3 g a0k > 100

Aj i S.t. IiEAj

= E - £l +1n =0 Ty
[Zl+zm1%4j =0y 2 S @)

i=1

- 1

< ) E[lyeq, f(z)] -E +E[f(2)]
; |:1 +Zz/¢1 1mi/€Aj:|

by independence of x1, ..., Z,,
< nE[lgea, f(zi)] - + E[f(2)] using exercise 6.5,

nP(4;)
= E[f(2)|z € 4;] +E[f(2)],

where z is distributed as . Thus, integrating with respect to x and summing over
j e J, we get

[ S Ela@n]ane) < X (BABFE: € 4] +P(4) L)) = 2B[7(2)]

jeJ

which is exactly equation (6.13) with ¢ = 2.

Exercise 6.5 If Z1,...,Z, are i.i.d. Bernoulli random variables with parameter
€ (0,1]. Show that E[1+Zl+1~»+Zm] < (m-‘,l-l)p'

e Kernel regression: It can be shown using the same type of techniques outlined for
consistency for Lipschitz-continuous functions.

e k-nearest neighbor: The condition in equation (6.13) is not easy to show and is often
referred to as “Stone’s lemma.” See lemma 10.7 from Biau and Devroye (2015).
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6.5 Adaptivity (¢4)

As shown earlier in this chapter, all local averaging techniques achieve the same per-
formance on Lipschitz-continuous functions, which is an unavoidable bad performance
when d grows (the curse of dimensionality). One extra order of smoothness (i.e., on R9,
two bounded derivatives) can be used to lead to a convergence rate proportional to
n~4/(4+d) (see section 5.4 in Wasserman, 2006). However, the higher smoothness of
the target function does not seem to be easy to use; that is, even if the target func-
tion is very smooth, the local averaging techniques will not be able to attain better
convergence rates. The impossibility comes from the bias term, which is the square of
S (@) [ fo(2;) — fe(z)] in section 6.3: when f, is once differentiable, f.(z;)— fi(z) =
O(||z; — z||) and this is what we used in the proofs; when f, is twice-differentiable, by
a Taylor expansion, f.(z;) — fu(z) = (x; — )T (f)(z) + O(||z; — z||?), and we can
choose weights such that Y., @;(x)(x — 2;) = O(||z — 2;]|?) (this is possible because the
components of x — x; may take positive and negative values, leading to potential can-
cellations; see exercise 6.6); but when f is three times differentiable or more, obtaining
a term O(||z; — =||*) that would come from a Taylor expansion is possible only if the
weights satisfy Y"1 | w;(x)(z — z;)(z — 2;) T = O(||z; — z||*), which is not possible when
the weights are nonnegative as no cancellations are possible.

Positive-definite kernel methods will provide simple ways in chapter 7, as well as
neural networks in chapter 9, to take advantage of smoothness. Among local averaging
techniques, however, there are ways to do it. For example, using locally linear regression,
where one solves for any test point x, the following local least-squares regression problem
with an affine function:

inf sz — ﬁ;—xi — ﬁo)Q.

B1ERY, UGR

(note that the regular regressogram corresponds to setting $; = 0). In other words we
solve

inf /j(y — B1 & — Bo)*dp(y|x).

B1€RY, BoeR

The running time is now O(nd?) per testing point, as we have to solve a linear least-
squares (see chapter 3), but the performance, both empirical and theoretical, improves
over plain local averaging (Tsybakov, 2008). See an example with the regressogram
weights in figure 6.6. In order to be adaptive to higher degrees of smoothness, local
polynomial regression can be used at an increased computational cost (see, e.g., Fan
et al., 1997, and references therein).
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Figure 6.6. Locally affine regression based on the regressogram, on the same data as
figure 6.2, for three values of the number |J| of sets within in the partition. Notice the
difference between this and figure 6.2.

Exercise 6.6 (¢#) For the Nadaraya Watson estimator, show that when the target func-
tion and the kernel are twice continuously differentiable, then the bias term is bounded by

a constant times h*. Show that the optimal bandwidth selection leads to a rate proportional
to n—4/(4+d)

6.6 Conclusion

In this chapter, we have explored local averaging methods, which employ the explicit
formula for the Bayes predictor and explicitly aim at approximating it without the need
for optimization (as opposed to all the other methods presented in this book). While
they can potentially adapt to complex prediction functions, they suffer from the curse of
dimensionality (i.e., the number of observations has to be exponential in dimension to
create good predictions). Without further assumptions, this is unavoidable, but in the
following chapters, we will see that other learning techniques can take advantage of extra
assumptions, such as the smoothness of the prediction function (kernels in chapter 7 and
neural networks in chapter 9), and dependence being only a linear projection of the inputs
(this will be possible only for neural networks). A key feature of these methods is that
they will not look at local interactions with characteristic distance tending to zero when
the number of observations goes to infinity (as local averaging does to reach statistical
consistency).

Like all techniques presented in this book, local averaging methods can also be used
within ensemble methods that combine several predictors learned on modifications of the
original dataset (see chapter 10).



Chapter 7

Kernel Methods

Chapter Summary

e Kernels and representer theorem: Learning with infinite-dimensional linear models
can be done in an amount of time that depends on the number of observations,
using a positive-definite kernel function.

e Kernels on R?: Such models include polynomials and classical smooth Sobolev
spaces (functions with square-integrable partial derivatives of order greater
than d/2).

e Algorithms: Convex optimization algorithms can be applied with theoretical guar-
antees and many dedicated developments to avoid the quadratic complexity of
computing the kernel matrix.

e Analysis of well-specified models: When the target function is in the associated
function space, learning can be done with rates that are independent of dimension.

e Analysis of misspecified models: If the target function is not in the function space,
the curse of dimensionality cannot be avoided in the worst-case situation, but the
methods are adaptive to any amount of intermediate smoothness.

e Sharp analysis of ridge regression: For the square loss, a more involved analysis
leads to optimal rates in various situations in R?.

In this chapter, we consider positive-definite kernel methods, with only a brief account
of the main results. For more details, see Scholkopf and Smola (2001), Shawe-Taylor and
Cristianini (2004), Christmann and Steinwart (2008), and teaching slides from Jean-
Philippe Vert (available from https://jpvert.github.io/).
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7.1 Introduction

In this chapter, we study empirical risk minimization for linear models—that is, prediction
functions fy : X — R that are linear in their parameters 0 (i.e., functions of the form
fo(x) = (0, 0(x))g¢), where ¢ : X — H and K is a Hilbert space (essentially a Euclidean
space with potentially infinite dimension)! and § € H. We will often use the notation
(0, p(x)) in this chapter instead of (0, p(z))5c when doing so is not ambiguous.

The key differences between this chapter and chapter 3 on least-squares estimation
are that (1) we are not restricted to the square loss (although many of the same con-
cepts will play a role, in particular, in the analysis of ridge regression); and (2) we will
explicitly allow infinite-dimensi