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Abstract. We prove soundness results of the proof systems for basic
specification logics for sequentially typed m-calculi, offering a basis for
their applications. The proofs for different logics enjoy modularity in
correspondence with that of their proof sustems.

1 Introduction

In the companion papers [6,7], we introduced specification logics for the lin-
ear/affine 7-calculus and its extensions, and illustrated how they can be used
for reasoning about processes and programs. This paper proves the soundness
results for these logics, establishing that the proof rules as presented in [6, 7] can
only derive those statements which are sound with respect to their interpreta-
tion in the corresponding models. We cover the following logics, presented in the
order given below.

— The logic for processes with the linear type discipline (Section 2).

The total logic for processes with the affine type discipline (Section 3).

— The total logic for processes with the affine type discipline and open state
(Section 4).

The total logic for processes with the affine type discipline and local state
(Section 5).

— The partial counterpart of the affine total logic (Section 6).

In the linear type discipline, the total and partial logics coincide, due to strong
normalisability. In the affine calculi, we need distinction between total logics
and partial ones (in the sense of partial/total correctness in the standard Hoare
logics). Different nature between these two kinds of logics, both in syntax and
semantics, demands their separate treatment. Thus, for a smoother presenta-
tion, we treat the total logics for various affine calculi, discussing their partial
counterparts at the end. Reflecting the modularity of the logics and their proof
systems, the proof of soundness for each logic is incremental over that of the
preceding ones. All proofs are operational and elementary. Some use is made of
basic unfolding techniques when treating circular process composition.

The present paper only contains, in condensed form, those definitions needed
for making the technical development self-contained. For discussions on the un-
derlying ideas, applications and related studies, see [6, 7].
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Fig. 1. Typing Rules for Sequential Linear Processes

2 Logic for Linear Sequential Processes

2.1 Linear Sequential Typing

We use the following set of channel types.
mou= (TN | Ger M | () | @] L

Types of mode !,1 are positive, while their duals are negative. { is neutral. An
action type (', A, ©,...) is a finite map from names (z,y,...) to channel types.
An action type is well-formed if it contains at most one -type. I'; A stands for
an action type whose negative (resp. positive/neutral) component is T' (resp. A).
We use a version of sequential linear typing [15] without causality edges,
with the sequent F P > T'. We list the typing rules in Figure 1 (® is given in
Appendix). In each rule, we assume all (action) types are well-formed, with “”
in “I', A” indicating disjointness of the domains. ?I" etc. indicates the mode of
the types in I', while I'"® says x does not occur in I'. Processes typable in this
system are linearly typable. A typed process is often written PT. Below |} denotes
the convergence with respect to the standard reduction relation, written —.

Proposition 1. (strong normalisability [15]) If P is linearly typable, P ).



Further P is sequential in the sense that P — P » implies P; = P,. We write
= for the standard contextual congruence on linearly typed processes.

2.2 Logic for Linear Processes

2.2.1 Terms and Formulae. The terms of the specification logic is given by
the following grammar.

e * | true | false | n | " | ®°° | e+e' | ene | ..
!

i
a == z7 | aPeb? | in, (@)

where 4,4/, ... range over a couple set of variables (which are disjoint from chan-
nel names). Variables and channel names are are often called names. e, €', ... are
called data expressions, while a,a’,... behavioural expressions. Terms are nat-
urally typed, with a7 e 57 typed as 7 (note this in effect means the last two
terms only take names as operands). We only treat well-typed terms.

The set of formulae are given by the following grammar. Below % ranges over
{A,V,D} and Q over {V,3}.

A = €1 = €3 | a; = ag | -A | Al*AQ | QZA | QZ‘A

We also use the truth T (definable as, for example, 1 = 1) and the falsity F (which
is =T). The quantifications induce binding, for which we assume the standard
bound name convention. fn(4) denotes the set of free names in A. A is well-typed
if whenever a variable/name occurs twice they own the same type and each pair
of equated terms have the same type. We only consider well-typed formulae from
now on. Fixing primary names prim(4) and auxiliary names aux(A4) of A
which together disjointly cover all names in A with all variables in the latter, we
write I';; © F A if primary (resp. auxiliary) names in A are well-typed under T’
(resp. under ©). We also write A' for A such that I';;© F A for some ©.

2.2.2 Model. For defining the interpretation we use the set of behavioural
constants, generated from the following grammar.

bt = Nies (@ BN | Vies (@187 ot n= ing (@)t | ing(at)t

A behavioural constant is well-formed if, in Ajer(@:3;)" and Ve (@;i3:)7, @i — B
defines a total function. A model £ is a finite map from names to well-formed
positive behavioural constants (positive means their types are positive). We write
& for € with a typing T. Given &', we say P defines £, written P! |=y, £, when
the following inductive conditions hold. !¢ indicates &' s.t. md(T) = 1. “” is
used for “,” for the sake of clarity. We treat £ as if it is a sequence, which does
not affect the resulting relation.

Tin; ()

1. Py - pring(@)T iff P P’ such that P' = £ - 7: 4.



2. Pl=p Y- T Nier(@:3:)" iff Pw@)) P’ such that, for each i € I, R = ¥: @;
implies (v z7)(P'|R) b &/x - 2: 0;.

We say ¢ is definable when P |=, & for some P. « is definable when z : « is
definable (clearly definability does not depend on the choice of x). From now
on, we only consider definable constants and models.

We write & ~p & when & » define the identical set of processes. oy =~} oo
iff 2:0q ~p 2:00.

2.2.3 Interpretation. Let I';;0 F A and fix an interpretation 7 of type O,
which is a well-typed map from dom(©) to constants. [e]z.¢ is given in the
standard manner. With ¢ disjoint from I, [a]z.¢ is given by:

= [elzg = (I- (@), )
— [a®b]z.c =i, if [a]z.¢ : [bi] — i, and
- [in(al..an)T]I.g = ini(al..an)T (lf |[ai]]1.5 = O, 1 S ) S TL)

Then ¢ =% A is defined by induction on the structure of A, including:

EEer=e [er]z-¢ =lezlz; §ErVaT.A
f |:Ia1 =Aas9 [al]]l'.g ~p |[a2]]1.5, f IZIHIL'T.A

The rest is the standard interpretation of logical connectives. Note names are
treated just like variables in the interpretation of quantifiers (due to stateless
nature of linear processes). T is satisfied by all models, while F is never satisfied
by any model. The following defines the semantics of assertions. Below ' denotes
the point-wise dual of I', defined from 7 given in the obvious way.

Yar. § IZI-z:aA’
Ja’. § IZI':E:O‘A.

Definition 1. (semantics of assertions) Let - P> T;A, T;;0 - A and A;0 - B.
Then we write P14 Erely A guar B when, for each appropriate Z of type O,

RTETA > (vin(D)(PIR) E" B,
where P =T A stands for: 3. (P =y € A € ET A).

Given a sequent PT2 [=rely A guar B, the names in dom(IA) are its primary
names, while those in dom(®) Nfn(A4, B) are its auxiliary names. For brevity
we often write P |=rely A guar B, assuming well-typedness.

2.3 Basic Properties of .

In this and next subsection, we list a few preliminary results which we shall use in
the soundness proofs. Below and henceforth we assume all mentioned processes,
sequents, etc. are well-typed.

Lemma 1. (1) =,—, = are subrelations of =.
(2) '2(9).R|P1|P> 2 z(§).R|P|(v z)(12(J).R| P). Also (v z)lz(¥).R =2 0.



(3) If - P> IT- A, then P = Q|R such that- Q> T andF Q > A.
(4) Let - Poov!T-z:p" and P, 2 P!, Then P, = P, iff P = P},

(5) Let F PonT-z:(7p) and P, “B) P!, Then P, = Py iff Pl = P} iff, for
cach - R > -7, w§)(R|P) = (v §)(R|P).

Proof. (1) and (2) are standard. (3) is by hiding all ?-typed channels by (2)
so that P is transformed into, modulo =, a process of the form IIP; with each
P; having a single (positive) free channel. For (4), we use (3) to reduce the
statement to the case when T' = ), so that (via Proposition 1) we have only to
show ZTin;(§)P1 = ZTin;(§) P iff P, = P,, which is direct from the congruency of

~

2. (5) is by congruency and the standard contextual lemma [4]. O

Lemma 2. (1) P, =, & implies P, = P,. (2) P =y € and Py = Py imply
Pl |y € (3) Let &2 be definable. Then & =~y & iff P1 & P, for some P2
defining & 2 respectively iff PL = Py for any Py 2 defining &1 2 respectively.

Proof. (1) and (2) are by induction on the height of I". For (1):
CaseI'=0. By P> =0.

Case [ =T"-z:p". Let £ = ¢' - x:in(&). By assumption P; Eg@ P/ such that
P! |=p &' - §:d for i = 1,2. By induction P| 2 P, hence done by Lemma 1 (4).
Case I =T'-z:p'. Let £ = & - z:Ay(d:if3;)'. By assumption P; o) P! such
that, for each j, whenever R |= §: &;, we have P/ ef (vy)(P/|R) b 2: B
Noting &; range over all behavioural constants of the given types, and because
by induction P}’ = PJ, by Lemma 1 (5) we are done.

For (2):

Case I = (). Because by typing we always have P = &.

Case ' =T -z:p Let £ = ¢ - 2:in(d). By the assumption P; Eyp &, we
have P, "= 7 P| such that P| |= £ - §: d. By the assumption P, = P, we

have P, inild) Pj such that P & Pj [because: if not, by Lemma 1 (4) we have
P, # P,]. By induction Py =y &', 7:@, which by definition means P» |y .

Case' =T"-2:p'. Let £ = ¢ -2:A;(@;3;)". By assumption P; ) pr such that,
p 1
for each j, whenever R |=y, §:d;, we have (v y)(P{|R) [=p 2: ;. By assumption

we have P, ) P, = PJ| for which, by induction, the same condition as P/

holds, hence by definition P; = £. we are done.
By (1) and (2) above each £ is inhabited by one and only one congruence class
of &, which immediately implies all logical equivalences in (3). O

Corollary 1. (1) If P, =X A and P, 2 P, then P, EZ A. (2) If P =1 A and
P =y € then € =T A.

Proof. Tmmediate from Lemma 2 (2) and (3), respectively. O



Lemma 3. (1) If fn(T) N fn(A) = 0 then PY|QA = & - €2 iff P =y & and
QEbE. 2 IfPEpé-z:a' then (vx)P =y &.

Proof. (1) is immediate from Lemma 1 (3) and the definition of =,. For (2),
again by Lemma 1 (3) and (1) above we have P = P'| P, such that P' |=p £ and
Py b z:a. Since (v z)P = P' we are done. O

Lemma 4. If a1 ~, ag and, for 1 <i <n, we have B1; ~, B2, then ay e
B11--B1in ~b a2 @ B2i..02,, where o denotes function application.

Proof. Since, by Lemma 2, both sides are defined by composition of congruent
processes. O

Lemma 5. If P =y, &2 then [a]z.¢, ~b [a]z.¢,-
Proof. By induction on the structure of a.

1. a = z. Immediate from Lemma 2 (3).
2. a = x o . From Lemma 4.
3. in;(§). Again immediate from Lemma 2 (3). O

2.4 Basic Properties of =~.
Below we again assume well-typedness of sequents, formulae, etc.
Lemma 6. Let P =y &12. Then & ET A iff & =T A.

Proof. By induction on the structure of A (the case when A is e = €' is vacuous
hence omitted).

Case & =7 a = a'. Because [a]z.¢, ~b [a]z.6, ~b [a']z.6, b [@']z-¢,, Where the
first and third equalities are from Lemma, 5.

Case & T AANB, & EF AV B, & X ViA & BT VoA, & ET JiA,
¢ T 3z.A. All immediate.

Case ¢; =7 —A. Then it is not the case & T A. But if & =7 A then & T A
by induction hypothesis, a contradiction. So it is not the case £&; =T A either
(note we need two directions in this case). O

Lemma 7. If ¢ EX A and A D B then £ = B.
Proof. Since A D B means £ = A implies ¢ |= B for each £. O
Corollary 2. If P =7 A and A D B then P T B.

Proof. If P =% A then P |y, € and € =7 A for some £. By Lemma 7 we have
¢ ET B, hence P =T B, as required. O

Lemma 8. Let dom(¢') Nfn(A) = 0. Then & - &' EL A iff € T A.



Proof. By induction on the structure of A. Assume the condition. For equations
on names in A, & does not matter, so it cannot affect their validity. All other
cases are immediate by induction. O

Lemma 9. (monotinicity of v) Let x & fn(A). Then P =1 A iff (vz)P =1 A.
Proof. By Lemma 3 (3) and Lemma 8. O

Lemma 10. (cut in EI) Let \T" CT,To CT and T';;0 - A such that © - I.
Then P'o® =rely Ag guar B and RT |7 AA Ag imply P|R = AN B.

Proof. In the second line to the last, note P|R = P'®|RF =, &2 - ¢b.

RfoTi =T ANAg D RYeTr (=2 4 A RToTh =1 4, (A)
O RPoli =T A A (vfn(Th))R EL Ao (Lem. 9)
D> RFeli =2 A A (vin(D))(PIR) EX B (IH)
> RVl =2 A A PIRETB (Lem. 9)
O PIRETAANPRE!B (Lem. 8)
D PIRETAAB (N). O

Lemma 11. If z ¢ fn(4,a), then £ EX Ala/x] iff ¢ ET 3x.(AAz = a).

Proof. We show the two inverse implications one by one.

EET Ala/z] D &-x:lalze EA (Lemma 8)
D ¢-z:fa]ze E(AAz =a) (definition of A)
D ¢(ETx.(ANz=a) (definition of 3).

For the other direction, we reason:

EE. (AN =a) D {-2:fE (AN =a) 3@
D¢ zmfalze E(AAz=a) (A)
D¢ rrfaze =A (A). O

Lemma 12. ¢-z:iny(@)" ET A iff € - if:@ ET A[iny(9)" /).

Remark 1. In the statement above, § are introduced into the right-hand se-
quent without being mentioned in the preceding sequent. In such cases, we always
assume newly introduced names are freshly chosen, e.g. (fn(A) U{z}) N {y} =0
in the statement above.

Proof. Because:

D-z:ing(@)"ETA = T-z:ing(@)t,7:d =2 (AAz = in(@)h)
= T.g:apf 3 (AAz =in(NT)
= T-i:d L Alin (9 z). O
Lemma 13. Let fn(B)N{zy} = 0. Then & -x: Nie s (@:3:)" - 7:@; EL B[z o /2]

iff €220 T B.



Proof. Letting 8 = A;c7(d;53:)!, we have:

£-2:0-7:d; =T Blz e /2]
= ¢(-2:0-7:a8;EL32.(BA2z=xef) (Lemma 11)
= z:0-§:8;-2:8 ELBAz=ze§ E))
= ¢-2:0-9:d;-2:8 ' B (A)
= ¢-2:8 B, (Lemma 8)
as required. O

2.5 Soundness

We list the proof rules for the specification logic in Figure 2. The sequent has
the form P32 - rely Aguar B, which is well-typed when (in addition to the
well-typedness of P'4), we have T-© + A and A-© F B for some ©. For
legibility we often omit the action type, writing P Frely A guar B. While most
rules in Figure 2 omit the type annotations in this way, the derived sequents are
always well-typed, assuming, in each rule, all sequents are well-typed, as well
as the standard bound name convention (over both processes and formulae).
In the rules, B-¥ means {#} N fn(B) = (. Afa/z] is the result of syntactically
substituting a for z in A. ['indicate auxiliary names. For detailed illustration of
each rule, see [7]. The aim of this section is to prove:

Theorem 1. The proof system of the linear process logic is sound, that is:
PUiAFrely Aguar B implies PU2 |=rely A guar B for each linearly typed P.

Remark. The corresponding soundness result in the main exposition is stated
with respect to a model which is directly constructed from typed processes mod-
ulo 2 (for which the properties of satisfaction as presented in the previous sub-
sections are direct from its definition). Since the validity of formulae with respect
to these two models easily coincide, no difference comes about (in fact exactly
the same proof is applicable for the alternative model, line by line).

Proof. We show, for each rule, that if its antecedent is valid semantically, then its
conclusion is also valid semantically. As before, we always assume well-typedness
of processes, formulae and sequents. We often ignore neutral types () since they
are insignificant both logically and semantically. The first rule is for inaction:

(Zero) — —
0” Frely Aguar A

Let © F A and 7 has type © (by typing A and © only contain variables). Then
ROETA > OR=RETA
O ORET A, (Corollary 1),
as required. The second rule is:

(Res) P trely Aguar B
(v z)P Frely Aguar B




(Par)
(Zero) Py Frely A; guar BIAE
_ P> Frely Ao AE guar B;

0° Frely Aguar A Py|P; Frely A1 AA; guar B;AB;
(Res) (Weak)

P27 rely Aguar B PT brely Aguar B

(v )P Frely Aguar B PU®7 b-rely Aguar B

(Brat) (Sel™)

Vi. P; Frely Alin; (g;)T/x] guar B P trely A guar B[ini(ﬂ)‘r/:c]
z[&i(¥;).P;] Frely Aguar B Tin; ()P Frely A guar B

(In') (V4. (B1D Ba[ze§/z]) D B) (Out?) (A D A1 D Azzeif/z])
Ptrely A7ABY guar B, Ptrely A? A A3 guar AV AB¥
lz(yz).P Frely A guar B T(§z)P Frely A guar B

Fig. 2. Proof Rules for Linear Processes

Assume PTiA@m AT and BA with md(7) = !. Fixing an appropriate Z:
RTETA o> whD)(PR) Ebvé-z:aEr B (IH)
> (wz)wi(@)(PR)E,éET B  (Lemma 9),
as required. The case when the mode is J is direct from (IH).

The (Par) rule is closely related with the cut rule in the sequent calculus.

(Par) Py Frely Ay guar BIAE P, Frely AsAE guar B,
P |P, Frely AjAA, guar BiAB>

T1;A To; A
Assume P, V7' and P, *7?. We have:

RT |=I AiNAy D P1|R |=I As A (Bl A E) (IH, Lem. 10)
D P|PRREL B ABs (TH, Lem. 10)
D) (V fn(Fl @] Fz))(Pl |P2|R) IZI Bl A Bz (Lem 9),
as required (in the first two lines, we used associativity of A, which is obvious
from the definition of 7).
Recall a name occurring in a formula in the statement is auziliary if it does

not occur in the action type of the concerned process. The weakening rule needs
some care in the treatment of auxiliary names.

P Frely Aguar B
PU®7 rely Aguar B

(Weak)



Let md(7) = ?, in which case z is auxiliary in the antecedent but is primary in
the conclusion. We first set, without loss of generality by Corollary 1:

RU-a:7 def R’F|RS:T such that R’ |z £ and Ry = 7 : .

Note (v fn(T))(P|R') = (vfn(T),z)(P|R) and = ¢ fn(B) (the latter by typing).

RETA D REvé-zialETA (Corollary 1)
D R EpéEl=a4 (Definition of %)
S (wi(D)(PIR) = B (1)
> (vfin(D))(P|R)|(vz)Ro EI** B  (Corollary 1)
> (vfn(D),z)(P|R) T B, (Lemma 8),

as required. The case when 7 =] is direct from (IH).
We move to the prefix rules. The first is the linear input.

Vi. P; Frely A[in;(7;)!/z] guar B

i
(Bra®) x[&;(¥;).P;] Frely Aguar B

Note {#}Nfn(A) = @ by the bound name convention. Below let RT' = R'|Zin;(#) Ry
with dom(T') = {wx}.

R b @:7-z:ing(@)" T A
O R'|\Ry b @W:7-7:@ ET Alin;(i)1/z] (Def. of Fp, Lemma, 12)
D (vyd)(Fi|R'|Ro) |—I B (IH)
D (v ur)(z[&(7;)-Pi]|R |Zin;(§)Ro) Eb B (Corollary 1),

as required. In the last step we used z[&(7;).P;]|Zin(§)Ro — (v §)(P;|Ro).
For the linear output:
P Frely A guar B[in;()"/7]
Tin;(§)P Frely A guar B

(Sel™)

The reasoning is precisely dual to that for (Bra):

R = w7 =T A
> (w@)(P|R) b 7:d ' Bliny(y)'/a]  (IH)
O  7Zin(§) (v W)(P|R) b z:ini(@) EX B (Def. of =y, Lemma 12)
O (vuz)(Tin;(7)Ro|R) L B (Corollary 1),

as required. In the final step we used Zin;(y(v @) (P|R) = (v Wz)(Zin;(§)Ro|R).
We next prove the rule for replication and its dual.

P Frely AT B?f guar B, , V§i.(B; D By[zeij/2]) D B
2(yz).P Frely A guar B

(In")

Let RT EZ A with dom(T) = {w}. We first construct the behavioural constant

0 % A;(@:3;)" as follows (assume the type of z be (7p)'):

10



(%) For each @7, we choose S; =y 7:@ and let (v @) (P|R|S;) b 2: 6i-

For this 6 we show (#)(!z(§2).P|R) =b =:0 ET B. The reasoning is decom-
posed into the part for =y, and the part for 7.

(1) (v@)('z(§2).P|R) |=p 6. Since

(v @) (12(72).P|R) "% (v @)(12(72).P|R)| (v @) (P|R).

it suffices to show, by the definition of =, that, for each S |=p ¥:d;:
v ) (v ) (P|R)|S) = (v §&)(P|R|S) b 2:6

Below S; is the process used for constructing 6 in (x) above.

S b 74
> 5=8 (%, Lemma 2 (1))
D (vyw)(P|R|S) = (v yb) (P|R|S;) Eb 2:8;  (congruency, %)
>  (vyw)(P|R|S) b 2:6i (Corollary 1). O

(2) z:0 T B. Since V§i.(B; D Bs|z e §f/z]) D B by assumption, it suffices
to show 2 :0 =7 Vijl.(B; D Byl e §7/z]) (by Lemma 7). Below we let J be an
arbitrary well-typed assignment to [. As before, S; is the process used in *.

= i:a; =17 B (Lemma 8)
S WaD(PISIR) £ By, (i) (PISIR) o 20 (H, )
D> z2:8; =l By (Corollary 1 (2))
D> z:0-7:d;-J EL Baz e /2] (Lemma 13),

as required.
The final prefix rule is a replicated output.

Prrely A*AA; guar AYABY  AD A D Asfwej/?]
Z(yz)P Frely A guar B

(Out?)

The rule above is equivalent to the following rule up to 22 [because: using Lemma
1 (2), we can decompose P above into two terms of the required shape, but the
formulae in the antecedent are completely determined by types, thus, via Lemma
1 (3), we know each term satisfies corresponding formulae].

S Frely Aguar A-’17, P trely A*AA guar B, ADA;D As[xey/z]
Z(§2)(S|P) Frely A guar B

(O utgec)

Since the validity does not change up to =, we reason using this decomposed
version of the rule, which gives a clearer articulation. We first fix names as
follows: F S>T,Aand F P> T, z:p* u:0" where dom(T') = {#} and dom(A) =
{7}. Also note, by the binder convention, we have fn({#z}) A fn(A, B) = 0.

11



Assume + R o T such that, by Lemma 1 (3), R = (1z(%2).Ro) | R' where
'z(2).Ro [=b x:0 with 8 = A;(&@;3;)' whose @; ranges over all constants of the

appropriate type. We can now reason as follows. Below we let & ©f 0. w: 5
and write I for the condition 4 D A4; D Ax[rej/z].

Ry 7:0- 07 =T A

D SIREb &-7:a = AN A (IH, Corollary 1)

D SR kb £-7:d; ET AN As[z e /2] (1, Corollary 2)

D) S|R|R0 |=b E-y:a; - z: 0, (Lemma3 ( ))
E-7:@;-2:8iFo ANAy Nzof=2 (Lemma 13)
(i) (S|R|Ro) Eb €-2:8; ET AN Ay (Cor. 2, Lem. 3 (2))
(v @az)(P|(v§)(S|R|Ro)) F* B (IH)
(viiz)(Z(72)(S|P) | R) ET B (Corollary 1).

The last step used: (v @Wzz)(Z(72)(S|P) | R) — (v Wyzz)(S|P|R|Ry).

D)
D)
D)

Finally, the soundness of

Prrely A guarB' ADA' BOB
P trely Aguar B

(Consequence)

is proved as follows. Let - P > T', A with dom(T") = .
RETA > RETA (Corollary 2)
S ORI R ()
D> (v@)(P|IR)=r B  (Corollary 2),

as required. We have now exhausted all rules. O
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(Rec)
FPoT,y:7 ; z:7

Fpy=z.Po> T x:7

Fig. 3. Typing Rule for Recursion

3 Total Logic for Affine Sequential Processes

3.1 Affine Sequential Typing

In this section we consider sequential processes which add recursion to processes,
hence nontermination. While this effect is easily obtained by allowing circular
composition in (Par) in Figure 1, here we take an incremental approach, adding
the rule for a single circular composition in Figure 3. yy ==.P is best understood
as (vy)(P|'ly — z]™) using the standard copy-cat (see Appendix) with 7 being
the type of z, any request to y would be forwarded to x. All sequential affine
processes generated possibly using circular composition are representable when
we regard recursion py = z.P as substitution P[z/y] (to be precise we also
need a recursion for a circular composition at linear channels: since, however,
the resulting processes are realisable without such composition up to strong
bisimilarity, we ignore such circularity).

To substantiate this point, we need the operational semantics of recursion,
which we present below first as transition and second as reduction.

(Rec-Unfold) (Rec-Comp)
p B pr PP ygf()

wy=z.P - py=x.(v&)(P'[¥/@']) py=z.P LN py=x.P'
For reduction, we first add the structural rule.
py=z.(P|Q) = (py=z.P)|Q  (z ¢ fn(P),y & fn(Q)),
Then we add the following reduction rule.
ny=2.(lo(i52).PIj(52)Q|R) — py=x.(12(52).P|(v yi#2)(P|Q)|R)

In either presentation, we can check that the semantics is precisely the same
as having P[z/y] instead: thus, semantically speaking, it neither adds nor takes
off anything to/from the original affine system. The significance of having the
new construct is then solely for having the proof system which is more modular
and with better articulation. We also note, since (py=z.!z(c).y(e)e.c) | 'T(c)c.w
(which immediately diverges) is typable, Proposition 1 no longer holds.

13



3.2 Affine Process Logic

We use the same terms and formulae as before for our logic. To incorporate
possibly divergent processes in the logic, we need a couple of refinement.

1. To behavioural constants, we add w (to be precise, w” for each 71), which
indicates the divergence. The well-formedness of (co-)replicated behaviours
is refined so that “total functions” become “total continuous functions” (re-
garding w as the bottom element).

2. [ in §2 is extended by adding the clause: P =y 1€,z : w iff P 9. We say ¢
is total if w ¢ ran(&) (ran(&) denotes the range of &).

3. ¢ BT A s given by the same condition as before assuming ¢ and T are total.

Other than these changes, all definitions in Section 2.2 remain the same, leading
to the satisfaction relation which we again write P'* |=rely A guar B. By the
condition 3 above, assertions in this logic are about total correctness in the
standard sense, that is P =7 rely A guar B holds only when (assuming A is
satisfiable) P|R converges for all R =% A. We call this logic the basic affine
process logic, which enjoys a smooth transition from the linear process logic in
the previous section (alternatively we may take off the restriction of totality of
¢ in & T A, resulting in a more expressive logic, which is briefly discussed at
the end of this section). We observe:

Lemma 14. All lemmas and corollaries of Sections 2.3 and 2.4 hold in the
affine logic, except for: (i) changing Lemma 1 (3) into “If+ P > 'T',1!A and
P | then P = Q|R such that- Q v T and - R > A”, (i) adding the condition
‘weran(¢-¢')” in Lemma 3 (1), and (iii) adding the assumption ‘fa]z.c #w”
in (the both sides of the implications of ) Lemma 11.

Proof. The first part of the refined clause of Lemma 1 is standard, while the
second part is by the replication theorem. The rest of Lemma, 1 is proved exactly
as before, line by line. For Lemma 3 (1), the condition is needed since if P
Py z:w- € for any (well-typed) & by definition.a For Lemma 2, the proof of (1)
is the same as before, except when £ = £’ - z:w in which case we use the refined
clause of Lemma 1 (3) noted above. Similarly for (2). (3) is from (1) and (2).
The proof of Lemma 11 is precisely as before by using [a]z.¢ # w. The proofs of
Lemma 4, Lemma 5, Lemma 6, Lemma 7, Corollary 2, Lemma 8 (noting & - &'
is total hence &' does not use w: if it does use w, the statement does not hold),
Lemma 10, Corollary 2 and Lemma, 13 are precisely as before. O

The following property holds for all logics we shall consider in this paper.

Lemma 15. Let o be an arbitrary permutation (injective map) on names. Then

P':bE'ZIA ZﬁPU ':b §O' ':IU Ac.

Proof. We omit mechanical and uninteresting proofs. Generally this holds since,
in each definition, names occur via their metavariables. So a particular choice of
names never matters. O

14



We also need a couple of properties of recursion.

Lemma 16. Let b pyy = z.P > z : 7,70, 7. ! § A with dom(T') = {w}. Then
P = (lz(Wv).Py)|R such that fn(lz(Wv).Py) C {zyw}. Further in this case we
have py=x.P = py=1x.FP|R.

Proof. The first statement is by folding other names by the replication theorem.
The second statement is by py =z.(lz(Wv).Py)|R ~ py=z.!z(wv).Py | R where
~ is the strong bisimilarity. O

Lemma 17. Let- Po T, y:7",2:7". Then py=2.P=(vy)(P|(py=2.P)[y/x]).

Proof. This is the standard unfolding. We first enlarge typable terms to the
standard sequential affine calculus, where py =2z.P = (v y)(P|!ly — z]) by the
correspondence in transition. Using this and standard properties of copycat:

ny=2.P = (vy)(P|lly > a))
~ (v y)(P|(v2)([y - 2]|P))
= (1 y) (P|(v 2w)(ly — )| Plw/y]|fw — ]))
= (1 y) (P| (v w)(Plyw/aylllw > y) = (v y) (Pl(y=2.P)le/y). O

Lemma 18. Let - P> T,y:7 ; A,x:7'. Then P |=rely AY guar B implies
uy=x.P Erely Aguar B.

Proof. The statement is intuitively reasonable since any behavioural guarantee
at y is unused to ensure B. Formally we reason as follows. Let dom(T") = « and
set Pp so that P = Py|P' with b PoT',y:7T; z:7 (by Lemma 16).

R T4
D VSYT. (viy)(P|R|S) EI B (TH, Lemma 8)
D (vay)(P|R|(v @) ((ny=2-Ro)ly/z]|R) ET B ((v)((py=2.Fo)|R)"")
> (vy)(P|R|(uy=2.Py)ly/a]) =7 B (Corollary 1)
> (vy)(P|R|(uy==.P)ly/=]) E' B (Lemma 17),
as required. O

3.3 Soundness of Proof Rules

The proof system for the affine logic uses the same sequent as before:
PU2 brely Aguar B.

The provability relation is derived by all rules in Figure 2 except (Open) which
is refined to incorporate the termination guarantee, plus one additional rule for
recursion. These two rules are listed in Figure 4. In the rule, we use the notation
A(e) which denotes the result of substituting e for a fixed variable in A. For

example, if i is the fixed variable for A % v e = 4!, then A(1) denotes ue1 =1!
while A(j + 1) denotes ue j+1= (5 + 1)L

15



(Out’) (AD A1 D Asfzef/z]AzeFl)  (Rec)

RtFrely A guar A PU#F& L pely A7 guar B(0)
Ptrely ANA; guar B P trely AAB(i)[y/Z] guar B(i+ 1)
T(yz)(R|P) Frely A guar B pg=2.P Frely A guar B

Fig. 4. Altered/Added Proof Rules for Total Affine Logic

The (Out) rule now ensures that the result of invocation should terminate. In
the rule, “al)” stands for “3i,§.a = in;(i)!”, assuming a is typed with a linear
output. Except for this addition, the rule is read just as in the original rule in
the linear process logic. The need to give a further constraint on convergence is
essentially because this total logic is not about ensuring strong normalisability:
a soundly inferred term may as well be partial when it is invoked with a specific
argument, thus it is necessary to explicitly stipulate the convergence. In practice,
whenever we infer a non-trivial property such as x : y = ing(u)7, it automatically
ensures convergence.

The (Rec) rule, which resembles the standard proof rule for the while loop
(of Hoare Logic for total correctness), combines mathematical induction and
recursive behaviour, so that we can ensure total correctness of typed processes
(in particular their convergence) by the well-founded induction. The choice of
natural numbers as a domain for well-founded induction is not significant but is
convenient and general enough, as has been practised in the foregoing studies of
program logics. For non-trivial examples of reasoning using this rule, see [6, 7].
Note we can derive py =z.P Frely Tguar T from P Frely T guar T. In fact,
PU*A Frely Aguar T for any A (as far as the sequent is well-typed).

In the following we establish the soundness of the proof system for the basic
affine logic. Firsly, the rules in Figure 2 except (Out) are immediately sound (via
Lemma 14) with exactly the same proofs as in Section 2.5 (starting from Page
8). Next, for the refined (Out), we verify:

Proposition 2. (Out) in Figure 2 is sound in the affine logic.

Proof. As before, it suffices to show the soundness of the following rule, which
is equivalent to the rule in Figure 4.

(Out”. ) R trelyAguarA,, PtrelyAAAsguar B, ADA1D Aszey/z]Az ey |
dec Z(§z)(R|P) Frely A guar B

The following proof is essentially idential with the one given in Page 11, §2.5,
except for a single line for checking a divergence. For precision we list the proof
below. Assume F R > T such that R |} and, by Lemma 14 (i) which says the
affine calculus preserves Lemma 1 (3) under convergence assumption, we can
set R = (lz(72).Ro) | R' where !z(§2).Ro b 2:0 with 8 = A;(d;3;)" whose &;
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ranges over all constants of the appropriate types. Let & BT :¥ and write
1 for the condition A D A; D As[zey/z] A zey ||. Below Corollary 1), Corollary
2), Lemma 3 (1)) and Lemma 13 are the corresponding lemmas for the affine
logic, which hold by Lemma 14. Note below, in the third entailment, we infer
the totality of z from ze4 |} (without which =7 is not even defined).

R b x:0 -9 I—I

O SREb&-g:a L AN A (IH, Corollary 1)

DO SR b £-7:0d; ET AN As[zei/z] Azefl (i, Corollary 2)

D S|R|R0 Eo £-9:0;-2:6 (Lemma 3 (1))
E-:d;i-z:0i Fp ANAs Nzef=2z (Lemma 13)

D> WH(S|R|IRo) b &-2:8i EL AN Ay (Cor. 2, Lem. 3 (2))

D (vilzz)(P|(vi)(S|R|Ro)) F* B (TH)

> (vuz)(Z(72)(S|P)|R) EX B (Corollary 1).

The last step used: (v @Wzz)(Z(§z)(S|P) | R) — (v Wjzz)(S|P|R|Ro). m|

rule is verified precisely following the reasoning for the original (Out) rule
except for the termination guarantee, the soundness of the provability can be
verified solely via establishing the soundness of (Rec).

Proposition 3. (Rec) in Figure 2 is sound in the affine logic.

Proof. As before, we assume the antecedent of (Rec) holds (reading F as =),
and show that its conclusion holds (again reading |- as |=). Let Z be an arbitrary
(and appropriately typed) interpretation of auxiliary names. Let us assume, by
induction hypothesis, that:

(IH-1) P k=rely Aguar B(0).
(IH-2) P =rely A A B(i) guar B(i + 1).

Under these conditions we show puy =z.P |=rely A guar B.

First we fix the action type of P be T',y:7°; A,z :7" with fn(T') = . By
Lemma 16, we safely assume P = Fy|P’ such that - Py > I', 2 : 7. Our argument
is by mathematical induction, showing, under the assumption RT % A and
writing U (i) for (v wy)(P|R|(uy==.P)[y/z]) =L B(i):

(Base step) ¥(0) is valid;
(Inductive step) ¥(n) implies ¥(n + 1) for each n,

from which we can infer ¥(n) for all n.

We first show the base case. Below we observe B can only contain (at most) x
as its prime name by typing (since if not it cannot occur in the negative position
in the second sequent in the antecedent).

R ETA 5 (wiy)(PIRI(w=2.P)ly/z)) F*BO)  (IH-1, Lemma 18)
> (vw)(py==.P|R) ET B(0) (Lemma 17).

17



For the inductive step, for an arbitrary natural number n:

R'ETA, (vi)(uy=2.P|R) " B(n)

= RETA, (vi)(u=zPIR)y/a] T B()ly/s]  (Lemma 15)
> (w=z.P)y/a]|R E* AAB()y/a] (Lemma 10)
S (wyd)(Pluy=x.P)ly/z|R) - B(n+ 1) (1H-2)

> (vw)(uy==.P|IR) EX B(n+1) (Lemma 17).

Hence we conclude RT |=T A implies (v ) (uy ==.P|R) =T B(n) for an arbitrary
natural number n, that is (assuming the fixed variable in B(-) is j) we have
(v)(uy = x.P|R) EI7=" B for an arbitrary n. By definition this means
py=z.P Erely Aguar B, as required. o

Theorem 2. The proof system of the basic affine logic is sound.
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We conclude this section with a note on an alternative formulation of affine logic
whose universe includes divergent computation.

Remark 2. We briefly discuss an alternative affine process logic which can di-
rectly assert on divergent computation. To start with, the following shows that
the language of our basic affine logic can in fact express the divergence of a
process, even though its total model prohibits such expressions.

p=07 =L Tguarz # ()

This assertion is not valid for any P in the basic affine logic: however it is
often useful to be able to talk about divergence in assertions, motivating an
extension of the affine logic where assertions are meaningful. For this purpose
we extend the relation =7 so that its domain is the whole set of (possibly
non-total) models, while retaining the identical inductive definition. =y, which
already treats divergence, stays unchanged.

The resulting logic allows us to discuss both divergence and convergence. Let
us write “z |)” for “Ji, 7.z = in;()"”, assuming = is typed as [®;c;d;]t, and
“xf)” for “mz|}”. Then the assertion:

phidar! =7 rely Aguar z 1,

in the generalised affine logic means that, for each R' =% A, the process
(v fn(T"))(P|R) diverges. On the other hand, the assertion:

phider? =7 rely Aguarz |,

says that (vfn(T))(P|R) necessarily converges for each RT =7 A. As another
example, the following statement is always valid in the general affine logic.

pyete! E relyy{t guarzf .

In fact, if P under the given typing is to converge, it should rely on the conver-
gence of the environment at y, since, if not, P may not be activated at y, which,
by typing, should always precede a linear output at x.

The general affine logic satisfies all essential properties of the basic logic, in
the sense that all lemmas and corollaries of Sections 2.3 and 2.4 hold in the affine
logic, except for changing Lemma 1 (3) as noted in Lemma 14, and for changing
the statement of Lemma 8 into:

Let dom(¢') Nfn(A) = 0 and w € ran(¢’). Then ¢ - &' =T Aiff ¢ =T A

This is immediate for the properties of |= since it is not changed. for Lemma 8,
if w is used in &', then any well-typed ¢ satisfies € - ¢ =7 A, hence we need the
additional condition. For other statements, the proofs are identical line by line.

The proof system for the general affine logic uses the same rules as the
basic one, except that we have an additional rule for recursion (whose details
we omit: in brief, the rule infers yy = z.P Frely Aguar B from P rely A A
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Bly/x] guar B when B is satisfiable by a lazy divergent behaviour at z under
any interpretation) as well as the following refinement of the branching rule:

Vi. Pir"’Z:TT Frely A[in;(7;)"/z]guar B Bl. D> Al,
x[&;(7;).P;] Frely Aguar B

(Bra*{)

In the rule above, “All,” (“A ensures convergence at =”) stands for “A D z|.”
The added side condition says that if we need to guarantee the convergence
of the process, then we should rely on the convergence of the environment (a
criticism can be lodged against the use of such a “semantic” predicate in the
syntactic rule: various syntactic aspects of the general affine process logic would
need further scrutiny). Without this condition, we can easily derive an unsound
assertion, as the following example shows.

(Sel)
ZFrely Tguarzl

(Bra)
z.Z Frely T guar z |}

This conclusion is unsound since, given - R > z:()T which is diverging, we have
R ET T (note z:w T T in the general affine logic, unlike in the basic affine
logic), using which we know (v z)(z.Z|R) 1}, contradicting the conclusion above.
However, under the side condition, this is not possible since it says that, because
z{D z, we should have T D z |, which obviously does not hold, precluding
the unsound inference above. Generalising this reasoning, we can easily show
the rule is semantically sound. Assume R!' = A. If R |} then we have precisely
the same reasoning as for Theorem 1. For the other case, noting R 1} implies

(v fn(D)z) (2[&:(7:)-Fi]| R) fi:

REeEy & zwET A O EX-(ADz))
S ET-(B>ad) (1H)
O (vfn(D)z)(2l&:(7)-PilIR) b 2 : w B,

as required. The soundness of the remaining rules can be checked by the same

reasoning as before except (Par) needs to treat the divergent case separately, as
in the reasoning for (Bra‘{) above.
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(Out?) (T(z)=(Fp)p,, A'CA)
(Weak-2.,,) (In') FRo T, §:7
FPb>T,z:p" FPo 2T 2.,A% §2:7p FPb T, A, zipb, vial

FPoTz:phx:r™  Ha(@z).Po T, z: (), Fz(yz)(R|P) > T, %A, viao

(Ref) (z & fn(7)) (Read) (I'(z) = rw(7)) (Write) (I'(z) = rw(7))
— F P> 12%,0, c: (7)Y F P> 1?72%,0, vir, c: ()Y
F Ref(zy) b z:ref(1),y: T F Zread(c)P > T F Zwrite(ve)P > T

Fig. 5. Typing Rules for Open State

4 Logic for Sequential Processes with Open State

4.1 Affine Behaviour with State

Stateful types add the following constructs to the grammar of types:

o= Fohr | @i | () | )

where T, A, ... range over, as before, finite maps from names to channel types
(% [ indicate the mode of types in T' is ?.,,, with ?., being the mode for
the type rw(7), whose dual is written as !.,,). Note types never carry reference
types: this does not restrict representability of behaviour. When T' = ), we
identify (7% p")- with (7%p")" (in the types without state). Note that, by the
lack of recursively defined types, whenever I'(z) = 7, we have z ¢ fn(7).

T in (7% p")}. are effects in the sense of the type and effect discipline [14]. We
call T (resp. dom(T)) in (7* pT)!F, its effect typing (resp. its effect names). Effects
arise naturally as part of the basic type structure the present logic is built upon.

For processes, we add:

P = .. |Ref(zy) | Tread(c) P | Twrite(yc)(R|P)
The reduction rules are standard:

)P

Ref(zy)|Tread(c)P — Ref(zy)|(v c)(c
elP)

Ref(zy)|[zwrite(y'c)P — (v y')(Ref(zy
We add a reference as a constant, which is easily encodable into the standard
m-calculus process. Introducing this constant as such however makes the logic

reasoning tractable. The rules may not need any illustration (¢ in the write rule
is the acknowledgement P would receive).
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The typing rules are listed in 5. We add the rules for references and two
actions on them, as well as the rule which introduces a now effect-annotated
replicated type and the dual rule, each subsuming the corresponding rule in
Figure 1. We also add the weakening of co-reference (read/write) channels, which
is restricted to the case when P contains a linear output. This restriction can
also be applied to the original weakening rule without losing typability, since we
only input-abstract these names in such a process.

By retaining the original (Res) rule without change, we do not allow the
hiding of the subject of a reference. Because of this, we call the typed processes
in this system processes with open state: adding hiding of references leads to the
existence of local state, which substantially changes the nature of logics.

4.2 Logic for Affine Processes with Open State

The following affine logic with open state extends the basic affine logic in the
previous section to open stateful behaviour. We first extend terms and formulae
(now mutually defined) by the following grammars.

a n= [ A u= | {ANaPDa e 57 {A'Y) | ({A2}aPTa e 57/ 2P) B.

For legibility we often omit type annotations. fn(a) and fn(A) now include names
of types, starting from fn(z™) = {z} Ufn(7) where fn(7) may include effect names
when 7 is replicated. 127 () is a dereference, resulting in type 7. {A} a e b{A'}
says invoking a with b changes the state from A to A’, and ({A}la e 5/ z)B says
invoking a with b at A returns z for which B holds. For brevity we set:

({Claeb{C'}/2)A = {CYaeb{C'} A ({Claeb/z)A

Terms and formulae should obey a natural notion of typing. For example, for
a formula ({C }a(?”)!A . I_)?{C’g}/z”)A to be well-typed under I';; ©, we should
have A;; O F C; (1 =1,2) as well as (T'- z:p);; © - A, similarly for others.

In accordance with channel types, behavioural constants are extended as:

a m= | Nier {6H@ BDHEDN | Vier {63(@81)7{£]} | Ref(a’) | RW(a®)

We only consider well-typed constants. For example, A;c 1{§,~}(623 ﬂg)! {&;} is well-
typed with type (%’p)!A iff, for each i, @;3; are typed by 7;p; and each of & and ]
has an effect type A, similarly for its dual. Further each (co-)replicated behaviour
should define a continuous function from states and arguments to states and
answers. A model £ is defined as before using only well-formed constants.

PU |, ¢ is given by the following inductions (only the third clause is a
substantial addition).

1. P = Mot - 20 in;(@)" when P "2 P! such that P! j=p £ - 7: d. Further
Py & z:w when P 1.
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2. Py Y- m:ﬁiel{&}(o‘z’iﬁi)’{g’.} when P29 P’ such that, for each i € I,
R =y §:4; - & implies (v 23)(P'|R) f=b & - &} - 2:5i,
3. P =y 1€ - o:Ref(a) when P 249 ClRef(z2)] s.t. C[0] b € - c:(a)".

In the third clause we take off the reference in conclusion, for testing replications
with different values (needed because references are global so that their values
are transient). & = & and a3 = ay are defined as before.

[alz.e and € =T A, the latter with £ total (cf. Section 3), are simultaneously
extended as follows, keeping all other rules. Below in the second and third clauses,

we let [a]z.e =Aics{&}H@:B:) {€)} and n = £/dom(¢;).

— [[Z'Tef(T)]]z.g d:ef xX.

— [2]ze € a (i - I)(z) = Ref()).

— (ET{AYaeb{A'} iff VieJ (n-&ETA D [blze=d D n-&ETA).
— ¢ ET({Alaeb/2)B iff VieJ (n-& ETA D [blre=d; D &-2z:0; ETB).
— £V () A iff Var.g =TeRef@) 4 A V2l (7) edom(€).€ =T Alz/x).
— ¢TI (D A iff Fam.g IRl 4 v 327¢f (1) edom(€).¢ =T Alz/x).

In the first clause, a reference is interpreted as a distinction [12] rather than its
name-free denotation. The second clause extracts a stored value from a reference.
In the third/fourth clauses, we take off dom(¢;) from & because A is about a
hypothetical state. In the fourth clause, B is interpreted by & together with the
new value for z, not using &;: the scope of a hypothetical state is restricted to the
Hoare triple associated with application (consistently with effect typing). Note
also B; # w is assumed in the third line (by totality). In the final two clauses,
quantified reference names range over (not only fresh ones but also) those of
existing references, which reflects the nature of proper names.

4.3 Sequent and Interpretation

The following classification of sequentially typed processes already exists in the
original linear /affine typing. First, a process with a free linear output is called
thread. Typewise such a process can be written - P > T'- z: 7. By typing,
I" contains no linear output channel and at most a single linear input channel.
Among threads, we have further classification:

— Pure thread, which does not contain a free replicated input (i.e. I' above does
not contain !}.,,-channels).

— Active thread, which does not contain a free linear input (i.e. I' above does
not contain a J-channel).

— Passive thread, which does contain a free linear input (i.e. I' above contains
a J-channel).

A process without a free linear output is called non-thread. Typewise P is a
non-thread iff - P > T such that md(T") C {!,?, %, %rw }-
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The distinction between threads and non-threads is reflected in the shape of
sequents as follows. For non-threads, we use the same sequent as before:

pria E=rely Aguar B,

which is used only when PU2 is a non-thread. Note this means T' does not
contain 7., -channels. As before, we require A is typed by I' - © while B is typed
by A - O, for some typing of auxiliary names ©.

For threads, we use the sequent in the shape of:

PUi% |={C} rely Aguar B{C'}

which is used when P is a thread. For simplicity and without loss of practical
expressiveness, we exclude the case when P contains both a reference and a linear
input (which requires a sequent of a different shape). Let T' = 2., - 7 | T';.
Then we require: (1) C and C' are typed by T'g- O, (2) A is typed by I’y - ©, and
(2) Bis typed by A-0, for a typing © of auxiliary names. From now on we always
assume all occurring judgements (including these sequents) are well-typed.

We can now introduce the semantics of these two forms of sequents. As before,
P =T A stands for P |, € and € - I = A for some £.

Definition 2. (semantics of assertions)

1. Let - P > T'; A be a non-thread. With fn(T') = {Z}:
PUAETrely AguarB = RTEZAD (v)(P|R) LB
2. Let F P > T; A be a thread and T’ = ?,.,,Tg, 7| T'y. With fn(To) = {Z}:

PUA LT (O} rely A guar B{C'} = RF=CAAD (wi)(P|R) =XBAC'

4.4 Properties of Interpretations

In the following we list basic properties of the open stateful logic. Since there
are quite a few changes from the statements in Sections 2.3 and 2.4, we restate
the corresponding properties below for avoiding confusion, as well as augmenting
them with what are genuinely new in stateful computation. As before, we always
assume well-typedness and well-formedness of processes, formulae, sequents, etc.

Lemma 19. (1) =,—, = are subrelations of =.

(2) 1z2(7).R|P1| P2 = z(7).R|P1|(v z)(12(§).R|P2). Also we have (v z)!z(7).R =
(v z)Ref(zy) = 0.

(3) (a) fF P> M., I'- 1A, then P = Q|R such that+-Q > T andF R > A.
() If - P> IT - LA -z : 77, then P = Q|R such that - Q > T - A and

FRv> 7., A-x:7. Further if P /— then we can set - R > x:T.
(4) Let - Py b Wl -z:p" and P =2 P!, Then P, = P, iff P = P},
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(5) Let - Py o \T-2:(7p)s and P, "5 P!. Then P, = P, iff P! = P} iff, for
each = R > §:7- A, we have (w§)(R|P1) = (v §)(R|P2).

(6) Let - Pio v 'y -z:ref(7) and P; 7read(e) P!. Then, setting P}’ 1o C;[0]
with P! % Ci[Ref(x2)], P, = Py iff P = P} iff P!' = PJ.

Notation 1. Below and henceforth we write Ref(z, (¢)R) for (v c)(Ref(zc)|R)
where R is a replicated input with fn(R) = {c} (intuitively Ref{z, (c)R) denotes
a reference with subject x whose content is R with its subject abstracted).

Proof. (1), (2), (3-a) and (4) are as in Lemma 1 (note (2) holds even in stateful
environment). (3-b) needs a separate treatment from (3-a) since a thread can
have effects in its action type: however if the process has already converged, it
can be typed without effects. Note (5) adds arbitrary references of the given
type, in comparison with Lemma 1 (5). For (6), which is new, we first set P; &
R;|Ref(z, (2)S;) by (3-a). Since Ref(z,(2)S1) = Ref(z,(2)S2) iff S1 = Sa (cf.
Lemma 23 below) and noting C;[0] = R;|¢(2)S;, we reason:

P =P R |Ref(x, (2)S1) = Ra|Ref(z, (2)S1)

R; =2 R, and Ref{(z, (2)S1) = Ref(z, (2)51)
R1 = R2 and Sl = SQ

R1 = R2 and E(Z)Sl = E(Z)SQ

Ri1 =2 Ry and 01[0] = CQ[O]. O

Lemma 20. (1) P{, =y £ implies P, = P;. (2) Pl |=p € and Py = P, then
Pl |y & (3) Let &2 be definable. Then & =~y & iff PL = P, for some P2
defining &1 2 respectively iff P, = P5 for any Py 5 defining & 2 respectively.

Proof. The proofs of (2) and (3) are as for Lemma 2. (1) adds the case when
F Poo !L,T-2:ref(r). Assume so, and let Py o |=p hwé -  : Ref(a). By
assumption we have P » mread(e) Ci 2[Ref(z21 )] s.t. C12[0] b € - c: (a)T. By
induction, we have C1[0] = C>[0]. Using Lemma 19 (6) we are done. 0

The proofs of Corollary 3 and Lemma 21 are the same as those for Corollary 1
and Lemma 3 (the clause (1) of the latter given a refinement for divergence as
in Lemma 14), hence are omitted.

Corollary 3. (1) If P =X A and P, = P, then P, =1 A. (2) If P =X A and
P = € then € =T A.

Lemma 21. (1) Let fn(T)Nfn(A) = §. Then P =y € implies PT|Q? =y §F.§'A
for some &'. Further if w & ran(§ U¢') then PT|Q? |=p €7 RGP E € and
QEvE. 2 IfPELE-z:a then (wz)P = €.

Below the operation e is understood as a function application whose result is a
pair of a behavioural constant and a model of reference types.
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Lemma ?,2' Let ar ~p as, Bi ~p (o, and & = &. If {& oG = {m1, &) and
{&}az o B2 = (12, &) then: (1) M1 =p 727 and (2) if 71 # w, then & = &.

Proof. Below let a; be monadic for brevity, ¢ range over {1,2}, and C[P;][R;][S:]
stand for (v z)(P;|Z(yz)(R;|[z — w]))|S; ([z = w] is the standard copy-cat).

P b 20, Ry o y:Bi, Si o &1 b a2, 81 ~b B2,61 b &2
D C[P]R][S] Ev & -z:v A (def. of =)
ClA][R][S1] = C[P][R2][S2] (Lemma 20 (3))
D &-zim~p &z (Lemma, 20 (3))
D MmN (iFAwDE &) (Lemma 21 (1)), O

Lemma 23. Ref(a;) ~, Ref(as) iff ay ~p as.

Proof. We only show “only if” direction. The other direction is simpler. Let

C1 &[] (i) aread (c)e(w) (@) (Mu; = wi][[o' = ). Note:

(x)  C[Ref(z, (y)R:)] ~ Ref(z, (y) Ri)| R
Further let Ref(z, (y)R;) b = : Ref(a;). We infer:

Ref(a1) ~p Ref(az) D Ref{z,(y)R:) = Ref(z, (y)Rs) (Lem. 20 (3))
D C[Ref(z, (y)R1)] = C[Ref(z, (y)R2)] (congruency)
D Ref(z, (y)R1)|R1 = Ref(z, (y)R2)|R2 (%)
D R1 = R2 (Lem 19 (2))
D o1 Xp O (Lem 20 (3)) O

Lemma 24. IfP |=b 51,2 then [[a]]z.gl ~p [[a]]z.gz.

Proof. We add the case of a =!x to the proof of Lemma 5, which is immediate
since if & =~ & and &;(z) = Ref(a;) (1 = 1,2) then Ref(a;) ~p Ref(az) which
implies a3 ~p as by Lemma 22. O

Lemma 25. Let P |y &12. Then & ET A iff & ET A.

Proof. Identical with the proof of Lemma 6 except for treating Vz"("). A and
37 (7). A, which is immediate from the induction hypothesis (since the defini-
tion of =7 for these constructs involve name substitution on A, we use induction
on the size of A instead of structural induction). O

The proofs of Lemma 26, Corollary 4, Lemma 27 and Lemma 28 below precisely
follow those for Lemma 7, Corollary 2, Lemma 8 and Lemma 9, hence omitted.

Lemma 26. If ¢ =X A and A D B then £ = B.
Corollary 4. If P =2 A and A D B then P T B.
Lemma 27. Let dom(¢')Nfn(A) = 0. Then &- &' ET A iff ¢ ET A.

Lemma 28. (monotonicity of v) Let z & fn(A). Then P =1 A iff (v z)P =T A.
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Lemma 29. (cut in =) LetTo CT and I';;0 F A with 'T' C T and © + 1.

(1) Pi?ihrely Aoguar B and Rt =1 AN Ap imply PIR =X AN B.
(2) PYolu® ={C}rely Agguar B{C'} and R* 1 =X CAAAAg with 7, T15;0
C imply PIR =T C' AN ANB.

Remark 3. The essence of (2) is that the formula A continues to hold even
after a state change at T'.

Proof. The proof of (1) is identical with Lemma 10. For (2), letting I'=T' - I's:

RFTrET CAAN A

O RFTiETA A RMMIETCAA (A)

O R ET A A (vin(T2)RET CA A (Lemma 28)

O R A A (vin(D)(PR)ELBAC' (IH)

> Reli =24 A PIRETBAC (Lemma 28)

O PIRETA A PIREIBAC (Lemma 27)

D PIRETAABAC (A). O

The proofs of the following two Lemmas are identical with those of Lemmas 11
and 12, hence are omitted.

Lemma 30. Let z ¢ fn(4,a) and [a]z.c # w. Then & EL Ala/z] iff ¢ E
Jz.(AAz =a).

Lemma 31. ¢-z:iny(@)" EZ A iff € - 7:@ ET Alini(§)" /).

Lemma 32. Let fn(B) N {zf} = 0 and 7 = (§r)\ with dom(A) = &. Then
having € - 27 : Nieg{&}@iB3:)' {€l} - 7: @ EL ({Clz ¢ §{C'}/2)B is logically
equivalent to having - z: 3; T B and £/ - €&} =T C' whenever &; = @ and
/- & = C. 0

Proof. Direct from the definition. O

4.5 Refined Typing Rules

By the distinction between threads and non-threads in the sequent, we need to
use a refined form of typing rules, especially for parallel composition. We shall
use the following observations for organising the typing and proof rules.

P1: Two threads can only be composed at a compensating linear channel to
generate another thread, because of the sequentiality constraint on parallel
composition (note this means at least one of them should be passive).

P2: Without losing generality, composition of threads can always be done first
between pure threads then between a pure thread and a non-thread, up to
associativity of parallel composition.

P3: By this the application of (Rec) is in fact only needed for non-threads up
to strong bisimilarity.
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This leads to the refined rules which give clear articulation for the proof rules of
the present logic. We give the complete set of the refined typing rules in Figure
6, which can type the same set of processes as we have presented in Section 4.1
except for the case when a process contains both a linear input and a reference
(which does not jeopardise the derivation of typed processes of other forms).

4.6 Soundness of Proof Rules

The proof rules are given in Figure 7 (composition rules and consequence rules)
and Figure 8 (prefix rules). We assume each proof rule is applied following the
typing rule of the corresponding name, even though we almost always omit
the typing annotations for legibility. As before, we assume that, in each rule, all
processes, formulae, and sequents are well-typed and follow the standard binding
convention over processes and formulae. These rules reduce to, when restricted
to affinely typed processes, those of Figures 2 and 4 (in the refined form based on
thread/non-thread distinction). In (Write), prim(4) is the primary names used
in A (induced from the underlying typing). Thus “A D% B” means A specifies
more than B concerning x, but not other primary names. We now prove:

Theorem 3. (soundness of proof rules for logic with open state) Let P be a pro-
cess with open state. Then P'2 Frely Aguar B implies PL4 Erely Aguar B.
Also PYA H{C} rely Aguar B {C'} implies P'2~ ={C}rely Aguar B{C'}.

Proof. The proofs are quite similar to those which we have carried out so far

except for the treatment of state change. The proofs of:

— Ptlrely A B
7 (Res-nonthread) rely ~guar
0° Frely Aguar A (v )P Frely Aguar B

(Zero)

remain identical. For (Res-thread) we only treat hiding of a replicated name.

P +{C}rely Aguar B {C'}
(vz)P +{C}rely Aguar B{C'}

(Res-thread)

Let PT34®7 AT and B2 with md(r) = !. Note z & fn(C, C") since z is a primary
name of a !-type.

RTETAANC D (vin(D))(P|R)EF BAC! (IH)
D> (vz)(wfin(D))(PIR) EI BAC' (Lemma 28).

For the refinement of (Par) for sequential composition:

P +{C}rely Ay guar E {C"} P +{C"}rely AoAEguar B{C'}

Par-
(Par-{1) Py|P; F{C}rely A;A Ay guar B{C'}
is treated as, assuming PF;AI and PQE;AQ:
RIETCAAIANA,
D P|RETC"ANA A (BLAE) (TH, Lem. 29)
O PI|PRRELTC' AB;ABs (TH, Lem. 29)

D> (vin([LUDL))(P|P|R) ET C'AB; ABy  (Lem. 28).
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(Zero)

FOb> _

(Par-1?)
- P1 > Fl; !!I"MJAI; 10
I P2 > ]._‘2,?6; !!rwAZ

|-P1|.P2 > P1UF2; Al,Az,(‘)

(Rec)
FPo 20, y: 7, 1A, z: 7!

Fpuy=z.P> T, A z:7

(Res-nonthread) (1¢ md(T"))
FPpeT,z:7 md(r) € {},!}

Fwz)Po T

(Bra‘)
Vi. b P> 72,07 .7, vipt

(Par-11)
FPibIi;z:pt
P> Pz,x:ﬁl; y:TT

|-P1|P2 > I UFQ, xi, Yy:T

(Par-!?-thread)
F Pl > 1—‘1 5 !"rwA: !"rw@
P> ]."‘2,??711,@; z:7!

|-P1|P2 > Pl UPQ; A,@,iK:T

(Res-thread) (1€ md(T"))
FPp Dz md(r) € {],!}
Fwz)PoT

(Weak)
FPoT,2:p" md(r)€ {37}

FPo D, z:ph 2

(Sel™)
P> 7,0, §:7

F (& (7:).P] > T, x: [&iﬁ]i, vip

(In)
FPop 7% B,A™ gz:7p

Fla(7z).P > T, z: (7p)'y

(Ref)

F Ref(zy) > xz:ref (1), y:7T

(Write) (T'(z) = rw(r))
F P> 122,00, v:r, c: ()Y

F zwrite(ve)P > T

FZini ()P o T, z:[@iers]

(Out®) (T(z)=(7p)a, ACO)
FR> D, 4:7
FPob 7T, 2,0, z:p*, vio!

FZ(yz)(R|P) > T, O, v:0

(Read) (T'(z) = rw(r))
F P> 122,00, c:(7)

F Zread(c)P > T

Fig. 6. Refined Typing Rules for Open State
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(Zero)

0° rely Aguar A

(Par-1?)
P, Frely A, guar BiAE
P, Frely Ay AE guar B>

(Par-t)
Py -{C}rely A guar E{C"}
P, -{C"}rely AoAE guar B{C'}

P|P, +{C}rely A1 AA; guar B{C'}

(Par-1, 7%
P Frely A, guar BIADAE
P, -{CAD}rely A, AE guar B, {C' AD'}

Py|P; Frely AjAAs guar Bi1AB>

(Rec)
P Frely AYguar B(0)
P trelyAAB(i)|y/z) guar B(i+1)

py=z.Ptrely Aguar B

(Res-nonthread)
P trely Aguar B™®

(v z)P Frely Aguar B

(Consequence-thread)
(C>Co, AD Ao, BoDB, CyDC")
P +{Co}rely Ao guar By {Cp}

Pi|P, H{C}rely A1 AAs guar BiABoAD'{C'}

(Res-thread)
P +{C}rely Aguar B {C'}

(vz)P +{C}rely Aguar B{C'}

(Weak-thread)
PT {C}rely Aguar B{C'}

PT®7 -{C}rely Aguar B {C'}

(Consequence-nonthread) (AD Ao, BoDB)

P Frely Ag guar By

P+H{C}rely Aguar B{C'}

P trely Aguar B

Fig. 7. Proof Rules for Processes with Open State (composition/consequence)

The second (Par) rule:

P, Frely A; guar BIAE P, Frely A;AE guar B,

(Par-17)

Py |P; Frely A; AAs guar By AB,

is reasoned precisely as in Theorem 1. The third (Par) rule:

(Par-1., 7%

P Frely A; guar BIADAE P, F{CAD}rely A;AE guar B> {C' AD'}

Pi|P; F{C}rely A AAs guar BiAB>AD'{C'}

is a simpler case of (Par-Jt). The recursion rule:

(Rec)

P trely AYguar B(0)

P trelyAAB(i)[y/z] guar B(i+1)

py=z.Prrely Aguar B
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(Bra') (Sel™)
Vi. P; {C} rely Alin;(;)z] guar B {C'} P trely A guar Blin;(7)"/z]
z[&;(7;).P;] F{C} rely Aguar B {C'} Tin;(§)P F{C} rely Aguar B{C}

(In') (VFL(BL> ({ClzefiC'}/2)By)>B)  (OU) (AD 41D {Cloey{C"}/2)4s)

T T , R Frely Aguar A;
PF{C}rely A ABY guar B, {C'} P+{C}rely AN As guar B {C'}
'z (§iz). P Frely A guar B Z(§2)(R|P) F{C} rely Aguar B {C'}
(Ref) (A[lz/y] D B) (Read) (C 2 A'[(lz)'/c])
— P+{C}rely AN A' guar B{C'}
Ref(zy) Frely Aguar B Zread(c)P +{C} rely Aguar B {C'}

(Write) (E['z/y] D* C)
Rtrely A°guar E
P+H{C}rely A guar B {C'}

zwrite(yc)(R|P) +{3z.(C A E[lz/y])} rely Aguar B {C'}

def

* In (Write), AD*B = AD3§.B where {§} = prim(B)\{z}.

Fig. 8. Proof Rules for Processes with Open State (Prefix)

is reasoned as before. For the weakening:

P' -{C} rely Aguar B {C"}
PT#7 - {C} rely Aguar B {C'}
Let md(7) = 7., as before and T = A; ©. We set:

(Weak-thread)

RA =T € pl RT  such that R’ b € and Ro b o : Ref(a).

The following reasoning is identical with Theorem 1 except having states.

REICAA D REbé-z:Ref(a) ETCAA (Corollary 3)
D R Ep (IR oA A (Definition of =7)
S5 wh(D)(PR) £ BAC (IH)
> (vin(D))(P|R)|(vz)Ro ET'®* BAC' (Corollary 3)
D> (vfn(l),z)(P|R) EX BAC' (Lemma 27).

Similarly:

Vi. P; - {C} rely A[in;(7;) V] guar B {C"}

() el (7). PIF (C) rely A guar B (C')
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is reasoned precisely as before except we incorporate state:

Ry 9 2:iny(@)" =7 A
D RRy v w:-7:d EF Aliny()"/2]
D (vid)(Pi|R'|Ro) =* B (IH
D (vuz)(2[&(7:)-P]| R |7ini (§) Ro) o B (

where we let, w.l.o.g., R* = R'|Zin;(§) Ro with dom(T') = {@wz}. Similarly:

(Sel) P trely A guar Blin;(7)"/z]
© Zin;(§)P F{C}rely Aguar B {C}

Def. of b, Lemma 31)

Corollary 3),

Assume the first sequent is under the typing - P > I'y;4: 7', while the second
sequent is under the typing - Fin;(§) P> 717, To; 2 : pT (note Iy is weakened).
Further let - R > T'; - Ty such that R = T|S with -7 > T; and - S > Ts.

TR A A SO

S wa)(PIT) by i EF Bl /x] ()

D fini(ﬂ')( @) (P|T) b z:ini(@) EX B (Def. of =y, Lemma 31)
> (ww)Zin(@P|T)EL B (Corollary 3)

> (wd)@in(HP|T)|SELBAC (Lemma 21)

D> (vd)@in(§P|R)EL BAC (Corollary 3).

We turn to the replicated input.

(') P F{C}rely ATA BT guar B, {C'}, Vii.(B1 > Bs[{C}aeg{C'}/z]) > B
2(4z).P Frely A guar B

Let R =T A with dom(T") = {w}. As before, we first construct the behavioural
constant 8 % Aif)i (d’iﬁi)!ng, this time incorporating state.

(*) For each d’f and n;, we choose S; = 1; - §: @, and let
(v 0y)(P|R|S:) Eb 2:6i - n;-

For such 6, we show (@) (1z(§2).P|R) = x:0 =7 B. As before, the reasoning
is decomposed into the part for =y, and the part for 2.

(1) We first show (v @) (!z(72).P|R) [Eb z:6. Since

(v D) (2(52)-P|R) "5 (v i) (1 (§2).P|R)| (v @) (P|R),
it suffices to show the following statement for each S |=y 7:&; - n;:
v (v @)(P|R)|S) = (v 7)) (P|R|S) b 2:6; - 7; -

Below S; is the process used for constructing 6 in (x).

S b g - m
> 5=28 (%, Lemma 20 (1))
D> (vyw)(P|R|S) = (v ;1]’1[)’)(P|R|Si) Ep 2:08;  (congruency, )
D (vyw)(P|RI|S) b 2:8i - m; (Corollary 3). O
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(2) Next we show z:0 =X B. By Vijl.(B1 D ({C}z i{C'}/2)B,) D B it suffices
to show z:0 =2 Vil.(By D ({C}z e 7{C"}/2)Bs) (by Lemma 26). Below we let
J be an arbitrary well-typed assignment to [. S; is the process used in ().

z:0-7:a;-J =X By, ni X C
g&z '_IJBI; i IZIC
(v @) (P|Si|R) E"" B2 AC', (v @) (P|Si|R) [=b 2:5; - ]
z
T:

Next we treat the dual case.

S FrelyAguarA;, PF{C"}relyAAAsguarB{C’}, AD A;D As[{C}zei{C"}/7]
Z(72)(S|P) F{C} rely Aguar B {C'}

(Out?)

Let - S>?T;Aand - P> ?T-2., ©-2:p*;u:0" where dom(T) = {z1#}, dom(0) =
@} and dom(A) = {7}. By the binder convention, fn({§z}) A fn(4, B) = 0.
Assume F R > I'- © such that (w.l.o.g. by Lemma 19 (3) and Lemma 20)

have R = ('x(yz) Ro) | R'| S with: (i) lz(§2).Ro b :0 with 6 = Nii(@if3i)* m,

(ii) R |Ep W:49, and (iil) S b n; (note n; ranges over all states of type ©, so this

loses no generality). Below we let £ Liri0. w:4 and write { for the condition
AD A D ({Clzeg{C'}/2)As.

R &-mi P ANC
D SIRE, i@ T ANAIAC (IH, Corollary 3)
D SIR b £-mi-7:@; ET AN ({Clzei{C'}/2)As (i, Corollary 4)
D S|R|Ry b &-n)-§:d; - 2: 6, (Lemma 21 (1))
E-mi-yidi-z:0; Fo ANAIANC" (Lemma 32)
(v (S|R|Ro) b &-2:8; EL ANAANC" (Cor. 4, Lem. 21 (2))
vwzz)(P|(v §)(S|R|R,)) =* BAC E H)

D
D
D> (vwz)(@(§2)(S|P)|R) =X BAC' Corollary 3)

—~ A~

In the last step, we use (v Wzz)(Z(§2)(S|P) | R) — (v Wizz)(S|P|R|Ry) as well
as —C= (Lemma 19-1).
For the reference rule:

Allz/y] O B
Ref(zy) Frely A guar B

(Ref)

Let - R > y:7' and A['z/y] D B below.

RET A

D Ref{zy)|R |=p z:Ref() -y:a L ANz =y (Lem. 23/27, A)

D (vy)(Ref(zy)|R) =p x:Ref(a) X Jy. (AN !z =y)  (Res-Nonthread, 3)
D (vy)(Ref(zy)|R) =p z:Ref(a) EL Allz/y] (Lemma 30)

D (vy)(Ref{zy)|R) b v:Ref(a) EX B (Corollary 4).
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For the read rule:
P+{C}rely AN A'guar B{C"}, C > A'[(lz)'/c]
zread(c)P {C}rely Aguar B{C'}

Assume - P > ?T - .y A-c:(7)4v:pl and F R > T - A. By Lemma 19 (1), we
can set R = Ref(z, (y)S)|R'. Further let C D A'[(!z)"/c].

R b z:Ref(a)- £ X CAA
R b z:Ref(a) - € EZ CAANA(12)T/(] (
R b z:Ref(a) - € EZ e. (CAANA Ae=(I2)T) (Lem. 30)
Rle(y)S b z:Ref(a)-c:(a)T -6 EL CAAANA Ac= (z)T (Lem. 27)
Rle(y)S ET CAANA (Lem. 27)
q
(
(

(Read)

Cor. 4)

PIR[c(y)S E? BAC' H)
(vc)(P|Rle(y)S) EL BAC! Res-thread)
zread(c)P|R X BAC' Cor. 4).
In the last line we used Zread(c)P|R —= (v ¢)(P|R|¢(y)S).
The consequence rules are reasoned precisely as in the proof of Theorem 1.
Finally we attack the write rule.
Strely A°guar E, PF{C}rely Aguar B{C'}, El[lz/y] D>*C
Zwrite(yc)(S|P) F{3z.(C A E['z/y])} rely Aguar B {C'}
We first observe:

Jguuuuuuyu

(Write)

Claim. Let F Py > z:0 and b Py > ¢ : g s,t, md(op) C {!, % }. Further let
A= 5% B*990 and R =% 3x.(A A B). Then P =7 A implies P|R =T B.

For the proof let R = ¢ and assume P =y z:a X A. Then z:a - € Y B from
A D% B (by definition), that is P|R =% B, concluding the proof of the claim.

Let -S> ?T;y:m,F RoIT-YypAand - P 2T 20 A-c:()V 5 v:p withz €
dom(A). By Lemma 19 (2), let R = Ref(z, (¢)T)|U|V where F Ref(z, (¢)T)|U > A
and -V > T, and let S|R = S'|Rs.t. F S' > y:7'. We infer:

R b o:Ref(a) - Lomi 16 FF CAA

DSREIE AN VELA (IH, Lem. 27)

ODSREITE AN VELA (Cor. 3)

ODSELE AN VELA (Lem. 27)

O Ref(z,(y)S") BT y.(EAlz=y) A VETA (3, Res-nonthread)

O Ref(z,(y)S"Y EL E[lz/y] A VETA (Lem. 30)

D Ref(z, y)SNUETC AN VETA (Claim above)

D Ref(z, (y)SNU|V[c =L ANC (Lem. 29)

> P|(Ref(, ()SHUIV[e) =X BAC! (TH)

D (ve)(P|(Ref(z, (y)S")|U|V]e)) EZ BAC! (Res-Thread)

D fwrite(yc)(S|P)|(Ref(m, (y)TYU|V) EL BAC! (Cor. 3)

D zwrite(yc)(S|P)|R =X BAC! (Cor. 3).
In the second line to the last, we used Zwrite(yc)(S|P)|(Ref{z, (v)T)|U|V) =2
zwrite(yc) (S'|P)|(Ref(z, () THU|V) — (v ¢)(P|(Ref(z, (y)S")|U|V[e)). 0
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Fig. 9. Typing Rule for Local Reference

5 Logic for Sequential Processes with Local State

5.1 Affine Behaviour with Local State

Types, action types and (untyped) processes are as in Section 3.3. To the typing
rules, we add the rule which hides a reference channel, given in Figure 9. In the
rule, I'/x takes off z from the effect channels used in T.

5.2 Logic for Local State (1): Language

The logic with local state we study in the following enjoys full compatibility with
the logic with open state (hence the preceding two logics). This is made possible
by the use of two kinds of names of (co-)replicated types, one called opague and
another called non-opague or open. Some notations follow, with md(7) =!.

— When we write z[™), this means z is an opaque name.
— When we write z7, this means z is an opened name.

We often omit type annotations.  and z are considered as distinct names. All
free auxiliary names of !-types are non-opaque (without loss of expressiveness).

The grammar of terms follows, which is identical with Section 3.3 except for
the distinction between opaque and non-opaque terms of replicated types.

=1

at =27 |in. (@™ )" o' = z" [ Wz (D) Gl = P P A

Terms in the category a' are non-opaque (or open); while terms in al'l, with types
of the form [7], are opaque. (" (7)) has type 7. Equations are only considered
between terms of the same type (so an opaque name and an opened name cannot
be compared). Formulae are given by, in addition to the well-typed equations
and omitting obvious type annotations:

A u= e | {Abzeg{A} | (Abzeg/2)B | open# as () in A

We already encountered the first two constructs in Section 4.2: we now restrict
their operands to non-opaque names. open @'l as (ug’g)jﬁ in A is called the
opening formula for @. The rule is simple: all opaque names should be opened
before they can be used with the operators as given in the open state logic. In
open Zl7] as (l/gjg)jﬁ in A, we always assume:
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— Z (resp. Z, resp. §) is a vector of pairwise distinct names such that # and Z
have the same non-zero length and {Z} Nfn(A) = 0. & (resp. ¥) is called the
opened opaque names (resp. local references) of the formula.

— ¢ (resp. Z) in gand A (resp. in A) are bound in the formula, while Z occur
free in the formula. Further each name in g should occur in g as an effect
name s.t. §/§ = 7.

The following notion smoothly integrates the open state logic into the local one.

Convention 1. (trivially opaque name) A trivially opaque name, or TON
for short, is an opague name which is opened with the empty local reference (for
example, z in “open z as (ve)z in A” is a TON). When an opaque name occurs

in a place where a non-opaque name should occur, we regard it as a TON (e.g.
“{A}x o 7/2)B” in fact means “open xif as (ve)zy in ({Alz e §/2)B”).

In essence, a TON is an opaque name without its local state, hence can be used
in the same way we treated replicated names in the open state logic.

5.3 Logic for Local State (2): Model

For behavioural constants, we refine (co-)replicated behaviours.
a == .| Ner {€3 (@@ n:)B:) &} | Vier {&:}(@i(vn:)B:)* {&}

where 7; in Aier{€:}(@: (v i) B5) {1} (resp. Vier (€:1(d: (v 1) B:)7{€)}) is a finite
map from names to reference (resp. co-reference) behaviours, where dom(7;)
acts as binders. We always assume the standard naming convention. When 7; is
empty, Aier{&}(@i(n:)B:)'{€}} is simply written as Ajer{&}(d@iB:) {£}.

Models now include hiding, and are generated by the following clauses. Below
u ranges over all names including opaque and non-opaque names.

— () is a model, with its subjects sbj(() being 0.
— &-u:ais amodel if u & sbj(§). Then sbj(§ - u : a) = sbj(&§) U {u}.
— (v )€ is a model if 2+ € sbj(£) and if, whenever ¢ = y: a' - €, we have
z & fn(a). Then sbj((v z)&) = sbj(¢)\{z}.
In the third clause, & = & is given by the a-equality together with: (1) £ = n-€,
(2) ()€ -z:7) = ¢if x ¢ (), and (3) (va)é = ()b if & = &.
We always consider models via =. By the third clause, an effect name of the
behaviour of a non-opaque name is never hidden, i.e. never becomes local.
For the definition of =y, we take a quickest way to reach the required relation.

1. P b "hwé - o2 ing(@)" when P Emz@ P' st. P' |y -7 : d. Further
P =y - z:w when P 1.
2. Py -z Nier {6 H(@i(0; :7;) 8:) {€!} when P%) pr such that, for each

i €I, Rz f:d; - & implies (v zi)(P'|R) = (@) (€& - 20 - Wi ).
zread(c)

3. P b 1€ - z:Ref(a)® when P —" C[Ref(zz)] s.t. C[0] = & - c:(a)T.
4. P =, (v2)€ when P = (v x)P' such that P' |5 €.

~

= in the fourth clause makes =y, intractable. For the soundness proof this is
enough. ~y is defined as before.
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5.4 Logic for Local State (3): Sequents and Interpretation

For the function [a]z.¢ and the relation £ =7 A, we add the following clauses to
the defining clauses for the logic for open state, assuming the type correctness
of formulae and models.

- [[m[T!]]]I.g d:ef Z.

- [[QT!]]I.;;- 4" o when I - ¢ = ¢ - z:q. Similarly for [[SL'TT]]I.g.

— £ T open & as (Wi)T in Aiff € =y, (v §)(T:0-¢) st. T:d - & EL A
— ¢ Etvalll Aiffvarg EToe A A VelT edom(€).€ =T Alz/x).

— ¢ ET Al A o T A v Bl edom(€).6 =T Alz /).

In the first clause, an opaque name is interpreted simply as a distinction. The
second clause is precisely as in the logic for open state. The third clause says
that, after opening, the concerned channels should indeed get opened. In the
forth and fifth clauses, opaque names are treated just as references.

We use the sequents P + {C}rely Aguar B{C'} and P I rely Aguar B
from Section 3.3, whose well-typedness and validity are defined in the identical
way.

5.5 Properties of interpretation

A small difference in the following Lemma from Lemma 19 is in the need for
having local references in clause (3).

Lemma 33. (1) =, —, = are subrelations of =.

(2) '2(9)-R|P1| P2 = 2(7).R|P1|(v 2)(12(§).R|Ps). Also we have (v z)!z(J).R =
(v z)Ref(zy) =2 0.

(3) (a) IfF P W - 1A, then P = (vW))(Q|R|S) such thatt Q>T', F R A’
and - S b W: 7" where TV /w5 =T and A’/ = A.
(b) If+ P |>_!F-!rwA-;c:pT, then P = (v w)(Q|R|S) such that - Q > T - A/,
FR> 2A -z:p and - S > & : 7" where T/ =T, A/ = A and
p' /W = p. Further if P /— then we can sett+ R > z:p'.

(4) Let - Py > WL, z:p" and P 29 P!, Then P, = P, iff P, = P).

(5) Letb Pio o T -2:(7p)s and P, “B) PI. Then P, = P, iff Pl = P} iff, for
each - R > ¢:7- A, we have (v§)(R|P1) & (v §)(R|P2).

(6) Let - P> 'y -z:ref(r) and P; #read(e) P!. Then, setting P}’ o C;[0]
with P! % Ci[Ref(z2)], P, = Py iff Pl = P} iff PI' = P},

Proof. (1) and (2) are standard. For (3-a), let P be typed as given. Then P =

(v W0)(I1P;) where (i) IIP; is the concurrent composition of references and prime

(i.e. prefixed) replicated processes and (ii) & and ¥ respectively restrict references

and replications. By (1) above, we have (v ¥)(I1P;) = (IIQ;)|(ILR;) where (i) each
Q; is a prime replicated process without no free 7 names and (ii) each R; is a
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reference without no free ? name. By setting @ ef IIQ; and R def IIR; we are
done. (3-b) is by the same reasoning as (3-a). (4), (5) and (6) are reasoned as
in Lemmas 1 and 19, using (1), (2) and (3) above. We only show (3) below. Let
F P> W l,z:p" and P; m:n(g) P!. By (3-b) above, we can assume, without
loss of precision, P; = (v &)(ZTin;(¥)Q;|Ri|Si), hence P = (v &)(Q;|R;|S;).

(2
Let C[ - ] def (v 29)(zin(9)|[ - ]) where the free output in zin;(§) is given by

copycats. Then:
Pl=P, O PL=C[P=C[P)2P.

Conversely, let A = §/: 5 where p* are the types of i/, and assume - U > 7A -

??%w [ - e:()T. By the standard context lemma, P{ = Py iff P|U = P,|U. Let
C'[ -] % 2[..&(#).Uk...] where (§).U is the i-th summand while ... indicates

arbitrary summands. Then:
P=2P D Cl[Pl] = CI[PZ] D P{'U = PZI|U D Pll = P2I . O
Because =y is defined via 22, the following two properties are trivial.

Lemma 34. (1) P, |y £ implies P, = P;. (2) Pl |=p € and Py = P, then
Pl =y & (3) Let &2 be definable. Then & =~y & iff PL = P, for some P2
defining &1 2 respectively iff P, = Py for any Py 5 defining & 2 respectively.

Corollary 5. (1) If P, EX A and P, 2 P, then P, EZ A. (2) If P =1 A and
P =y € then € =T A.

The following Lemma, refines Lemma 21

Lemma 35. (1) Let fn(T)Nfn(A) = (. Then P =, £ implies PT|Q2 =, €7 -¢'2
for some &'. Further if w & ran(§ UE') then PT|Q? |=p €7 SR P b € and
QEb&. (2)(a) Pl &-z:at implies wx)P =y €. (b) Pl (vd)(€-3:a})
implies (v x)P =y, (vW)E. (3) P29 |y, € implies (v x)P =y (v ).

Proof. (1) and (2-a) are as before. For (2-b):

PEpy(viw) (€ z:0) D P=ww)P' AN P Epé-z:a (def. of |=p)
O Wwz)P=wuwz)P' N (vz)P' =€ (2-a)
D (vz)P Ey (v (def. of |=p) -
(3) is immediate from the definition. O

Lemmas 36, 37 and 38 are proved just as before. In Lemma 36 below, note
the value given as the result of invocation would in general accompany hidden
references.

Lemma 36. Let ay ~p a, /3"1 ~p 52, and & = &, and let ¢ = Wy s are.
Further let {&1}on @ B1 = (v (1)m1, &) and {&}as o By = (v ()12, &) Then:
(1) (wdr)(y:71,G) =b (VWa)(y:v2,C2) and (2) if 11 # w, then & =~ &.
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Lemma 37. Ref(a1) =~ Ref(az) iff a1 ~p as.
Lemma 38. If P |=b 5172 then [[a]]j;.gl ~p |[a]]1.52.
Lemma 39. Let P |y &1 2. Then & ET A iff & ET A.

Proof. There are two additional cases to the proof of Lemma 39. First the quan-
tifications over opaque names are immediate from the respective induction hy-
pothesis. Second, the case of the opening formula reasoned as follows:

& ET open Z as (vi)Z in A

G2wiH@E:a-&) A E/FET A (Def. of ET)

=Wy (@:a-¢) A gE/@E" A (P &2, Lemma 34 (3))

&2 =1 open & as (vif)Z in A (Def. of 1) . O

U ull

Lemma 40 and Corollary 6 are proved as before.

Lemma 40. If ¢ =X A and A D B then £ = B.

Corollary 6. If P =7 A and A D B then P =T B.

Lemma 41. Letsbj(¢")N(fn(A)u{w}) =0. Then (v &) (&-¢') =L A iff (W)é EL A.
Proof. Assume as given. We use induction on A. The only non-trivial cases are

an equation on behavioural expressions and an opening formula.

Case a; = as. The case when both are linear is reduced to the case when both
are replicated. If it is #; = z2 (i.e. both are opaque), by definition this means
they are identical, so no difference comes about. If it is 2, = x5 (i.e. both are
opened), then, by the definition of models, I - (W W) = 21 : a1 - T2 : a2 - € s0
again no difference comes about. Similarly when a; is of the form !z.

Case open 7 as (v)Z in A. By assumption Z only occur in (v @)E.

(v W)€ =1 open & as (vi)Z in A
= Ww)é=wihnb N HETA (def. of E7)
= Wa)§-&)=wN&-¢) A &L-EPA (5 IH)
= () (€-¢) =L open T as (vi)Z in A (def. of 7).
Other cases are direct from the respective induction hypothesis. O

Lemma 42. (monotonicity of v) Let - T -z :7' > P and x € fn(A). Then
PETAiff (va)P EL A.

Proof. Assume as given. Letting ¢ {«&} and a™:

Py ()€ 2:0) E7 A
= Wo)Py (i) A W) z:0) 2TA  (Lemma 35 (2))
= Waz)PlEy () A W) ETA (Lemma 41) . O

To study properties of local references, it is useful to consider a stricter notion
of typing. First we stipulate:
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Convention 2. Henceforth we assume all names in processes occur explicitly
typed, and that the effect typing for each (co-)replicated types is an ordered se-
quence rather than a set.

A formula (resp. sequent, resp. model) is strictly typed w.r.t. a process iff its all
primary free opened names are typable with their explicit types in the process.
Using strictly typed formulae:

— P |5 € is a strictly typed version of P [= &, in the sense that we replace =
in the fourth defining clause with =.

- ¢ |=’1 A is a strictly typed version of £ ET A, in the sense that we replace
~, in the third defining clause with =.

— P|=’I rely AguarB is given using =, and |='I above.

The following conventions on strictly typed formulae does not lose generality.
Convention 3. In strictly typed formulae/sequents:

1. In each occurrence of form open W as (vi)w™ in A, we assume ¥ is fived
once W is given.

2. Whenever an identical name is opened in two places in a formula, the effect
types of the opened name coincide.

The clause 1 above does not lose generality since the effect names are a se-
quence in strict typing, so that we can uniquely determine which binding name
corresponds to which effect name.

Lemma 43. P =7 A iff P'="" A for some P’ such that P = P'.

Proof. Write ¢’ =1 A for ¢ conforms to A in the standard typing under Z, and
& =1 A for ¢ conforms to A in the strict typing under Z. For brevity we omit
the mention of Z from now on. Since P =7 ¢ is closed under £, the statement
is equivalent to: & T A iff ¢ T A for some (any) ¢ such that £ ~;, ¢ and
& =, A. Since 7 is closed under ~}, by definition, this is further equivalent to
saying (just): for any £ > A, there exists some £’ such that £ ~, £ and &' >, A.
We argue by induction on the size of A. We only consider A, = and V as logical
connectives. Below we omit the existential quantifier on £’ and £ for brevity.

def .
Case A = e; = ey. Vacuous since &, &' do not affect e; 5.

Case A %f a1 = as. Immediate from Lemma 34.

Case A %f A1 A As. Because:
£>A1/\A2 = £>A1’2 D 62[3‘5, >5A1’2 = §2b§1 >3A1 A As
Case A %F - A'. Because:

Er--A" = £-A = £ - A = £ -, 0A
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Case A ¥ vz.A'. Because (treating the case z is not opaque):
E-Vz.A' = €A = €8s, A = Exp & -,V A
The case when x is opaque or a reference is the same.

def .
Case A = open @ as (vy)d in A'. Because:

£~ WPE A /] - A
Ep WHE N E = NI /W] -5 A
&~y (W§)E" =5 open W as (v§)win A" .

& >~ open @ as (vy)w in A’

Case A &' {C}ze7{C"}. Below let i) be a model for the concerned effect names
(associated with z).

§-{ClzegzC' D = C,C" = nepy =5 C,C" = Exp & =5 {Clz ozl .
Case 4 %' {C}(z o §/2z)A'. Because:
E-({Clzeg/2)A" D 2:8-E~p2:8 8 =g A = £~ & =, ({Clzef/2)A". O

Below we say z occurs in P! with type 7 if the occurring type of z is 7 (this
may differ from the type of z in T' by hiding).

Lemma 44. (1) Let & occur in P with type 7. Then P=""open @ as (v§Z)a" in A
iff (v ;U)P|:’Iopen W as (wyrZ)w’ in A, assuming both sequents are well-typed.
(2) Assume P o> T -z:7"v and x & fn(A). Then P =X A iff wz)P EL A.

Proof. For (1), since W occur in P with type 7 which follows the opening formula,
z in (vz)P and z in (v a:)PIz’Iopen @ as (vijzZ)w in A bind a unique effect
name in 7 in precisely the same way. We now prove both ways. Below we observe
that, by the condition on name occurrence we stipulated for opening formulae,
A does not contain any name from . For the “only if” direction:

P =7 open @ as (vi2)d in A

= PE, (vaiE N EETA (Def. of =7)
D> (wz)P |, wawi)E A T open i as (vy?)w in A (Def. of =)
D> (vz)P [, (vawy)€ ET open & as (v§2)d in A (Def. of 7).

For the other direction, strict typing is essential:

(va)P = §|:'Iopen W as (vyzZ)d in A
(vz)P = (vag?)P' |, (vag?)d N P = (F)
A (v zi?)¢'=""open @ as (vifzZ)@ in A
(vo)P = (vzg?)P' A P, EETA (="
(v §2)P' |, (v §Z)P' =7 open @ as (viZ)di in A (=, 7).

(v x)PIz'Iopen W as (vyrZ)d in A
D

U u

41



For (2), we prove £ X A = (vz)é =1 A by induction on A (the reasoning

is identical for ='7). We show two non-trivial cases. Other cases are simpler.

Let A &' yi = y3 st. x & {y1,y2} U fn(7). Further let y1,y2 € fn(§) (when

yi € dom(T) is easier).

§|=I£=£ = {xpyiiaryiia-l (Definition of =)
= (wz)§ = yi:a-yi:a-(va)f (z¢fn(r))
= (vao)t T Yi=y3 (Definition of 7).

Next let A % open w7l as (i) in A’ with 2 & fn(A4) = fn(4’) U fn(7) U {@}.
¢ =7 open o as (vif)i in A

= ¢~ WN@:a-€) A @:a-6 =T A (Def. £7)
= (va)l = (v (@:a- (va)f) A (@:a- (va)d) EF A (a¢fn(7)U{w})
= (v )¢ =1 open i as (v§)i in A (Def. ET). O

The proofs of the remaining lemmas are either identical with those of the cor-
responding lemmas in the preceding sections (Lemmas 45, 46 and 47) or direct
from the definition (Lemma 48). We present the statement and proofs for =7
instead of =’ T since they do not need strict typing: we can easily check all proofs
trivially extend to /.

Lemma 45. (cut in =) Let Ty CT and I' - O F A with 'T' C T and © |- I.

(1) PFo [=rely Agguar B and R* =% A A Ay imply P|R =F AA B.
(2) PFoTHA ={C}rely Agguar B{C'} and R"1t =T C A AN A with 2,.,T -
OF C imply PIREL C'ANANAB.

Lemma 46. Let © ¢ fn(4,a) and [a]z.c # w. Then & =T Ala/z] iff ¢ ET
Jz.(AAz =a).

Lemma 47. ¢ -z:in; (@) EZ A iff € - 7:@ EL Alini(9)" /7).

Lemma 48. Let fn(B)N{zf§} =0, 7 = (ﬁ’r)!A with dom(A) =& and n; = 4:7.
Then having & - 27 : Nieg{&H (@ (wmi)B:)' {€} - 7: @ ET ({Clz o §{C'}/2)B is
logically equivalent to having (v @)(&-z:B;-n;) EL B and £/@-€ =X C" whenever
Remark 4.

1. By Lemma 43, strictly typed sequents and standard sequents have precisely
the same expressive power for representing process behaviour, as far as we
take a process up to =2.

2. Lemma 44 (1) is the only result in this subsection which is not valid (and,
indeed, whose statement does not even make sense) if we do not consider
strict typing. Lemma 44 (1) essentially says that, when a reference is hidden
with an opening formula, we do not lose any essential information as far
as we are strict about types, presenting a path from the local state logic
to the open state logic. The property plays an essential role in the proof of
soundness in the next subsection.
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(Hide) (Hide-thread)
P trely Aguar Blvy;Z; [vyixZi): P +{C}rely Aguar Blvy;Z [vyzZi] {C'}

(v z)P Frely Aguar B (vz)P F{C}rely Aguar B{C'}

(Co-Hide) (Co-Hide-thread) (A[v 4:Zi/v §izZi]i O AoAE)
P trely Alv 4:Z; /v §;xZ;]; guar B PF{C A E}rely Ao guar B{C'}

P trely Aguar B P +{C}rely Aguar B{C'}

Fig. 10. Proof Rules for Local State

5.6 Soundness of Proof Rules

The proof rules for sequential processes with local state use all rules from those
for the logic for open state in Figure 8 and Figure 7. In each of these rules which
involve operations on replicated names (which in particular include all prefix
rules), we regard the names mentioned in formulae as TONs (cf. Convention 1).

In addition to these rules, we have the proof rules for hiding and their dual,
given in Figure 10, which include the hiding in a process (thread and non-thread)
and the hiding in an environment (thread and non-thread). In all of these rules,
we assume z has type !.,. These rules use the substitution of the shape:

Alv §iZi[v GixZi]i,

which indicates multiple substitutions which replace each occurrence of shape
v §;xZ; (in an opening formula) with v ¢;Z;, taking off x from the binder. As an
example, the substitution:

(open u as (vwz)u in A Aopen uv as (vwzw')uv in B)[v §:Z; /v §izZ;)i
yields the following formula, assuming no further binding by z occurs in A.
open u as (vw)u in A A open uv as (vww')uv in B.

Note the first formula does not obey the binder convention in the standard sense.
In fact, the idea is to start from B, and consider the “original” formula in which
z is bound. As necessary, we may consider an appropriate a-conversion is done.
Some observations on usage of names in these rules:

— In (Hide), whenever there is at least one occurrence of v ;zZ; in B, x cannot
occur in A by the bound name convention. If there is no occurrence of v ;2
in B then there is no substitution, so the rule is identity.

— Similarly, in (Hide-Thread), we can assume z ¢ fn(A,C,C"); in (Co-Hide),
z ¢ fn(B); and, in (Co-Hide-Thread), = ¢ fn(C, B,C").

We now prove:
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Theorem 4. (soundness of proof rules for logic with local state) Let P be a pro-
cess with local state. Then PU* Frely A guar B implies P'* [=rely Aguar B.
Also PU F{C} rely Aguar B {C'} implies P** ={C} rely Aguar B {C"}.

Proof. We use the alternative proof system whose sequents are written P
relyAguarB and P I {C}relyAguarB{C'}. In this system, we restrict se-
quents to strictly typed ones, as well as using, in the side condition (if any) of
each rule, the validity with respect to |:’I. We observe:

Claim. Write P I~ relyAguarB and P F~ {C}relyAguarB{C"} if they are
derivable by the following rules.
(=) P’ FrelyAguarB P' =P P'+{C}relyAguarB{C'} P' =P
a P t~relyAguarB Pl {C}relyAguarB{C'}
Similarly define P kL relyAguarB and P FL {C}relyAguarB{C'}. Then
P =~ relyAguarB (resp. P F~ {C}relyAguarB{C'}) if and only if P kL
relyAguarB (resp. P FL {C}rely A guarB{C'}).

(=-thread)

Proof of the Claim. By definition, P . rely A guar B implies P F~rely A guarB,
similarly for sequents for threads. For the converse direction, since =% (resp.
=) is closed under 2 (resp. under & as far as strictness is assumed), and
because the rules strictly follow the (refined) typing rules!, the provability ko
(resp. F5 ) is identical with the provability resulting from integrating each rule
for - (resp. ') with = in the obvious way [because we can always postpone the
application of 22]. Hence it suffices, for each rule, that if a sequent is derivable in
the standard rule, then we can obtain the same result by the strictly typed rule
up to =2, which is mechanical by Lemma 43 and by induction, using the closure
of = for |=y in the case of opening formula. (end of the proof of the Claim).

We can now establish the soundness. For the rules from Figure 8 and Figure
7, the proofs are identical with those given in the proof of Theorem 3, using
Lemmas in Section 5.5 and by noting, for prefix rules, that TONs can be treated
just as names in the open state logic.

For the rules in Figure 10, we establish the soundness of the derivation in
both the standard direction (from the antecedent to the conclusion) and the
reverse one (from the conclusion to the antecedent), in each case assuming the
well-typedness of the sequent(s) in both parts. We use ', which does not lose
generality by by above Claim. The two directions are simultaneously established
by induction on formula to which substitution is applied. Throughout we fix
well-typed, arbitrary interpretation Z. By duality we only have to consider A, —
and V as logical connectives. First we treat:

P +'rely Aguar B[v§:Z; /vi;zZ;)
(vz)P FH rely Aguar B ’

(Hide)

! The refined typing rules are equivalent to the standard affine typing rules up to strong
bisimilarity, except that the former cannot derive a process with a linear input and
one or more replicated processes. Here we simply stipulate the typed congruence is
considered under the generation of terms in the refined typing rules.
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We show, by induction on B, that P =7 rely A guar Bo if and only if (v )P £
rely Aguar B assuming (strict) typability of both formulae in each direction,
writing o for the involved substitution [¢;Z;/¥;x 2]

def . .

Case B = e; =e,. z never occurs hence immediate from Lemma 44 (2).
def

Case B = a; = as. Same as above.

Case B {C}lu e 7{C'"}. In this case, z does not occur in C' and C' by typing,
hence immediate from Lemma 44 (2).

Case BY ({Clue¥/z)B'. Note x can only occur in B’ by typing. For legibility
below we let primary (reference) names in C' be disjoint from those in B’ and
let, w.l.o.g. P = U*|V?|R where P® means fn(P) = {z}, and use the free output
notation encoded by copy-cats in the standard way. Let R|=’IA.

P|RE" ({C}ue/2)B'o

VS=LC. (v 52) (Ua(@2)|V)|SE" (B'o) (Def. of =)
VSETC. (v a)((v 02) (UNa(@z)|V)|S) | RE B (TH)

VSELC. (v 2)(v ) (Ula(@2)|V)|Sn="B"  (z & fn(S))
(v 2)P)| RE"({C}u o 7/2) B’ (Def. of ='7) .

Case B By A By. We infer, again with R|:’IA:

P|RE""(B, AB))o = P|RE'"Bio A P='""Byo (Def. of ='7)
= ((wz)P)|R="B, A (vz)P='"B, (IH)
= ((vz)P)|R=""B; A B, (Def. of ='7) .

Case B ¥ -B'. Again with RE='"7 A:

P|RE=""-B' -~ P|R="B'o (Def. of ='7)
~((v2)P)|RE"B' (TH)
((vz)P)|RE""-B' (Def. of ='7) .

Case B & v,™"" B'. With
P|RE"V:""" B'o

=

|='IA:
Va. PIRE"#*.B'a  (Def. of ')
Va.((vz)P)|RE=""**.B' (IH)
((I/LU)P)|R|=’IVZT!’T .B" (Def. of |=’I) }

Case B &' V217l B' and B ¥ v2me/(1) B!, As the case above.

Case B Y open @ as (vjzZ)w’ in B'. By appropriate a-conversion, we safely
assume @ occur in P with type 7. Further, by the condition on name occurrence
for opening formulae, B' does not contain any name from «, hence no hiding of
the form (v ¢;2Z;) can occur in B’. Thus:

P|:'I(open W as (vir?)d in B')o
= P="open 1 as (viZ)d in B'
= (vz)PE'""open @ as (vijz?)@ in B’ (Lemma 44 (1)).
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(Hide-thread) is reasoned precisely the same way. For co-hiding: we first treat:
P Frely Alv §;Z; /v §ixZ;); guar B
P trely Aguar B

We again argue by induction on A. z ¢ fn(B) is implicit in the rule, which
is crucial for the reasoning. We only treat the case of opening formulae, i.e.

(Co-Hide)

A% open & as (vifzZ)w” in A'. By appropriate a-conversion, we safely assume
W occur in R with type 7. First we show the antecedent implies the conclusion:

RUE""open & as (vijzZ)i” in A’
O R=(vz)R' AN R'E"open @ as (vi?)w” in A' (Def. of E'7)
> R=wz)R' A PIRE'B (IH)
> R=(vz)R A P|(vz)R'E'B (Lemma 44 (2)).

The other direction (under appropriate a-conversion):

RT="open i as (v§2)i” in A’

> R=wy?)R A RETA (Def. of E='7)

> (vz)RE""open @ as (vjz?)w’ in A’ (Def. of E'7)

> R=wz)R' A P|R="B (TH)

5> R=w=z)R' A P|vz)R'E''B  (Lemma 44 (2)). O
For its thread version, we consider the following essentially equivalent rule:
PH{C AE}rely Agguar B{C'} A[v§;Z;/v §izZ]; = AoAE

PH{C}rely Aguar B{C'}

We again only treat the case when A is the opening formula. First we show

the standard direction. Assume open W as (vyzZ)d in (A A B) is equivalent to
(open W as (vyZ)w in A) A B iff z is the only prime name of B.

(Co-Hide-thread)

RTE"C A (open @ as (viz2)d” in A)
> R=Q|wa)(R|S) A QE'C

R'|SE="" (open @ as (v§2)wT in Ag) A E )
> R=(vz)(QIR|S®) A P|QIR|IS)ETBAC' (H)
> R=(vz)(Q|R'|S®) A PRE'BAC (Lem. 44 (2)).

For the reverse direction, we consider the side condition in the antecedent is the
condition to be assumed. We can again assume the following equivalence (under
the given typings): open @ as (viZ)w’ in A’ = (open & as (vF2)w” in A)) A E
where, without loss of generality, Ay = (open @ as (vFZ)w@’ in A)).

RTE"CAEN Ay
> R=Q|w@DR'|S® A R|SE*A (Def. of ='%)
> R=Q|wiDRS™ A P|Q|(vzi?)R|SEBAC (IH)
5> (vz)R=Q|(wizz)(R|S*) A P|(vz)R="B (Lemma 44 (2)).

Other cases are mechanical from induction hypothesis hence omitted. O
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6 Partial Logic

6.1 Affine Logic for Partial Correctness

In this section we show the partial counterpart of the logic in Section 3 (pure
affine logic). The stateful extensions should be treated in the same way. In fact,
the only change from the total logic is in (co-)replication.

Because of the combination of partiality and higher-order feature, we need
a subtle change in the language of the logic and its interpretation, in particular
in expressions of the form z e . While we can keep them by changing their
interpretation, here we take them off and add the following form to formulae: in
fact, we can define equations of the original shape with changed interpretation
using the new construct, so this loses no generality.

A o= ] {(zef/z)A

We sometimes call this added formula, partial substitution formula. Intuitively,
{z o ¥/2)) A means invoking x with i either diverges, or if it converges then we
set the returned value to be z and demands it satisfies A. Using this construct,
we can set, for example,

vef=in(@) £ (wef/2)(z= in()).

By the informal semantics noted above, this equation holds if x e ¢ diverges,
substantiating safety-based specification for partial computation. The negation
of such formulae is defined similarly

vef#in(@ E  (wef/2)(z# iny(@)).
Note this is different from “~zey = in;(%)”, which does not give what we usually
expect from the partial correctness. 3
We use the sequent of the same form PT"* =7 rely A guarB as we used in
Section 3. Interpretations of formulae and sequent are given as follows. Below
and henceforth we always assume the well-typedness/formedness.

— We use the same set of models (&,£’,...) as given in Section 3.2.
— P = € is also given precisely as in Section 3.2.
¢ ET Ais defined by the following clauses plus those in Section 2.2 (omitting
the behavioural expressions of the form z e 7).
o ¢ -z:w =T Afor any A.
o EET (wo /o)A E(x) : £7) = v and £ 219 =T A,
— P =1 Ais defined to be 3. P =y € b A, just as before.
— The sequent P'4 =7 relyA guarB is also interpreted in the same way:
PUA =TrelyA guarB iff RT =2 A 5 (vfn(T))(P|R) X B.

Note the definition of =7 follows the standard idea of partial correctness, saying
we do not care about the properties of divergent processes.
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6.2 Admissible Formulae

We can represent a liveness property using the formulae given above. As a simple
example, assuming z is a primary name, P |= —({z e ¢/2))F) says that P, when
invoked at z, surely terminates. This point, as well as others, cause a problem
for formulating a sound proof rule for recursion. This motivates the following
restriction to formulae, called admissible. Below and henceforth we write Q7 o
(lz(¥2)-w,)*"™ (w, is a diverging process). We usually omit 7 and simply write
;. Note , diverges immediately after its initial invocation. trace(P") is the set
of well-typed traces of P [4], while P'' C QT denotes trace(P") C trace(Q"). We
also say A is I satisfiable if we have ¢ =7 A for some T' - &.

Definition 3. Assume IT;; 0 F A with dom(I") = {Z} and A is Z-satisfiable for
some O F I. Then A is admissible under Z, or simply admissible if the following
conditions hold.

1. I;Q; =% A for each © F 1.

2. Whenever P' C Q' and Q =% A, we have P =1 A.

3. Given {P}};en (Nis the set of natural numbers) and PL such that P; C P4
and trace(P") = Uitrace(P!), we have P, =% A iff P; T A for each i.

The admissibility as given above is behavioural, using |=Z: the following gives
one possible sound syntactic characterisation.

Definition 4. Let IT';; 0 F A with dom(I") = {Z}. Then the set of syntactically
admissible formulae ot X, or s-admissible formulae at & for short, is inductively
generated as follows. Below we assume formulae are typed with given names as
part of its primary names.

— T is s-admissible at .

— e; = ey is s-admissible at 7.

— a; = ay is s-admissible at (.

{(z @ 7/2) A is s-admissible at & with z € {@} if A is.

— A1 A A is a s-admissible at & when A; » are.

— A1V A is a s-admissible at & when A; » are.

— Ay D A, such that fn(A4;) N {Z} = 0 is a s-admissible at & when A, is.
— Vz.A is s-admissible at § with z ¢ {§} when A is.

We say A is syntactically admissible, or s-admissible for short, if it is a s-
admissible at dom(T").

We can further incorporate significant instances of the formulae of the forms
Ji.A and Jz.A. We observe:

Proposition 4. GivenT;; A+ A, if A is syntactically admissible and T-satisfiable
for some © - I, then A is admissible under T.
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Proof. We show We establish the three conditions by induction on the generation
of safety formulae. For the first condition:

Case A =7 T: Vacuous.

Case A ¢, = ¢,: Because P =L e; = ey for any P! by Z-satisfiability.
Case A % 4; = ay: In this case if Ais a safety formula then fn(a;) = fn(as) = 0
hence P =X A for any PT by Z-satisfiability.

Case ((r o if/z))A: Because z:Q - ¢ L {(x o if/2)) A, where we write Q for the
behavioural constant corresponding to this behaviour.

Case A; A Az: Because I1;Q;, EZ A; 2 by induction hypothesis.

Case A; V Ay: Because I1;€),, =7 A; for i = 1 or 4 = 2 by induction hypothesis.
Case Vi.A: By Z-satisfiability, £ =7 Vi.A for some ¢, hence setting I' =1-i : a
for an arbitrary well-typed o, we have ¢ =% A, that is A is T'-satisfiable.

Hence A is a semantic safety property, that is IIQ,, |:I' A for each I'. Hence
MQ,, T Vi.A, as required. 3i.4 is similar.

Case Vz.A. As above.

The second condition is proved in the same way. Similarly for the third condition
(approximation), for which we only have to show the direction Vi € N. P =1 A
implies P, =T A, except for partial substitution. We list this case below.

Case {(z o /z)A: Assume P; =7 ((z o §/2)) A for each i € N. If (the defining
process of) x e ¢ diverges for each P;, then this is shown in the corresponding
trace of P; (i.e. has no corresponding linear answer), hence P, does not have
it either, showing P, {(z e §/z)A. On the other hand, assume z e § converges
for some P;, hence for each P, with n > i, including P,. By definition, this
means, with P),|Zin;(%)Q!, being the resulting process, P.|Q!, ET A[in;(@)/z].
Noting @’ again forms a similar chain (since the induced trace equivalence is a
congruence), we can conclude P,|Q, =% A[in;(@)/z] by induction hypothesis.

Hence P! |zin;(@)Q!, E* A, from which we conclude P, =7 (z o §7/2)) A. O
6.3 Properties of Recursion

The following unfolding of recursion is the key to the soundness of its proof rule,
together with admissibility.

Lemma 49. Let+ P> ?T-y:7" ; x:7 and - R> T, and define rec™(Q) (n >0)
by the following induction.

rec’(Q) =l Q7
rec”(Q) ¥ (v n(I),y)(P|Rlrec™ (Quly/z])-

Further set Q. i (vn(T))(uy=2.P|R). Then we have: (1) trace(Q;) C trace(Qit1)
for each i; and (2) trace(Q,) = Uitrace(Q;).
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Proof. We reduce the statement to a simpler case. Define rec™(P) (n > 0) by
the following induction.

rec’(P) = Q7
rec™(P) € (v y)(P|rec™ (P, y/x]).

We again set P, def py = z.P. We first show the stated two properties for
this simplified chain of processes. For this purpose we unfold the behaviours of
rec™(P) and rec”(P). First, by Lemma 17, we have:

rec”(P) & (v y1-yn) (P|Plyry2/y]|-| Plyn—1yn/zyllrec” (P)). (1)

Note the explicit trace of the right-hand side involves P together with its inter-
actions with its copy of P which would further invoke another copy of P, and so
on. On the other hand, by simply expanding the definition, we obtain:

= (w yn..yn) (PIPlyrys /29| Plyays /oyl | Plyn—19n/29]|,). (2)
which again have the same behaviour except it is “terminated” at €1, . Clearly
any explicit trace of the r.h.s. of (2) is precisely mimickable by the r.h.s. of (1),
showing trace(P;) C trace(Piy1). On the other hand, an arbitrary explicit tran-
sition of r.h.s. of (1) can be mimicked by the r.h.s. of (2) by taking a sufficiently
large n. Thus any trace in rec”(P) is in rec™(P) for some n, that is, together
with the first property, we know Uptrace(rec"(P)) = trace(rec®(P)). Finally we
observe rec™(Q) = (v fn(I"))(rec™(P)|R) by repeating Lemma 1 (2) (the repli-
cation theorem), from which we conclude the required properties by the traces
of processes being congruence properties. O

rec"™!(P)

6.4 Properties of Partial Affine Logic

The statement we gave for the total affine logic in Section 3 hold without change
in its partial counterpart (the proofs are also identical line by line even though
the interpretation is different, as well as the use of partial substitution).

Lemma 50. Let P =y, &12. Then & ET Aiff & ET A

Lemma 51. If ¢ =X A and A D B then £ = B.

Corollary 7. If P =7 A and A D B then P T B.

Lemma 52. Let dom(¢')Nfn(A) = 0. Then £- &' EL A iff ¢ ET A.

Lemma 53. (monotonicity of v) Let z & fn(A). Then P =1 A iff (v z)P =T A.

Lemma 54. (cut in =) Let I ¢ T, To C T and I';;0 - A such that © + I.
Then PToi® =rely Ao guar B and R' =2 AN Ay imply P|R ET AN B.

Lemma 55. If z ¢ fn(A,a), then £ EX Ala/x] iff ¢ ET 3x.(AAz = a).
Lemma 56. ¢-z:in;(@)" EX A iff £ - 7:@ BT Aliny(§)"/=).

Lemma 57. Let fn(B)N{xy} = 0. Then &-x:Nics(@:3:)' - 7:@; EL {xoi/2)B
’tﬁ.f . Ziﬂi ':I B.
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(Rec) (B s-admissible, AD>3prim(B).B)
P trely AY A Bly/z] guar B

py=z.P Frely A guar B

Fig. 11. Proof Rule for Recursion (partial correctness)

6.5 Soundness of Proof Rules

The proof system for the partial affine logic uses the rules from Figure 2 in
which the substitution of the form A[z e 77/2] in (In') and (Out?) is replaced by
{z e g/2) A, as well as the new rule for recursion, given in Figure 11. The given
condition is precisely what is needed for soundness. In essence,

A D Jprim(B).B

says that the constraints which A has on its auxiliary names should be stronger
than that of B (since we can always assign least defined processes to prim(B)
to validate the property, checking this property is usually not hard in practice).
Without this side condition, we can easily derive inconsistent assertions. For
example, we can derive puy = z.[t — y] - relyT guarFa from [z — y]
relyF guarF. We also note the s-admissibility in the side condition can be
replaced by admissibility: we only use the latter in the proof of soundness below.
We now establish:

Theorem 5. The proof system of the partial affine logic is sound.

Proof. The rules from Figure 2 (with substitution replaced) are proved precisely
in the same way, line by line, as in the proof of Theorem 1, replacing the lemmas
employed with those for partial logic as needed (note, in particular, Lemma 57
for partial substitution has precisely the same shape as Lemma 13). Thus it
suffices to prove the soundness of the recursion rule:

ProTizm rely AY A Bly/x]guar B, A D Jprim(B).B, B s-admissible
py=xz.P Frely A guar B

(Rec)

Let:
(x) A D3Iprim(B).B
(%) B s-admissible

and assume F R > T below. We infer:

R ET A
O R'ETA A AZ-satisfiable (%)
O R'ETA A B admissible under Z ((xx), Proposition 4)
D> (wf())(uy==.P|R) =* B (Lemma 49, Definition 3) . O
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At this point we tentatively close our investigation of the relationship between
semantics and proof rules in sequential process logics.
End, November 2003.

Revised (Section 3), January 2004.
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A Composition of Dual Action Types

The operation © ® © (assuming © does not contain J) is given by the following
induction.

-000 =0 o
- ©-2:7)0O-2:7) = OO -z: (TOT).

o md(73=¢"

where we set TOT =T O T = .
T if md(r

B Copycat
[x — 2']” is given by the following induction.

o — o™ € 12(7) 2 (7)Ly; -yl ™
=14 def —-\ 7. = =
[z — 2|7 S (& (7). 2" in; (v )5 lyl; — yig|™]
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