UPENN 7 MARS 2001 F R O M T H E R U L E S O F L O G IC T O T H E L O G IC O F R U L E S

Jean-Yves Girard

UPENN 7 MARS 2001

FORMALISMS

En mathématiques le XXème siècle commence vers 1890. . .

UPENN 7 MARS 2001

1 SET THEORY

UPENN 7 MARS 2001

1 SET THEORY

▶ XIX^{th} century, reflection on analysis (functions, derivatives, integrals). Passagers clandestins : A curve B without tangent. . .

UPENN 7 MARS 2001

1 SET THEORY

▶ XIX^{th} century, reflection on analysis (functions, derivatives, integrals). Passagers clandestins : A curve B without tangent. . .

▶ What is a mathematical object ? Cantor’s Set Theory answers (?) this question. Complex objects (real numbers) reconstructed from natural numbers. . . in turn A defined B from nothing (?).

UPENN 7 MARS 2001

1 SET THEORY

▶ XIX^{th} century, reflection on analysis (functions, derivatives, integrals). Passagers clandestins : A curve B without tangent. . .

▶ What is a mathematical object ? Cantor’s Set Theory answers (?) this question. Complex objects (real numbers) reconstructed from natural numbers. . . in turn A defined B from nothing (?).

▶ Physics made of islets linked by hazardous passerelles. In constrast to unity de principe of la mathématique. Analysis and algebra (calculus on letters, variables, equations) do not contradict each other.

UPENN 7 MARS 2001

1 SET THEORY

▶ XIX^{th} century, reflection on analysis.

Passagers clandestins : A curve B without tangent. . .

▶ What is a mathematical object ? Cantor’s Set Theory answers (?) this question. Complex objects (real numbers) reconstructed from natural numbers. . . in turn A defined B from nothing (?).

▶ Physics made of islets linked by hazardous passerelles. In constrast to unity de principe of la mathématique. Analysis and algebra (calculus on letters, variables, equations) do not contradict each other.

▶ Central role of natural numbers ; Peano’s arithmetic PA, one of the very first examples of a formal system.

UPENN 7 MARS 2001

2 PEANO’S ARITHMETIC PA

UPENN 7 MARS 2001

2 PEANO’S ARITHMETIC PA

Terms : 0 x, y, z, . . . St t + t^′ t × t^′

(zero, variables, successor (+1), sum, product)

Example : SSSSSS0 represents 6. . . (compare with IIIIII).

UPENN 7 MARS 2001

2 PEANO’S ARITHMETIC PA

Terms : 0 x, y, z, . . . St t + t^′ t × t^′

(zero, variables, successor (+1), sum, product)

Propositions :

t = t^′ ¬P P ∨ P^′ P ∧ P^′ P ⇒ P^′ ∀xP ∃xP

(equals, not, or, and, implies, for all, there is)

∀x∀y∀z(x ≠ 0 ∧ y ≠ 0 ∧ z ≠ 0) ⇒ x^3 + y^3 ≠ z^3

with t ≠ u :: ¬(t = u), t^3 :: (t × (t × t)) (A case of Fermat’s last theorem).

UPENN 7 MARS 2001

2 PEANO’S ARITHMETIC PA

Terms : 0 x, y, z, . . . St t + t^′ t × t^′

(zero, variables, successor (+1), sum, product)

Propositions :

t = t^′ ¬P P ∨ P^′ P ∧ P^′ P ⇒ P^′ ∀xP ∃xP

(equals, not, or, and, implies, for all, there is)

Axioms : P ⇒ P x = x . . . (logic) x + 0 = x x + Sy = S(x + y) x × 0 = 0 x × Sy = (x × y) + x Sx ≠ 0 Sx = Sy ⇒ x = y (arithmetic).

UPENN 7 MARS 2001

2 PEANO’S ARITHMETIC PA

Terms : 0 x, y, z, . . . St t + t^′ t × t^′

(zero, variables, successor (+1), sum, product)

Propositions :

t = t^′ ¬P P ∨ P^′ P ∧ P^′ P ⇒ P^′ ∀xP ∃xP

(equals, not, or, and, implies, for all, there is)

Axioms : P ⇒ P x = x . . . (logic) x + 0 = x x + Sy = S(x + y) x × 0 = 0 x × Sy = (x × y) + x Sx ≠ 0 Sx = Sy ⇒ x = y (arithmetic).

Proof rules : P P ⇒ Q Q P[0] P[x] ⇒ P[Sx]

P[y]

(Modus Ponens) (Recurrence or Induction)

UPENN 7 MARS 2001

2 PEANO’S ARITHMETIC PA

Terms : 0 x, y, z, . . . St t + t^′ t × t^′

(zero, variables, successor (+1), sum, product)

Propositions :

t = t^′ ¬P P ∨ P^′ P ∧ P^′ P ⇒ P^′ ∀xP ∃xP

(equals, not, or, and, implies, for all, there is)

Axioms : P ⇒ P x = x . . . (logic) x + 0 = x x + Sy = S(x + y) x × 0 = 0 x × Sy = (x × y) + x Sx ≠ 0 Sx = Sy ⇒ x = y (arithmetic).

Proof rules : P P ⇒ Q Q P[0] P[x] ⇒ P[Sx] P[y] Theorems : SSS0 + SS0 = SSSSS0 ∀x (0 + x = x)

UPENN 7 MARS 2001

3 MATHEMATICS VS. INFORMATICS

UPENN 7 MARS 2001

3 MATHEMATICS VS. INFORMATICS

▶ Mathematics is not formal, only formalisable, verifiable (but not doable) by a machine.

UPENN 7 MARS 2001

3 MATHEMATICS VS. INFORMATICS

▶ Mathematics is not formal, only formalisable, verifiable (but not doable) by a machine.

▶ The activity of the computer is purely formal.

Syntax error
A fatal error appeared at 0028:C000BCED in the
VXD VMM(01) + 0000ACED.

UPENN 7 MARS 2001

3 MATHEMATICS VS. INFORMATICS

▶ Mathematics is not formal, only formalisable, verifiable (but not doable) by a machine.

▶ The activity of the computer is purely formal.

▶ Mathematical language as sort of informatic language executed by applying proof rules. Important analogy as far as we restrict to the formal aspect of mathematics.

UPENN 7 MARS 2001

3 MATHEMATICS VS. INFORMATICS

▶ Mathematics is not formal, only formalisable, verifiable (but not doable) by a machine.

▶ The activity of the computer is purely formal.

▶ Mathematical language as sort of informatic language executed by applying proof rules. Important analogy as far as we restrict to the formal aspect of mathematics.

▶ The bus dilemma : wait or walk ? The problem of halting for programs. Can a machine test its own A looping B (the program mouline without visible result) ?

UPENN 7 MARS 2001

3 MATHEMATICS VS. INFORMATICS

▶ Mathematics is not formal, only formalisable, verifiable (but not doable) by a machine.

▶ The activity of the computer is purely formal.

▶ Mathematical language as sort of informatic language executed by applying proof rules. Important analogy as far as we restrict to the formal aspect of mathematics.

▶ The bus dilemma : wait or walk ? The problem of halting for programs. Can a machine test its own A looping B (the program mouline without visible result) ?

▶ Negative answer :

NOT TO KNOW ≠ TO KNOW NOT RECESSIVE ≠ EXPANSIVE

UPENN 7 MARS 2001

PARADOXES

Est-ce grave, Docteur ?

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

▶ The native paradox ∼ 1880 ; δóξα : dogma, opinion, intuition. . .

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

▶ The native paradox ∼ 1880 ; δóξα : dogma, opinion, intuition. . .

▶ Finite list of all words of French language.

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

▶ The native paradox ∼ 1880 ; δóξα : dogma, opinion, intuition. . .

▶ Finite list of all words of French language. ▶ Infinite list of even integers : 0, 2, 4, 6, . . .

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

▶ The native paradox ∼ 1880 ; δóξα : dogma, opinion, intuition. . .

▶ Finite list of all words of French language. ▶ Infinite list of even integers : 0, 2, 4, 6, . . . ▶ Infinite list of all programs in a given language :

Size : Sorted in increasing size, Dictionary : For a given size, sorted lexicographically.

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

▶ The native paradox ∼ 1880 ; δóξα : dogma, opinion, intuition. . .

▶ Finite list of all words of French language. ▶ Infinite list of even integers : 0, 2, 4, 6, . . . ▶ Infinite list of all programs in a given language :

Size : Sorted in increasing size, Dictionary : For a given size, sorted lexicographically.

▶ List of all infinite lists of zeros and ones ? Impossible because of diagonal argument. Let L_1, L_2, L_3, . . . be a list of all infinite lists ; dispose them one above another and then. . .

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

0 0 1 1 1 0 0 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 0 0 . . . 0 1 1 1 1 0 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 1 1 . . . 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 0 0 1 1 1 1 0 0 1 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 . . . 0 1 1 1 1 0 1 1 0 1 1 0 1 0 1 0 0 0 0 0 0 1 1 . . . 1 1 1 1 0 0 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 0 1 1 1 1 0 0 1 0 0 0 1 1 1 1 0 1 1 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 1 1 0 0 1 . . . 0 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 0 1 0 1 0 0 1 . . . 1 0 0 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 1 0 1 1 1 1 0 0 0 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0 0 0 0 0 0 0 . . . 0 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0 0 0 1 0 0 1 1 . . . 1 1 1 1 1 1 1 1 1 1 0 1 0 1 1 0 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 0 0 0 1 1 1 0 1 1 0 1 0 1 0 . . . 0 1 1 0 1 1 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 1 0 . . . 0 1 1 1 1 0 1 1 0 1 1 0 1 1 1 0 0 0 0 0 0 1 1 . . . 1 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 1 1 1 0 0 0 1 1 1 1 0 1 0 0 1 1 1 0 . . . 0 1 1 0 0 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 0 0 . . . 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 1 1 . . .

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

0 0 1 1 1 0 0 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 0 0 . . . 0 1 1 1 1 0 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 1 1 . . . 1 1 1 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 0 0 1 1 1 1 0 0 1 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 . . . 0 1 1 1 1 0 1 1 0 1 1 0 1 0 1 0 0 0 0 0 0 1 1 . . . 1 1 1 1 0 0 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 0 1 1 1 1 0 0 1 0 0 0 1 1 1 1 0 1 1 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 0 1 0 0 1 0 1 1 1 0 0 1 . . . 0 1 1 1 1 0 1 1 1 1 1 0 1 1 1 1 0 1 0 1 0 0 1 . . . 1 0 0 1 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 1 0 1 1 1 1 0 0 0 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 1 1 0 0 1 0 0 0 0 0 0 0 . . . 0 1 1 1 1 1 1 1 1 1 1 0 1 1 1 0 0 0 1 0 0 1 1 . . . 1 1 1 1 1 1 1 1 1 1 0 1 0 1 1 0 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 0 0 0 1 1 1 0 1 1 0 1 0 1 0 . . . 0 1 1 0 1 1 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 1 0 . . . 0 1 1 1 1 0 1 1 0 1 1 0 1 1 1 0 0 0 0 0 0 1 1 . . . 1 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 1 1 1 0 0 0 1 1 1 1 0 1 0 0 1 1 1 0 . . . 0 1 1 0 0 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 0 0 . . . 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 1 1 . . .

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

1 0 1 1 1 0 0 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 0 . . . 0 0 1 0 1 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 0 0 . . . 0 1 0 1 1 0 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 1 1 . . . 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 1 0 1 1 1 0 . . . 0 1 1 0 1 1 1 0 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 . . . 0 1 1 1 1 0 0 1 0 1 1 0 1 0 1 0 0 0 0 0 0 1 1 . . . 1 1 1 1 0 0 1 0 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 0 1 1 1 1 0 0 1 1 0 0 1 1 1 1 0 1 1 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 1 1 0 0 1 . . . 0 1 1 1 1 0 1 1 1 1 0 0 1 1 1 1 0 1 0 1 0 0 1 . . . 1 0 0 1 1 1 1 1 1 1 0 0 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 1 0 1 0 1 1 0 0 0 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 1 1 1 0 1 0 0 0 0 0 0 0 . . . 0 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0 1 0 0 1 1 . . . 1 1 1 1 1 1 1 1 1 1 0 1 0 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 0 0 0 1 1 1 0 0 1 0 1 0 1 0 . . . 0 1 1 0 1 1 1 0 0 1 1 1 1 0 0 1 0 0 1 1 0 1 0 . . . 0 1 1 1 1 0 1 1 0 1 1 0 1 1 1 0 0 0 1 0 0 1 1 . . . 1 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 0 1 0 1 1 1 . . . 1 0 1 1 1 1 1 1 0 0 0 1 1 1 1 0 1 0 0 1 0 1 0 . . . 0 1 1 0 0 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 1 0 . . . 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 . . .

UPENN 7 MARS 2001

4 CANTOR’S DIAGONAL

1 0 1 1 1 0 0 1 0 0 0 1 1 1 1 0 0 0 0 1 1 1 0 . . . 0 0 1 0 1 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 0 0 . . . 0 1 0 1 1 0 1 1 1 1 1 0 1 1 1 0 0 0 0 0 0 1 1 . . . 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 0 0 0 1 0 0 0 1 1 1 1 0 0 1 0 1 1 1 0 . . . 0 1 1 0 1 1 1 0 0 1 0 1 1 0 0 1 0 1 0 1 0 0 0 . . . 0 1 1 1 1 0 0 1 0 1 1 0 1 0 1 0 0 0 0 0 0 1 1 . . . 1 1 1 1 0 0 1 0 1 1 0 1 1 1 1 1 1 0 1 1 1 1 1 . . . 0 1 1 1 1 0 0 1 1 0 0 1 1 1 1 0 1 1 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 0 0 0 1 0 0 1 0 1 1 1 0 0 1 . . . 0 1 1 1 1 0 1 1 1 1 0 0 1 1 1 1 0 1 0 1 0 0 1 . . . 1 0 0 1 1 1 1 1 1 1 0 0 1 1 1 1 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 1 0 1 0 1 1 0 0 0 0 1 1 1 0 . . . 0 1 1 0 1 0 1 0 0 1 0 1 1 1 0 1 0 0 0 0 0 0 0 . . . 0 1 1 1 1 1 1 1 1 1 1 0 1 1 0 0 0 0 1 0 0 1 1 . . . 1 1 1 1 1 1 1 1 1 1 0 1 0 1 1 01 1 0 1 1 1 1 1 . . . 1 0 1 1 1 0 0 1 0 0 0 0 1 1 1 0 0 1 0 1 0 1 0 . . . 0 1 1 0 1 1 1 0 0 1 1 1 1 0 0 1 0 0 1 1 0 1 0 . . . 0 1 1 1 1 0 1 1 0 1 1 0 1 1 1 0 0 0 1 0 0 1 1 . . . 1 0 0 0 0 0 0 0 0 1 0 1 1 1 1 1 1 0 1 0 1 1 1 . . . 1 0 1 1 1 1 1 1 0 0 0 1 1 1 1 0 1 0 0 1 0 1 0 . . . 0 1 1 0 0 0 1 0 0 1 1 1 1 0 0 1 0 1 1 1 0 1 0 . . . 0 1 1 1 1 0 1 1 0 0 1 0 1 1 1 0 0 0 0 0 0 1 0 . . .

UPENN 7 MARS 2001

5 EXPANSIVITY

UPENN 7 MARS 2001

5 EXPANSIVITY

▶ Can we treat negative (absent) informations ?

UPENN 7 MARS 2001

5 EXPANSIVITY

▶ Can we treat negative (absent) informations ? ▶ Argument A for B : unfilled optional cases, read as no.

UPENN 7 MARS 2001

5 EXPANSIVITY

▶ Can we treat negative (absent) informations ?

▶ Argument A for B : unfilled optional cases, read as no.

▶ Objection : Return, which means A I do not answer B.

Otherwise wait for the bus. . . This is in fact the halting problem. Rigourous proof (Turing) by means of the Cantor machinery.

UPENN 7 MARS 2001

5 EXPANSIVITY

▶ Can we treat negative (absent) informations ?

▶ Argument A for B : unfilled optional cases, read as no.

▶ Objection : Return, which means A I do not answer B.

Otherwise wait for the bus. . . This is in fact the halting problem. Rigourous proof (Turing) by means of the Cantor machinery.

▶ Language is therefore expansive, he only produces positive informations. Think of a search for files.

UPENN 7 MARS 2001

5 EXPANSIVITY

▶ Can we treat negative (absent) informations ?

▶ Argument A for B : unfilled optional cases, read as no.

▶ Objection : Return, which means A I do not answer B.

Otherwise wait for the bus. . . This is in fact the halting problem. Rigourous proof (Turing) by means of the Cantor machinery.

▶ Language is therefore expansive, he only produces positive informations. Think of a search for files.

▶ Mathematical formalism is expansive too : it accumulates theorems. In sharp contrast with medicine.

UPENN 7 MARS 2001

6 PARADOXES

UPENN 7 MARS 2001

6 PARADOXES

▶ Paradoxes of intuition : Peano A curve B visiting all points of a surface.

UPENN 7 MARS 2001

6 PARADOXES

▶ Paradoxes of intuition : Peano A curve B visiting all points of a surface.

▶ Paradoxes of reasoning : contradiction in naive set-theory (A corrected B since). Russell (1903) : let X = {x; x ∉ x} ; contradiction since both X ∈ X and X ∉ X, a proposition and its negation (still the Cantor machinery). Among logical principles : P ∧ ¬P ⇒ Q : from a contradiction, derive what you want. . . Le ressort du formalisme est brisé.

UPENN 7 MARS 2001

6 PARADOXES

▶ Paradoxes of intuition : Peano A curve B visiting all points of a surface.

▶ Paradoxes of reasoning : contradiction in naive set-theory (A corrected B since). Russell (1903) : let X = {x; x ∉ x} ; contradiction since both X ∈ X and X ∉ X, a proposition and its negation (still the Cantor machinery). Among logical principles : P ∧ ¬P ⇒ Q : from a contradiction, derive what you want. . . Le ressort du formalisme est brisé.

▶ Hilbert (1900) : prove the consistency (non-contradiction) of arithmetic. Recidive around 1920 with a finitistic programme. Reduction to the sole formal paradoxes.

UPENN 7 MARS 2001

FORMALISTS

Zorro est arrivé. . .

UPENN 7 MARS 2001

7 RECESSIVITY

UPENN 7 MARS 2001

7 RECESSIVITY

▶ Prove the consistency of mathematics inside mathematics :

sort of auto-amnistie. Vaguely justified by a restriction of methods.

UPENN 7 MARS 2001

7 RECESSIVITY

▶ Prove the consistency of mathematics inside mathematics :

sort of auto-amnistie. Vaguely justified by a restriction of methods.

▶ Only A finite B operations, reasoning, a small bit of PA, a sort of. . . commission parlementaire.

UPENN 7 MARS 2001

7 RECESSIVITY

▶ Prove the consistency of mathematics inside mathematics :

sort of auto-amnistie. Vaguely justified by a restriction of methods.

▶ Only A finite B operations, reasoning, a small bit of PA, a sort of. . . commission parlementaire.

▶ Restriction to the sole recessive properties. Identities (n + 1)^2 = n^2 + 2n + 1, abc ≠ 0 ⇒ a^3 + b^3 ≠ c^3, etc.

UPENN 7 MARS 2001

7 RECESSIVITY

▶ Prove the consistency of mathematics inside mathematics :

sort of auto-amnistie. Vaguely justified by a restriction of methods.

▶ Only A finite B operations, reasoning, a small bit of PA, a sort of. . . commission parlementaire.

▶ Restriction to the sole recessive properties. Identities (n + 1)^2 = n^2 + 2n + 1, abc ≠ 0 ⇒ a^3 + b^3 ≠ c^3, etc.

▶ For instance one could show that a theorem has necessarily an even number of symbols ; if P is provable, ¬P is A odd B hence not provable. . . Too naive !

UPENN 7 MARS 2001

8 POPPERISM

UPENN 7 MARS 2001

8 POPPERISM

▶ According to the neo-positivistic philosopher Popper, a scientific statement has a meaning only in presence of a protocol that can —in principle— refute, falsify it.

UPENN 7 MARS 2001

8 POPPERISM

▶ According to the neo-positivistic philosopher Popper, a scientific statement has a meaning only in presence of a protocol that can —in principle— refute, falsify it.

▶ Verification of physical laws up to a certain degré de précision. But also A jusqu’ici ça va B, so far so good !

UPENN 7 MARS 2001

8 POPPERISM

▶ According to the neo-positivistic philosopher Popper, a scientific statement has a meaning only in presence of a protocol that can —in principle— refute, falsify it.

▶ Verification of physical laws up to a certain degré de précision. But also A jusqu’ici ça va B, so far so good !

▶ In mathematics, verifying up to precision 1/N means checking up to integer N : Hilbert, Popper, même combat !

UPENN 7 MARS 2001

8 POPPERISM

▶ According to the neo-positivistic philosopher Popper, a scientific statement has a meaning only in presence of a protocol that can —in principle— refute, falsify it.

▶ Verification of physical laws up to a certain degré de précision. But also A jusqu’ici ça va B, so far so good !

▶ In mathematics, verifying up to precision 1/N means checking up to integer N : Hilbert, Popper, même combat !

▶ Consistency is recessive : A so far no contradiction B.

UPENN 7 MARS 2001

8 POPPERISM

▶ According to the neo-positivistic philosopher Popper, a scientific statement has a meaning only in presence of a protocol that can —in principle— refute, falsify it.

▶ Verification of physical laws up to a certain degré de précision. But also A jusqu’ici ça va B, so far so good !

▶ In mathematics, verifying up to precision 1/N means checking up to integer N : Hilbert, Popper, même combat !

▶ Consistency is recessive : A so far no contradiction B.

▶ A property is expansive when its negation is recessive.

Example A provability B vs. A consistency B.

UPENN 7 MARS 2001

INCOMPLETENESS

Non, c’était Gödel. . .

UPENN 7 MARS 2001

9 GÖDEL’S THEOREM

UPENN 7 MARS 2001

9 GÖDEL’S THEOREM

▶ Formalism is a mathematical object. Remark of Hilbert necessary to the programme, to its rigour. Taken seriously by the logician Gödel in 1931.

UPENN 7 MARS 2001

9 GÖDEL’S THEOREM

▶ Formalism is a mathematical object. Remark of Hilbert necessary to the programme, to its rigour. Taken seriously by the logician Gödel in 1931.

▶ The formal objets of PA, terms, propositions, are encoded by Gödel numbers : ⌜t⌝, ⌜P⌝. A Banal B enumeration of propositions. Numérologues s’abstenir.

UPENN 7 MARS 2001

9 GÖDEL’S THEOREM

▶ Formalism is a mathematical object. Remark of Hilbert necessary to the programme, to its rigour. Taken seriously by the logician Gödel in 1931.

▶ The formal objets of PA, terms, propositions, are encoded by Gödel numbers : ⌜t⌝, ⌜P⌝. A Banal B enumeration of propositions. Numérologues s’abstenir.

▶ Properties of the formalism represented by propositions of Peano’s arithmetic PA ; e.g., A P is provable B becomes ThmPA[⌜P⌝], A PA is consistent B becomes ConPA. No immediate arithmetical meaning.

UPENN 7 MARS 2001

9 GÖDEL’S THEOREM

▶ Formalism is a mathematical object. Remark of Hilbert necessary to the programme, to its rigour. Taken seriously by the logician Gödel in 1931.

▶ The formal objets of PA, terms, propositions, are encoded by Gödel numbers : ⌜t⌝, ⌜P⌝. A Banal B enumeration of propositions. Numérologues s’abstenir.

▶ Properties of the formalism represented by propositions of Peano’s arithmetic PA ; e.g., A P is provable B becomes ThmPA[⌜P⌝], A PA is consistent B becomes ConPA. No immediate arithmetical meaning.

▶ Proposition G ∼ ¬ThmPA[⌜G⌝] : A I am not provable B The liar’s antinomy A I am lying B ?. . .

UPENN 7 MARS 2001

10 GÖDEL’S THEOREM (CTD)

UPENN 7 MARS 2001

10 GÖDEL’S THEOREM (CTD)

▶ . . . No : who tells us that truth and provability coincide ? In fact G is true and not prouvable in PA.

UPENN 7 MARS 2001

10 GÖDEL’S THEOREM (CTD)

▶ . . . No : who tells us that truth and provability coincide ? In fact G is true and not prouvable in PA.

▶ One can replace G with the consistency of PA :

A IF PA IS CONSISTENT, IT DOES NOT PROVE ITS OWN

CONSISTENCY. B

UPENN 7 MARS 2001

10 GÖDEL’S THEOREM (CTD)

▶ . . . No : who tells us that truth and provability coincide ? In fact G is true and not prouvable in PA.

▶ One can replace G with the consistency of PA :

A IF PA IS CONSISTENT, IT DOES NOT PROVE ITS OWN

CONSISTENCY. B

▶ ConPA : recessive proposition ; provability of ConPA :

expansive proposition. (Halting problem : to loop is recessive, to detect a loop is expansive.)

UPENN 7 MARS 2001

10 GÖDEL’S THEOREM (CTD)

▶ . . . No : who tells us that truth and provability coincide ? In fact G is true and not prouvable in PA.

▶ One can replace G with the consistency of PA :

A IF PA IS CONSISTENT, IT DOES NOT PROVE ITS OWN

CONSISTENCY. B

▶ ConPA : recessive proposition ; provability of ConPA :

expansive proposition. (Halting problem : to loop is recessive, to detect a loop is expansive.)

▶ RECESSIVE ≠ EXPANSIVE TRUE ≠ PROUVABLE P NOT PROVABLE ≠ ¬P PROVABLE.

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

▶ Shoot Gödel by refuting the theorem ? A Tout est faux il suffit d’attendre. B

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

▶ Shoot Gödel by refuting the theorem ? A Tout est faux, il suffit d’attendre. B ▶ Temptation of the sarin. N’est pas le C^{ne} Nemo qui veut. . .

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

▶ Shoot Gödel by refuting the theorem ? A Tout est faux, il suffit d’attendre. B ▶ Temptation of the sarin. N’est pas le C^{ne} Nemo qui veut. . . ▶ A refutation of the theorem would reprove it. A meaningless result ?

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

▶ Shoot Gödel by refuting the theorem ? A Tout est faux, il suffit d’attendre. B ▶ Temptation of the sarin. N’est pas le C^{ne} Nemo qui veut. . . ▶ A refutation of the theorem would reprove it. A meaningless result ?

▶ Beatification of Gödel ? Suspicious délire around the 2^{nd} theorem. Mysterious numbers, Gödel-Escher-Bach,. . .

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

▶ Shoot Gödel by refuting the theorem ? A Tout est faux, il suffit d’attendre. B ▶ Temptation of the sarin. N’est pas le C^{ne} Nemo qui veut. . . ▶ A refutation of the theorem would reprove it. A meaningless result ?

▶ Beatification of Gödel ? Suspicious délire around the 2^{nd} theorem. Mysterious numbers, Gödel-Escher-Bach,. . .

▶ YOU CANNOT FIX YOUR GLASSES WHILE ON YOUR NOSE.

UPENN 7 MARS 2001

11 NEGATIONS AND NEGATIONISTS

▶ Shoot Gödel by refuting the theorem ? A Tout est faux, il suffit d’attendre. B ▶ Temptation of the sarin. N’est pas le C^{ne} Nemo qui veut. . . ▶ A refutation of the theorem would reprove it. A meaningless result ?

▶ Beatification of Gödel ? Suspicious délire around the 2^{nd} theorem. Mysterious numbers, Gödel-Escher-Bach,. . .

▶ YOU CANNOT FIX YOUR GLASSES WHILE ON YOUR NOSE. ▶ Hilbert’s formalism eventually dies of overscientism : to prove the consistency in mathematics ! Vous l’avez voulu, Georges Dandin !

UPENN 7 MARS 2001

INTUITIONNISMS

Pendant que Dupond et Dupont progressaient hardiment. . .

UPENN 7 MARS 2001

12 POST-GÖDELISM

UPENN 7 MARS 2001

12 POST-GÖDELISM

▶ Intuitionism : Poincaré, Brouwer. Mathematics is not formal.

Kreisel : the doubts as to consistency are more dubious than consistency itself.

UPENN 7 MARS 2001

12 POST-GÖDELISM

▶ Intuitionism : Poincaré, Brouwer. Mathematics is not formal.

Kreisel : the doubts as to consistency are more dubious than consistency itself.

▶ Continuation of consistency proofs : the insurance against the explosion of Earth, un produit indémodable.

UPENN 7 MARS 2001

12 POST-GÖDELISM

▶ Intuitionism : Poincaré, Brouwer. Mathematics is not formal.

Kreisel : the doubts as to consistency are more dubious than consistency itself.

▶ Continuation of consistency proofs : the insurance against the explosion of Earth, un produit indémodable.

▶ Paradoxical success of the logician Gentzen in the 30s, to compare to the surgeon of a dead tree.

UPENN 7 MARS 2001

12 POST-GÖDELISM

▶ Intuitionism : Poincaré, Brouwer. Mathematics is not formal.

Kreisel : the doubts as to consistency are more dubious than consistency itself.

▶ Continuation of consistency proofs : the insurance against the explosion of Earth, un produit indémodable.

▶ Paradoxical success of the logician Gentzen in the 30s, to compare to the surgeon of a dead tree.

▶ Modern reading of Gentzen : interaction between a proof of P and a proof of ¬P. Identical to interaction between program and environment, argument and function. Curry-Howard ∼ 1970. THE TIME OF CATEGORIES.

UPENN 7 MARS 2001

12 POST-GÖDELISM

▶ Intuitionism : Poincaré, Brouwer. Mathematics is not formal.

Kreisel : the doubts as to consistency are more dubious than consistency itself.

▶ Continuation of consistency proofs : the insurance against the explosion of Earth, un produit indémodable.

▶ Paradoxical success of the logician Gentzen in the 30s, to compare to the surgeon of a dead tree.

▶ Modern reading of Gentzen : interaction between a proof of P and a proof of ¬P. Curry-Howard ∼ 1970. THE TIME OF CATEGORIES.

▶ Linear logic (1985) : symmetry program/environment.

Procedural logic, no longer realist.

UPENN 7 MARS 2001

13 LUDICS (L’EXTINCTION DU PAUPÉRISME)

UPENN 7 MARS 2001

13 LUDICS (L’EXTINCTION DU PAUPÉRISME)

▶ Two machines M, N enjoy a private chat. Each can choose a design, i.e., a procedure which A tests the partner B.

UPENN 7 MARS 2001

13 LUDICS (L’EXTINCTION DU PAUPÉRISME)

▶ Two machines M, N enjoy a private chat. Each can choose a design, i.e., a procedure which A tests the partner B.

▶ Then, either

Consensus : Eventually one of them gives up, or Dissensus : The quarrel never ends.

UPENN 7 MARS 2001

13 LUDICS (L’EXTINCTION DU PAUPÉRISME)

▶ Two machines M, N enjoy a private chat. Each can choose a design, i.e., a procedure which A tests the partner B.

▶ Then, either

Consensus : Eventually one of them gives up, or Dissensus : The quarrel never ends.

▶ Dual behaviours of M and N : M restricts one to the sole designs A consensual B with those of N, and vice-versa.

UPENN 7 MARS 2001

13 LUDICS (L’EXTINCTION DU PAUPÉRISME)

▶ Two machines M, N enjoy a private chat. Each can choose a design, i.e., a procedure which A tests the partner B.

▶ Then, either

Consensus : Eventually one of them gives up, or Dissensus : The quarrel never ends.

▶ Dual behaviours of M and N : M restricts one the sole designs A consensual B with those of N, and vice-versa.

▶ These test are in turn subject to. . . test (dissensus = mutual recusation). End of the straightjacket recessive/expansive.

UPENN 7 MARS 2001

13 LUDICS (L’EXTINCTION DU PAUPÉRISME)

▶ Two machines M, N enjoy a private chat. Each can choose a design, i.e., a procedure which A tests the partner B.

▶ Then, either

Consensus : Eventually one of them gives up, or Dissensus : The quarrel never ends.

▶ Dual behaviours of M and N : M restricts to the sole designs A consensual B with those of N, and vice-versa.

▶ These test are in turn subject to. . . test (dissensus = mutual recusation). End of the straightjacket recessive/expansive.

▶ Ω ≤ D ≤ ✠. The (non)-design Ω (Faith) and the design ✠ (Daimon) as paradigms of recessivity and expansivity.

UPENN 7 MARS 2001

14 LOCATIVE FEATURES

UPENN 7 MARS 2001

14 LOCATIVE FEATURES

▶ Truth, categories, etc. are spiritual : EVERYTHING IS UP TO ISOMORPHISM.

UPENN 7 MARS 2001

14 LOCATIVE FEATURES

▶ Truth, categories, etc. are spiritual : EVERYTHING IS UP TO ISOMORPHISM.

▶ Ludics : object interact as themselves, not as abstractions.

End of the schizophrenia syntax/semantics.

UPENN 7 MARS 2001

14 LOCATIVE FEATURES

▶ Truth, categories, etc. are spiritual : EVERYTHING IS UP TO ISOMORPHISM.

▶ Ludics : object interact as themselves, not as abstractions.

End of the schizophrenia syntax/semantics. ▶ Conjunction & : incompatible spiritual interpretations :

Truth : A plain intersection G ∩ H. Category : A cartesian product G × H.

UPENN 7 MARS 2001

14 LOCATIVE FEATURES

▶ Truth, categories, etc. are spiritual : EVERYTHING IS UP TO ISOMORPHISM.

▶ Ludics : object interact as themselves, not as abstractions.

End of the schizophrenia syntax/semantics. ▶ Conjunction & : incompatible spiritual interpretations :

Truth : A plain intersection G ∩ H. Category : A cartesian product G × H.

▶ Ludics, single locative description as intersection General case : Intersection type.

Mystery of incarnation : When behaviours disjoint, |G ∩ H| = |G| × |H|

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

▶ Completeness is internal. E^{⊥⊥} = E

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

▶ Completeness is internal. E^{⊥⊥} = E ▶ Completeness of disjunction : G ⊕ H = (G ∪ H)^{⊥⊥} = G ∪ H A.k.a. disjunction property.

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

▶ Completeness is internal. E^{⊥⊥} = E ▶ Completeness of disjunction : G ⊕ H = (G ∪ H)^{⊥⊥} = G ∪ H A.k.a. disjunction property.

▶ Incompleteness is internal.

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

▶ Completeness is internal. E^{⊥⊥} = E ▶ Completeness of disjunction : G ⊕ H = (G ∪ H)^{⊥⊥} = G ∪ H A.k.a. disjunction property.

▶ Incompleteness is internal.

▶ Is truth an empty paraphrases ? The dubious A meta B.

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

▶ Completeness is internal. E^{⊥⊥} = E ▶ Completeness of disjunction : G ⊕ H = (G ∪ H)^{⊥⊥} = G ∪ H A.k.a. disjunction property.

▶ Incompleteness is internal.

▶ Is truth an empty paraphrases ? The dubious A meta B. ▶ The reality of natural numbers : are operations defined on objects, or are objects a reification of operations ?

UPENN 7 MARS 2001

15 SORTIE DU RÉALISME

▶ Completeness is internal. E^{⊥⊥} = E ▶ Completeness of disjunction : G ⊕ H = (G ∪ H)^{⊥⊥} = G ∪ H A.k.a. disjunction property.

▶ Incompleteness is internal.

▶ Is truth an empty paraphrases ? The dubious A meta B. ▶ The reality of natural numbers : are operations defined on objects, or are objects a reification of operations ?

▶ A Millenium question B :

P VS. NP

UPENN 7 MARS 2001

(à suivre)

UPENN 7 MARS 2001

From Locus Solum to appear in MSCS, Spring 2001.

http://iml.univ-mrs.fr/~girard/Articles.html