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Abstract

This paper introduces a compositional program logic for higher-
order polymorphic functions and standard data types. The logic
enables us to reason about observable properties of polymorphic
programs starting from those of their constituents. Just as types
attached to programs offer information on their composability so
as to guarantee basic safety of composite programs, formulae of
the proposed logic attached to programs offer information on their
composability so as to guarantee fine-grained behavioural proper-
ties of polymorphic programs. The central feature of the logic is a
systematic usage of names and operations on them, whose origin is
in the logics for typed Te-calculi. The paper introduces the program
logic and its proof rules and illustrates their usage by non-trivial
reasoning examples, taking a prototypical call-by-value functional
language with impredicative polymorphism and recursive types as
a target language.

Categories and Subject Descriptors: F.3.1 [Specifying and Ver-
ifying and Reasoning about Programs]:Assertions, Logics of pro-
grams, Specification techniques

General Terms: Language, Theory, Verification

1. Introduction

Types and Assertions. In modern functional programming lan-
guages such as ML and Haskell [27, 17, 9], as well as in recent
object-oriented languages [23, 29], types are positioned as a key
element of abstraction in programming. Types in these languages
offer a basic compositional specification, in the sense that a com-
posite program can be assigned a type if, and only if, its constituent
programs can be assigned types and, moreover, the latter are mu-
tually consistent with each other following a certain rule (for in-
stance, if we wish to apply N to M, we require M has type a =3
and N has type a for some a and ). Once a type is assignable to
a program, we know, for example, it never runs into a constructor
error, and that it would evaluate, if ever, to a value of that type, stat-
ically guaranteeing the fundamental safety property of programs.
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Useful as they are, types have basic limitation as specifications,
in that they cannot describe (hence cannot guarantee) fine-grained
behavioural properties of programs. A type can indicate, for exam-
ple, a given program is a function from natural numbers to natural
numbers: but there is no way to say it is a function which, for exam-
ple, transforms an even number to an odd number, or, for that mat-
ter, any number to its factorial. A significant merit of treating only
a basic safety property is that a verification of type conformance of
a given program is in many cases computationally feasible. But if
we wish to certify more general behavioural properties, types alone
cannot serve the purpose.

The present work introduces a simple assertional method for
compositional specification of behavioural properties of higher-order
programs and data types. Assertions are associated with two typed
interface points of a typed program, namely its environment and
itself, strictly following type information. Just as types attached to
programs offer information on their composability so as to guaran-
tee basic safety of composite programs, formulae attached to pro-
grams offer, in the present framework, information on their com-
posability so as to guarantee fine-grained behavioural properties of
polymorphic programs. The logical discipline is cleanly stratified
on the top of a type discipline, extending specifiable properties to
encompass essentially arbitrary observable properties of programs.
One of the central elements of the presented program logic is a sys-
tematic usage of names and operations on them. This feature comes
from a theory of logics for typed t-calculi developed in [21], which
is essentially a typed variant of Hennessy-Milner logic [18], and
which offers a general basis for a family of program logics through
embeddings of the latter in the former. The relationship between
the program logics and the process logics is detailed in [22, 21].

Let us briefly illustrate the essence of the proposed assertional
method using simple examples.

Basic Ideas. Consider a simple program which computes a dou-

bling function, N o AX.X+ X, with type N=-N where N is the type
for natural numbers. The type of N represents an abstract specifi-
cation of this program, saying that if we apply a value of N, then it
returns (if ever) a value of type N; but if we apply a value of other
types, it guarantees nothing. Thus a function can guarantee a type
of the resulting value only relying on types of its arguments.

We extend the same compositional reasoning to more general
behavioural properties, using Hoare-style assertions [19, 16]. Take
the same N above; we observe that, if we apply 5 to N, then it
returns 10; more generally if we apply any natural number to N, it
always returns even. And in more detail, it returns the double of an
arbitrary argument whenever the latter is well-typed, that is as far
as it is a natural number. Thus this function can guarantee a certain
behaviour by relying on the property of the argument. We wish to



represent these behavioural properties using logical formulae. To
do this, we do not mention N itself in a formula, but rather describe
its properties by naming it as, say, f (any fresh name will do). Thus
we can write

fe5=10 @
as a property of N (named as f). Similarly we can write
vxV.Even(f ex) )

where Even(n) is the predicate saying n is even (for example we

can set Even(x) o 3n.(x =2 xn)). The operator e is left associa-
tive and non-commutative, which is best understood as the applica-
tion in applicative structures. We can further refine the formula to
say f computes the doubling function. Formulae may be combined
using arbitrary standard logical connectives and quantifiers, just as
in Hoare Logic.

Using these formulae (which we let range over A B,...), the
judgement of the logic has the following shape.

AFM:B
which can be read as:

If M, named as f, can rely on A as the behaviour of
an environment, then the function combined with the
environment can guarantee B.

The name f is called anchor, which can be any fresh name not oc-
curring in M. An anchor is used for representing the point of oper-
ation, hence of specification, of M. Intuitively the above judgement
corresponds to a Hoare triple {A}M{B} where A is about the free
variables of M and B is about f which is the name given to M.
This idea — naming functions and programs — naturally comes from
encodings of functions into the Tecalculus [26, 28] where function
M is mapped into an agent [M] ¢+ equipped with unique name, f
to be referred and shared by other agents. Reflecting its process-
theoretic origin, the specification method regards programs as in-
teractive entities [26] whose specifications are given via interrogat-
ing its behaviour one by one. As an example, we can write down
the specification for N as:

TEN:; Y .Even(fex) (3)

which says that the program N named as f, under the trivial as-
sumption T on its free variables, satisfies YxN.Even(f ex) (the triv-
iality of the assumption is because no free variables occur in M: the
truth T in general indicates the weakest specification allowing any
well-typed behaviour).

Let us present further examples of assertions, starting from a
simple assertion for the identity function.

TEMY X iy W uey=y. 4
The judgement says that the given program, when applied to any
argument of type N, will return that same argument as a result.

When this function is applied to the argument, u ey is peeled-off
and replaced by a new anchor name m.

TEM X2 :(mm=2 (5)

Let us take a brief look at how we can compositionally derive (5).
We first need the predicate for the argument.

F2:,2=2 (6)

which simply says that “2” as a program satisfies, when named as
z, the predicate z = 2. We then infer:

4), (6), (WN.(uey=y)Az=2)Duez=2
TFMY X2y m=2

In the above derivation (which follows the proof rule for applica-
tion, formally discussed in Section 4 later), the predicate in the
conclusion, “m = 2”, is obtained by substituting “m” for “u e z”
in the conclusion part of the entailment in the antecedent. Note
this entailment is a simple instance of the standard axiom in the
predicate logic with equality, (A(X,x) Ax =y) D A(x,y) (cf. [25,
§2.8]). While validity of such entailment is in general incalculable,
it is calculable using simple axioms in this case as well as in many
practical examples. The nature of the above derivation may become
clearer by contrasting it with the corresponding typing derivation.

FMYx:N=N F2:N
FNx)2:N

Here, instead of calculating validity of entailment, we simply match
the first N of the function’s type N =-N with the argument’s type
N, obtaining N. In correspondence with simpler specification, we
have only to use simpler, and essentially mechanical, inference.

Next we consider an example which uses a non-trivial assump-
tion on a higher-order variable.

vx\.Even(f ex) - f3+1:, Odd(u) @)

where Odd(n) says n is odd. Using the same environment, we can
further derive:

v Even(f ex) - f3+ f(f5)+1:, 0dd(u) ()

By using name f, the term which contains multiple f can share the
single specification in the environment. The derivation of (7) and
(8) starts from the following instance of the axiom for a variable.

vx.Even(f ex) i f i vx\.Even(mex) ©)]

The specification says that if we assume VxN.Even(f ex) for the
entity which a variable f denotes, then f as a program named as m
satisfies precisely the same property (substituting m for f). Starting
from (9), we can easily reach (7) and (8), using the rule for applica-
tion as well as a similar rule for first-order operations (all of which
are later presented in Section 4).

LetL % 3+ f(f5)+1and recall N % Ax.x+x before. We now
consider the following specification.

Th1let f=N in L:, Odd(u) (10)

The “let” construct has the standard decomposition into abstraction
and application, but has a special status in the present context in that
its derivation clearly describes how we can “plug” a specification
of a part into a specification of a whole (just as in the cut rule in the
sequent calculus). The derivation of (10) follows.

(3), (8), Wx.Even(fex) > Vx.Even(fex)
Th1let f=N in L:, Odd(u)

Note the third condition in the antecedent is a trivially valid tautol-
ogy. In this tautology, the first ¥x.Even( f ex) is the conclusion of
(3) while the second one is the assumption of (8): thus the property
which is guaranteed by N is simply plugged into the assumption
for L. This derivation may be understood as being analogous to
a composition rule of Hoare Logic, where we infer {A}Pq;P2{B}
from {A}P1{C1} and {C2}P>{B} such that C; > C,. (11) may also
be contrasted with the type derivation for the same program.

FN:N=N f:N=NFL:N
Flet f=NinlL:N

(1)

(12)

which has a shape isomorphic to (11). Further examples of asser-
tions and derivations are found in later sections.



As we already mentioned, the extensive use of names in these
specifications and their derivations comes from the underlying 1=
calculus logic. Cumbersome as they may look, their use allows us
to reason about programs and data structures of diverse kinds on a
uniform basis, of which the present paper will focus on purely func-
tional ones. Among others we shall treat function types, products,
sums, recursion (in terms and in types), and second-order poly-
morphism (both universals and existentials). Here we only show
a simplest example, taking a specification of the universal identity,
AXAX® X 1 ¥X.X = X, leaving other examples to Sections 3 and 4.

VXXX (ue [X] @ X =X). (13)

The assertion says that the universal identity named as u, when it
is applied to any type a and any well-typed argument y of type a,
will return that argument itself as a result.

Summary of Contributions. Some of the possible contributions
of the present paper would be:

e Introduction of an assertional method for specifying prop-
erties of polymorphic higher-order programs and data types,
taking a prototypical call-by-value higher-order polymorphic
language as an example.

e Compositional proof rules for the proposed assertional method,

ensuring total correctness. As far as we know, this is the first
such system for higher-order polymorphic languages.

e Discussions on how the presented method may be used for
reasoning about behaviours of programs in higher-order lan-
guages and data types, with extensive examples.

It may be worth stressing that the assertional method discussed in
the present paper cleanly extends to call-by-name evaluation, im-
perative procedures as well as data structures with destructive up-
date. Such extensions are detailed in [21].

Related Work. The intersection type disciplines [11, 5, 13, 38]
offer one of the most general ways to specify behaviours of pro-
grams among various type systems for functions (they are also ap-
plied to non-functional calculi recently, cf. [12, 24]). Apart from
the fact that they have mainly been studied for untyped calculi,
there are two main differences from the presented framework. First,
specifications in intersection types are based on conjunction and
entailment of a specific kind, whereas the logical language in the
present framework allows the full use of standard logical connec-
tives. Second, the properties expressible in intersection types are
certain closed sets in the corresponding CPOs, whereas formulae
in the presented logic essentially encompass arbitrary observable
properties of programs. This second point also applies to Abram-
sky’s domain logic [4], which has a close connection with intersec-
tion type disciplines, even though the domain logic is richer in type
structures.

Equational logics for the A-calculi have been studied since the
classical work by Curry and Church. LCF [14] augments the stan-
dard equational theory of the A-calculus with Scott’s fixed point
induction. The program logics for higher-order functions derived
from process logics differ in that an assertion in the former de-
scribes behavioural properties of programs rather than equates them,
allowing specifications with arbitrary degrees of precision, as well
as smoothly extending to non-functional behaviour.

The reasoning methods for polymorphic A-calculi have been stud-
ied focusing on the principles of parametricity, either using equa-
tional logics [34, 2] or using logical relations [1, 39, 32, 33]. The
presented method differs in that it offers behavioural specifications

for interface of a program, rather than directly equating/relating
programs. It should however be noted that, for calculating validity
of entailment, the present method does need to make resort to se-
mantic arguments for polymorphic behaviours. This suggests fruit-
ful interplay between the present logical method, on the one hand,
and the reasoning principles as developed in, and extending, [34, 2,
39, 32, 33, 1], on the other.

Reynolds [35] develops a specification logic for Algol, extending
Hoare Logic with treatment of higher-order procedures. In addition
to basic differences in the constructions of formulae and judgement,
the use of the assumption on free variables in the present logic leads
to compositional proof rules, unlike in [35].

Reynolds, O’Hearn, Bornat and their colleagues [36, 37, 30, 8,
10] study extensions of Hoare’s Logic with an aim to offer an effec-
tive reasoning method for low-level operations, including pointers,
memory allocation/deallocation, and garbage collection. A central
idea of their approach is to explicitly assume a dynamically allo-
cated region of memory cells in the universe of discourse, and rea-
son about them based on a conjunction which at the same time im-
plies disjointness of such regions. The present framework is cleanly
extensible to impure higher-order procedures as well as shared data
structures with destructive update [21]. It would be an interesting
subject of study to integrate the methods for low-level reasoning as
cultivated through their studies with the present framework.

Finally, as we already noted, the origin of the present work is
in the logic for typed tecalculi. [22, 21, 20] discuss in detail the
theory of process logics for sequentially typed processes, together
with their relationship to the program logics.

Structure of the Paper. Section 2 reviews the syntax and opera-
tional semantics of the polymorphic PCF used in the paper; Sec-
tion 3 introduces the assertions and its semantics; Section 4 defines
the proof rules; Section 5 shows non-trivial reasoning examples;
Section 6 concludes the paper with further topics. The extensive
discussions on the general framework of the logics, including the
presentation of its imperative and other extensions, the soundness
proofs, detailed comparisons with related work, as well as connec-
tions to the corresponding process logics, are found in [20, 21, 22].

2. Call-by-Value Polymorphic PCF
2.1 Syntax and Typing

As a target language, we choose the call-by-value PCF with unit,
sums and products, extended with universal and existential second-
order polymorphism as well as recursive types [31, 15, 40]. Apart
from the treatment of recursive types (which relies on implicit type
conformance for simplicity of associated proof rules), all constructs
are standard. Our presentation essentially follows Pierce’s recent
textbook [31] (many program examples are also from his book).

We first list the grammar of programs, assuming an infinite set of
term variables (sometimes called names) as well as an infinite set
of type variables (X,Y,...). Below let i range over {1,2}.

M = () |n|b|x]|A.M]|MN | ux®=Bry®.M
| if MthenNzelseNy | op(M) | (Mg,My)
| (M) | ini(M) | case Mof {ini(x").Ni}ic(12)
|  AX.M|MB|pack(B,M)as3IX.a
| unpackMas(X,X)inN
V = () |n|b|x|A.M]|p=Brym
| (V1,V2) | ini(V) | AXV | pack(B,V)as3IX.a

M, N, ... denote general terms (sometimes called programs), while



V,W,... denote values. The grammar uses types (a,f3,...) which
are given later. Binding etc. are standard. fv(M)/ftv(M) denotes a
set of free variables/type variables. Bound variables are annotated
by types, though in examples we often omit them. n stands for
non-negative numerals (1,2,...) and b for booleans (t, f). () is unit.
We often use ¢ for constants. op(Mo,...,Mn_1) denotes an n-ary
arithmetic and boolean operation. Among others we consider the
unary operations succ(M) (the successor) and =M (the negation)
and binary operations M +N, M —N, M x N, M = N (equality of
two numbers), M AN and M Vv N. We use the standard weak call-
by-value one-step reduction [15, 40], written M — M’. We only
list the main rules for universals and existentials.

(AXM)B — M[B/X]
unpack (pack (B,V)as3X.0) as (X,X) inN — N[B/X][V /X]
Types, ranged over by a, 3, .. ., are generated from:
o = Unit |B|N|a=B|axB|a+B]
X | Vx.o | 3x.a | ux.a

Again binding is standard. Unit, B and N are called atomic types.
The typing judgements have the form ' = M : a, where I is a base,
which is a finite map from variables to types. Well-typed terms are
derived from the rules in Figure 1 (only part of constants and opera-
tors are treated, which are easily extended to other cases). All rules
are standard: in the rules for polymorphism, the constructors (type
abstraction and pack) and the destructors (type concretion and un-
pack) compensate with each other. In the rule for recursive type
(based on the equi-recursive approach [31]), ~ denotes the tree
equivalence of two types, which in particular includes the standard
(un)folding, ux.a ~ afux.a/x]. We often write M™% to denote
a typable term M such that we have ' = M : a. We shall call the
language PolyPCFv.

2.2 Programming Examples

In the following we explore the expressiveness of PolyPCFv using
simple programs, which are later used as running examples. As a
simple instance of the universal abstraction, we take the standard
universal identity.

F AXAXS X VXX =X, (14)
To use this identity, we instantiate it with a type and feed a value of
that type:
(AXAX)N)2 — (WY x)2 — 2. (15)
The second example is Church’s Polymorphic Booleans.
fls = AX A Ay*y (16)

Each function takes two arguments and returns one of them. We
assign a common type to tru and fls assuming two arguments have
the same type, but this type may be arbitrary since tru and fls do
not use their arguments except return one of them. Then we can
write boolean operations like not by constructing a new boolean
that uses an existing one to decide which of its arguments to return.

Let Bool % vx.x = x = X below,
F Ab : Bool AX At* Af*.bx ft : Bool = Bool @17

The third example is a type for a list of elements of type a, using
recursive types.

tru = AXAXCAYE X

List(o) % pv.(Unit + (a x Y)). (18)

The empty list is represented by inj(()), while the list which con-
sists of ahead M (of type o) and a tail L (of type List(a)) becomes

[Var] [Unit] —

r,x:cx_kx:cx MF():Unit
Numl - [Booll F
(Suce] - =M :N rFMg2:N

FFsuccM) N F9 FEM=M, B

rx:a-M:B

r’EkM:a=p TEN:a
rx:akFATM:a= [App)

FFMN:P

[Abs]
rx:a=BFAYM:a=p
M- PAy M a=B

if FrEM:B TENpo:a
(1] -if MthenNjelseN>:a

[Rec]

[Inl] FFM :a]_ [Inl’] FFM :az
Fkinl(M) Lap+0a2 rFinz(M) ca1ta2

F'EM:ag4as Fx oM

[Case] I case Mof {ini(xi).Mi}icf12) : B

r=Mi:ai(i=1,2) [Proj] Mr=M:oqxao
IE(M1,M2) :agxap r’Em(M) o (i=1,2)

[Pair]

Fr’EM:a x¢ftv(lh)
' AX.M:¥X.a

[T—AbS} [T—App] rr FM:V¥Xx.a

FMB:alB/x]

r=M:a[B/x]
I Fpack (B,M)as3Ix.a: 3IX.a

[T-Pack]

FEM:3x.a T-x:akEN:B X ¢&ftv(l)Uftv(B)
I FunpackMas (X,X)inN :

[T-Unpack]

rN-M:a a=p

R e S VR

Figure 1: Typing Rules for PolyPCFv

iny((M, L)), which is of type List(a) by Unit + o x List(a) ~
List(a). A list can be infinite, e.g. px.inp((1,x)) is an infinite list
of 1 and has type List(N). In our subsequent discussions we often
treat lists. For legibility we use the following notations.
def . oy def .
(e] = in1(()), [M::L] = ina((M, L))

As is well-known, it is often convenient to treat lists generically,
i.e. without depending on its types. In such situations, we can use
the polymorphic list type Vx.List(x). A simple example is the
generic cons function:

AX A NEESEOO [y ), (19)

A little more complex example is a program which calculates the
length of a list of an arbitrary type.

/\X.quist(X):>N.)\|List(X).
case | of isNil = 0 | isCons(x,I") = f(I') +1 (20)

Above we use “case | of isNil = M |isCons(x,l") = N” which
stands for

case lof {iny(z).M|inz(y).((AxI.N)TR(y))TR(Y) } (2, fresh)



Yet another example which uses a polymorphic list is a program
which filters out elements of a list that satisfy a given predicate.

FAX X filter(f) : VX, (Xx=B)=List(X) = List(X)
1)
where filter( f) is the following expressions:

Hg.Al.case | of isNil=[g]
| isCons(x,y)=-if f(x)then [x::g(y)] el seqg(y).

We end our brief exploration with a simple use of existential ab-
straction. Below we use records, which are in the present case sim-
ply a labelled version of products.

pack (N,{new:A().0, inc:AxXx+1, get:AxX})

as IX.{new:Unit=X, inc:X=X, get:X=N} (22)

where A().M is a thunk which formally stands for Ax"2i*.M with
x & fv(M). The type represents an abstract data type for a counter,
which has three methods: “new” exports an opaque integer, “inc”
increments it, and “get” turns an opaque value to the correspond-
ing non-opaque value.

3. Assertions for PolyPCFv
3.1 Syntax

In this section we introduce formulae and judgement for a program
logic for PolyPCFyv, illustrate them by examples, and present their
semantics. As in the standard Hoare logic, a specification for a
program can be either about total correctness (where non-trivial as-
sertions always guarantee termination) or about partial correctness
(where divergence allows arbitrary specifications). These two, to-
gether with a third one which subsumes both, are discussed in detail
in [21]. In the present paper we focus on the logics for total cor-
rectness, which allows a most straightforward presentation, both in
syntax and semantics. The presentation places a particular empha-
sis on the type-oriented nature of the logic.

Terms and Formulae. A judgement in the present logic uses a
pair of first-order logical formulae to describe behavioural proper-
ties of typed functionals. Formulae are made up from equations on
terms and their combinations by standard logical connectives. The
grammar of a language for the total logic for PolyPCFv follows.

e = x| ()| n|b]op(er..en) | L% | eree;
| (ene2) | T(e) | inf™P(e) | eo[B] | (B.e)C
A = 61262|ﬁA|A1/\A2‘Al\/Az‘Aj_DAz

| VXA |3XA|VXA|3XA

The first set of expressions (e,e’,...) are called terms, while the
second ones (A,B,C...) formulae. Terms contain variables, which
we often call names. They also include constants such as unit (),
natural numbers n and booleans b. op indicates a first-order opera-
tion (usually carried over from the target programming language).
1.9 denotes divergence with type o, which is seldom used in spec-
ifications but is needed for semantic completeness. We write e |
fore # 1. eq eep is an application of e1 and e> where e is left as-
sociative and non-commutative. Terms also includes the standard
arithmetic operators. The first three terms in the second line are
paring, projection and injection, respectively. The last two forms
of terms are a type application for polymorphic universal type and
packing for existential type, respectively. Operationally e e [(] cor-
responds to M, while (B,e) corresponds to a packed pair.

In formulae, logical connectives are used with their standard
precedence/association: e.g. AAB D Vx.CVv D D E is parsed as
(AAB) D (((¥x.C)vD) D E). A=B denotes A and B are logically
equivalent. As far as no confusion arises, we use these connectives
both syntactically (i.e. as connectives in formulae in program log-
ics) and semantically (i.e. for discussing validity of various kinds).
We also use the truth T (definable as, for example, 1 = 1) and the
falsity F (which is —=T). T and F also denote boolean values. The
quantifications induce binding, for which we assume the standard
bound name convention. fv(A)/ftv(A) denotes the set of free vari-
ables/type variables in A.

Below we define the well-typed expressions and formulae.

Definition 3.1 (well-typedness in terms)

e (),n, b, x% and L* are well-typed with types Unit, N, B, a
and a, respectively.

e e ee; is well-typed with type {3 if e1 > are well-typed with
types o = and a, respectively.

e —e is well-typed with type B, if e is well-typed with type B.
e1 +eo is well-typed with type N if 1 » are well-typed with
type N. Similarly for succ, x, —, etc.

o (e1,eo) iswell-typed with type a1 x o if &1 » are well-typed
with types az . T (e) is well-typed with type a if e is well-
typed with type a x B, similarly for Ti(e).

. in‘l”B(e) is well-typed with type a + 3 if e is well-typed with

type a. Similarly for inJ "P(e).
o ee[f] is well-typed with type a[B/x] if e is well-typed with

type vx.o. (B,e)?*% is well-typed with type 3x.a if e is
well-typed with type a[B/X].

A is well-typed if whenever a variable/name occurs twice they own
the same type and each pair of equated terms have the same type.
Hereafter we only consider well-typed terms and formulae and omit
type annotations if no ambiguity arises (or if ambiguity does not
matter).

Judgement. There are two forms of the judgement, one for se-
mantic validity and another for syntactic derivability.

AE=MT9 B, AFMTO: B

In both forms of sequents, we assume " =M :a and u ¢ fn(I"). The
primary names in A are those in dom(I"), while the primary name
of B is u. Other names occurring in A and B are auxiliary. Then free
names in A (resp. in B) should be typed under I' - © (resp. u: a - ©)
for acommon ©, which is a map from the auxiliary names to types.
Each sequent can be read as:

for any closed values of types I satisfying A, the result
of substituting them for variables in M leads to the be-
haviour satisfying B, under an arbitrary interpretation
of auxiliary names in A and B.

Later we shall formalise this idea, first by defining semantics for
validating the first form of sequent and, secondly, by introducing
proof rules for deriving the second form of sequent. The term as-
sertion is sometimes used for formulae used in a judgement, as well
as for a judgement itself.

3.2 Examples of Assertions
We first recall several examples from Introduction. First,

Even(y) = 3. (YN =2 xx)



is the standard predicate which says y is even, while:
Double(u) = vn. (UM en=2x n)

says that a function u always returns double of the argument, which
is satisfied by, for example, Ax.x+x. The following entailment is
valid with respect to semantics of formulae given later.

Double(u) > vyN.Even(u=Ney).

Next we recall another example from Introduction:
ID(u) % vx vxX U X=X o [x] e x = X .

This is an assertion for the universal identity AX.Ax*.x, which means
that the given program, when it is applied to any type a and any
well-typed argument y of type a, will return that argument as a

result. In contrast, IDN (u) & wxV.(uN="N o x = x) is an assertion
satisfied by the monomorphic identity AxY.x. These two assertions
are related in the following way:

Im.(u=me[N] A ID(m)) = IDY(u)

As a simple example of sums and products, let us define A(m) oef
3y’ (m = (ina(y'),2’) AEven(y’) AOdd(z')). Then we have, for
example, A((in1(y),z)) D Even(y).

A list can be encoded into product and sums with recursive types.
Thus we can reason about a list using iny(()) and inp({M,L)}) as
encodings of the nil [¢] and the cons [M :: L], respectively. How-
ever having terms for the list as such in assertions, written [g] (for
ing(())) and [e :: €] (for inp((e,€’})), is convenient, especially
when we reason about complex programs which process lists. As
an example, using these notations, we can define a derived predi-
cate for the well-foundedness (i.e. finiteness) of a list as follows.

wi(l) = 3n".Len(l,n).
Len(1,0) = I=[e].
Len(l,n+1) = V. I=x=1I'TAx# LALen(l',n).

Next, we recall the program cntr in (22) in Section 2.
pack (N, {new:A().0, inc:Axx+1, get:Ax.x})
as 3IX.{new:Unit=-X, inc:X=X, get:X=N}

The following is a specification for this program before packing,
named as w (we use a labelled projection 1(e)).

Jy*,2%.(y =new(w) e () A Zz=1inc(w)ey A get(w)ez>1)
A more readable specification may use a notation that combines an
application and a projection, writing e.1(e’) for (e.1) e (¢').
Iy, 2% (Wwnew() =y A W.inc(y)=z A w.get(z)>1)
Now we consider the data hiding. Let:
def

C(u,x) =
def

)
D(w,y,2)
We write C((X,x),X) for C(u,Xx)[{X,X)/u]. Then:

e 3x.C(u,x) hides a concrete type of an ADT, giving a speci-
fication of the packed program above with anchor u.

Ly, 2% (U= (x,w) AD(w,y,2))
w.new()=Y A W.inc(y)=z A W.get(z)>1

e In contrast, C((X,x),x) opens an ADT, under which, for
example, A().x.get(X.inc(x.new())) with anchor u satisfies
ue()>1.

Using these predicates in intermediate steps, we shall later show
the following unpacked program, with anchor u, satisfies ue () > 1.

unpack cntr as (X,X) in A().X.get(X.inc(X.new()))

3.3 Semantics of Assertions

Below we define semantics of assertions taking a quickest path,
using congruence classes of PolyPCFv (for further discussions on
models, including those based on typed processes, see [21]). We
use the standard typed congruence. Suppose ' =Mj 5 :a. Then
=My =, M2 : a iff, for each closing C[M;] of type N, we have
C[Mq] | iff C[M2] § where M | means IN.M —* N /—.

Model. Letk,k’,...range over the =, -congruence classes of typed
closed terms, which we call behaviours. We write k® if K is of type
a. Then for each type a, there is a unique congruent class of the
diverging terms, which we write 1% or simply L. If k # L, we say
K is a total behaviour. A model  is a well-typed finite map from
names to total behaviours. Given K‘féﬁ and K§, Ky @K is given as
the congruence class including MN for M € k1 and N € k. Sim-
ilarly, given k"% and B, k ¢ [B] is given as the congruence class
including MB for M e k. Then given k®®/X] and B, (B,k) is given
as the congruence class including pack (N, M) as3x.a for M € k.
Arithmetic operations etc. are similarly defined.

Satisfaction. Fix auxiliary names and type variables in A. An
interpretation 7 maps auxiliary names to both total and non-total
behaviours, as well as type variables to closed types (the former
should be consistent with the latter). Given a model & and an inter-
pretation 7, the map [[e] ;.¢ is defined by induction on e as follows:

[elre=c [L];e=Land [x];.z = (1U&)(X).

leee = [elrgeeTre

le+e€re = [e]re + [ .z similarly for others.
[(e.e) ] r.e = ([el re: [€']re) [Ti(e)]lr.e = Tu([le]l ;.¢) and
[ini(e)]r.e = ini([e] .¢)-

* [eeBlll;.g=1[ellr.ge Bl and [(B,e)]r.c = (B, [e] r.¢)

The satisfaction of A by a model  under an interpretation 7, written
& =1 A, is given by induction on the structure of A. We start from:

ETer=e = [ea;e=1le2l;e

Logical connectives are given the standard (classical) interpretation
(below connectives on the right-hand side are about validity):

EETAMNA = EFETA) A EFETAY)
EET-A = -EE'A
EEIWA = VeeT.EE'XcA,
EEIWEA = vkela]. & E"KA,
EEIYXA = Vo EE'*A

where, in the second last line, [[a] denotes the set of all behaviours
of type a. The rest is de Morgan duality. We then write K =/ A
(read: k with anchor u satisfies A under I)whenu:k =7 A (u:kis
a mode which maps u to k). Finally with M closed, M =/ A stands
for 3k. (M € K AK =1 A). We also write X:V =7 Afor X : K =1 A
with Vi € Kj. We can now define:

Definition 3.2 (semantics of assertions) A = M%B;a :u B iff, under
each well-typed I and for each VP such that X:V |=! A, we have
MV /x] =l B.

Note that, by definition, if we have A =M :,B for Asuch that A= F,
it always holds M |. Also note the validity of A is far from being



effectively calculable since the logic properly extends the standard
number theory (thus, for example, true formulae in the present logic
are not recursively enumerable). This does not, however, preclude
the construction and use of compositional proof rules for the logic,
where the calculation of validity is often reduced to mechanical
inferences. The compositional proof system for valid assertions is
not only important for verifications: it offers a fundamental insight
on the nature of each construct of the language. This is the theme
of the next section.

4. Proof Rules for PolyPCFv

This section introduces proofs rules for PolyPCFv including de-
rived rules. The shape of each rule naturally follows that of the
corresponding typing rule (except structural rules which only ma-
nipulate formulae), making the reasoning principle compositional.
We recall, from Section 3.1, that the main sequent for provability
has the form:
AFMTC: B

where ' = M : a and names in A and B should be well-typed (as
specified in Section 3.1). The well-typedness demands, among oth-
ers, u never occurs in A, and free variables in I" never occur in B.
We often call A and B the rely formula and the guarantee formula,
respectively. Variables which occur in " are the primary names in
A, u is the primary name in B while names which occur in A and B
but not in dom(I") U {u} are auxiliary names. These notions play a
key role in the consistency of the proof rules.

The proof rules are listed in Figure 2. In each rule, we assume
all assertions are well-typed and a primary name and auxiliary
names are never mixed in sequents in the antecedent. Symbols
i,]J,...exclusively range over auxiliary names. In the following we
illustrate each proof rule one by one.

First-Order Rules. We start from the basic rules: [Var] says that,
if something can be said about what x denotes in the environment,
then the same thing can be said about x as a term, named as u. Sim-
ilarly for [Const] and [Succ]. For arithmetical/boolean operations,
we have, for example:

AFM:yB; AFN:wByx (B1AB2)DB[v+w/u]
AFM+NyB
Similarly for the equality operator:

AFMY:, By ARNN:, By (B1ABy) DBlvi=Va/b|
AFM=N:B

¢From these rules one can guess the general form of the proof rule
for an n-ary operator (of which constants and unary/binary opera-
tors are special cases), given as [Op] in Figure 2. The rule assumes
op also appears as a term constructor in the logical language.

Next we move to the proof rule for the conditional, which says
that, under A, if a boolean term M (named as b) satisfies A’, and B
holds for (1) N1 under the assumption A’ holds and (2) N under the
assumption A’ does not hold, then, again under A, surely B holds
for if M thenNj elseNo.

AFM: A" AAA[T/0]FNp:wB  AAA'[F/b]FNo:yB
AFif MthenNjelseNo: B

Note the rule keeps clean symmetry, as in the corresponding rule
in Hoare logic. Observe also b & fv(A) by the well-formedness
of A~ M :p A'. Another observation is that A - M :, A’ indicates
(as far as A is non-trivial) M terminates. Thus, in a closed term,
the conditional branch can surely be evaluated, reaching one of N;j,
which in turn is guaranteed to terminate and satisfies B.

Add]

[Eq]

1

[Const] A[c/u]l_— CiyA

[Var] A[x/u]l_— X:uA

9] A gaceV) B

(0p) AFMi:m B (1<i<n) (AiBj) > Blop(my,..,mn)/u]
AFop(My,..,Mp) 1y B

A-M:p A" AAA[T/blFN;:uB  AAA[F/bJFNa iy B

(1] AT if MthenNjelseNy 1, B

A AAXEMim Ay WXI(Ap D Aguex/m]) O B

[Abs] AFAXM:, B

A ]A}—M:mBl AEN:xBy BjABz DBmex/ulAmex|
PP AFMN ., B

AFAy.M:;B(0) AAB(i)[x/u] = Ay.M 1y B(i+1)
A px.Ay.M :y Vi.B(i)

[Rec]

ADAg ApFM:yBg BpDB

[Consequence| AFM B
-u

At M Bi B1AB2 DB[(mg,mp)/u]
AF <|V|17|V|2> ‘ubB

[Pair]

AEM B[ (m)/u]

AFm(M):yB ['nﬂAFM :m B[ing(m)/u]

AFiny(M) y B

[Projq]

AFM :mE AXAE[ini(x)/m]F N :y B

[Case] At case Mof {inj(x).Nj} .y B

A'x M ‘m B
[T-ADS] X AX M 4 VX Blus[X]/m]

AF M iy VX.B[me[x]/u]
AFMB:uB[B/X]

[T-App]

AEM :mB[{x,m)/ul[B/X]

[T-Pack] A pack (B, M} as 3x.a 1y IX B

AFM:n3X.E A AE[(X,X)/m FN:B

[T-Unpack] AFunpackMas (X,X)inN :, B

AFM:nB A~A B =B
AFM:yB

[T-Rec]

Figure 2: Proof Rules for PolyPCFv

Proof Rules for Higher-Order Functions. We now move to three
of the key rules for PolyPCFv-logic, abstraction, application and
recursion. Below recall AX indicates the only primary name in A is
x, 1 means a (possibly empty) vector of names, while A* says no
names from xi occur in A.

A ARSEMim Ay VX (A1 D Ag[uex/m]) O B
AFAX.M:y B

The rule says that, whenever M named as m satisfies A, relying
on A (which is not about x) and A1 (which is about x), then Ax.M
named u has the behaviour such that, whenever u is given x satis-
fying A4, it returns the result (u e x) which satisfies A, for m. This

[Abs]



rule can be decomposed into:

AEM B, ifresh

[Abs-sub] Ali/x] =AM :y B[mei/u]

AABEMIY:, C v(B)Nfv(M) =0
AFMTO BOC
However we prefer [Abs] because of their convenience in reasoning.
The provability does not differ in the presence of [D] and [Aux-V]
(which is given later). Next we look at the rule for application.
AEM:mB;y AEN:ixBz BiABz DB[mex/ulAmex]
AFMN: B

The rule says that, if M, named as m, satisfies B1, and N, named
as x, satisfies B, and B1 and B, say that m applies to x converges
(recall me x|} stands for mex # L, cf.§ 3.1), then MN named as u
satisfies B whenever B is a consequence of B, and B, where, in the
latter, the returned value u is replaced by me x.

Related to the above two proof rules, it is instructive to examine
the rule for the | et construct.
AFM A" AAA'FN: B

AFletx=MinN B
The rule can be derived from [Abs] and [App] via the standard trans-

lation, let x=M in N o (Ax.N)M. Note x cannot occur in A since
X is an anchor.

o]

[App]

[Let]

Proof Rules for Recursion. Below n is a fresh variable of N-type.
AXEAy.M 1y B(0) AAB(n)x/ul FAy.M:yB(n+1)

A px.Ay.M 1y Vn.B(n)
Under A, the term satisfies, without assuming anything about x,
already B(0) (where B( - ) is a formula with a hole). The term also
satisfies, if we assume B(n) for x in addition to A, B(n+1). So we
expect it satisfies B(n) for each n. It is also notable that the | et rec

construct, with the standard operational semantics [15], has a clean
proof rule. Below letV have an arrow type.

AFV]y/x] x E(0)
ANE(MY/X FVIy/X i E(n+1)
AAVRE(N)EFM:yB
AFletrecx=V inM B

[Rec]

[Letrec]

Structural Rules. We list the consequence rule and the two asso-
ciated rules for auxiliary names (there are other natural structural
rules which we omit).
ADA AFM: B B OB

AFM,B

[Conseq]

A'FM:,B A-M:,B'
AFM,ViB J.,AFM B

To put the consequence rule to real use (as well as all other rules
which use validity of formulae), we may as well use inference rules
for the underlying semantic structure, in addition to the standard
rules for predicate calculus with equality and number theory. Three
basic rules are given as follows:

[Aux-V | [Aux-3]

(ext) Vy.eqey==epey D e1==¢2
(L-o) lee=1 eel =_1
(L-op) op(e1,..,L,..,en) =L

All are easily justifiable from the underlying model given in § 3.3
(for further account of such axioms see [21, § 10]).

Sum and Products. The rules for sum and products in Figure 2
should be understood as [Op] and [If]. Note how the introduction of
constructors and destructors in programs is directly reasoned using
the corresponding constructs (terms) in assertions.

Products and sums are naturally extended to their labelled ver-
sions, records and variants. For example, records add the term of
the form {l; : ¢; } and e.1, interpreted as (labelled) products and their
projection. The proof rules become:

[Record}A}_ M; :mABli_ {|i/\:?\i/|3 :Ii[éli tmi}/u]
sel] AEM :mB[m.l/u

AFM.I B

Polymorphism and Recursive Types. Finally we explain the rules
for the second order polymorphism. [T-Abs] and [T-App] in Figure
2 are similarly explained as [Abs] and [App], respectively. Here we
focus on the packing and unpacking rules for 3.

AEM :mB[(x,m)/u][B/X]
Al pack(B,M)as3Ix.a:, IX.B

[T-Pack]

The rule says that, if M®[P/X] named as m, satisfies B[(B,m%[B/Xl) /u],
then pack (B,M) as 3x.a named u satisfies 3x.B (we remind that
(B,e%[B/X]) means a packed expression whose type is 3x.a). Note
that we create a packing M of B by replacing a pack of its anchor
name m and x by fresh anchor name u (note the essentially same
technique is used in the rule for paring, [Pair]).

[T-Unpack] is defined symmetrically as follows.

AFM:m3XE AXAE[(X,X)/m] - N:yB
AF unpackMas (X,x)inN :y B

The rule says that, if M named as m satisfies 3x.E and N named
as n satisfies B with m packed as (x,x), then the resulting term
satisfies B. Unpacking is simply handled by an instantiation of a
pack of x and X. Intuitively here hiding is ensured by linking one
name in a pack by another name in another pack. In the rule for
recursive types, [T-Rec], A ~ A’ denotes, as before, two formulae
are identical except for substituting occurrences of ~-related types.
We can also use the extensionality of operators for ee€’, ee [a], and
(e,€¢’) and the entailment ¥x.A D AJa/x] and Ajo/x] D 3x.A.

[T-Unpack]

Soundness. We conclude this section with the key property of
these proof rules, their soundness with respect to the semantics
of assertions. This can be established via embedding into the T
calculus, following three steps:

o e first translate PolyPCFv-terms into the second-order poly-
morphic Tecalculus preserving types. Then we prove equa-
tional full abstraction up to the contextual coungruences, us-
ing the method in [6, 7].

e Secondly, we translate PolyPCFv-assertions into those of the
second-order polymorphic tecalculus. Then we prove the
logical full abstraction of the translation (i.e. a PolyPCFv-
formula is valid iff the translation is valid in the correspond-
ing process logic. [21].

e Finally, since the process logic satisfies the soundness [20],

we can prove, for each VP such that X:V = A, we have
MV /] |=1 B via the translation of terms and formulae [21].

Since the logic for the t-calculus is with much fewer constructs,
this gives a transparent proof. The details are found in [21, 20].

Theorem 4.1 (soundness) A M :y B implies A =M :yB.



5. Reasoning Examples

This section illustrates the use of proof rules introduced in the pre-
vious section by a few non-trivial reasoning examples. We also
introduce a couple of derived rules which can directly reason high-
level data structures.

Universal Identity. We first infer the property of the universal
identity. This is a simplest example to demonstrate how we can use
an algebra of names and type variable and compose specifications.
For legibility, we often reuse the anchor name. Recall (14):

FAX XS X VXX =X,

for which we infer:
1. TAx=IlFX:mm=lI (Var)
2. TEM XWX (x=1D>u" ex=1I) (Abs)
3. TEMXg WK (UX=X ex =X)
4. TEAXIMEX g VXX (U7X e [X]) ex=X)  (T-Abs)

(Conseq)

The resulting assertion says that AX.Ax*.x is a polymorphic func-
tion named as u which takes two arguments, arbitrary type X and
value with type x, and just returns the value as it is. Recall (15).
¢From the above inference we can infer:

5. TEAXM XNy v (uN="Nex =x)
6. Tk ((AXAXX)N)3:yu=3

(T-App)
(App, Conseq)

Next we infer an assertion with a non-trivial assumption. We start
from Line 4 in the preceding inference, and infer as follows.

5. TH(AXA XN 3y WY (V=N e x = x) (T-App)

6. Even(y)Fy+1:n0Odd(m) (Var,0Op,Conseq)

7. Even(y) F (AXAX* X)N)(y+1) : Odd(w) (App,Conseq)
Line 7’ is derived from the following inference.

(Vx.uex=x A Odd(m)) D> (uem=m A Odd(m))
= (w=m A Odd(m))[uem/w]

Since (w=m A Odd(m)) D Odd(w), this satisfies the side condi-
tion of (App), (B4 AB2) D B[uem/w], hence we reach Line 7.

Convention 5.1 In the following inferences we allow free vari-
ables of a program to occur in the guarantee formula in a sequent,
with the same semantics as Definition 3.2 except “M[V /X] |={, B”
in the definition is replaced by “M [V /%] =£%V B”. The proof rules
stay precisely the same.

While the strict usage of names as we have been obeying so far does
not lose generality, the new convention above is useful for making
the reasoning shorter, especially in complex examples.

Church’s Polymorphic Booleans. Next recall Church Polymor-
phic Booleans whose type is Bool = VX.X = X = X and the not
function.

tru = AXAXXAYX X fls = AXAXX YRy
FAb: Bool AX At* AfX.bx ft : Bool= Bool

We first infer the property of tru as follows.
1. TExX*:jyu=x (Var)
2. TEA XX W U= X ey =X (Abs)
3. TEAMCAYE XX 1y X WYX uX=X=X e xey =X  (Abs)
4

TFtruy VX 9XX Wy .uBo o [X]exey =X (T-Abs)

The specification exactly represents the polymorphic truth. Simi-
larly we can specify fls by swapping x and y. Let us denote boolean
specification as:

BTru(u) = Vx.¥xX.wy*.uBole[x]exey=x
BFls(u) VXXX 7YX uBo o x| e x ey =

Now we infer the property of not. We define:
BNot(u) =Vb.((BTru(b) D BFIs(ueb)) A (BFIs(b) > BTru(ueb)))

which means if it gets the truth, then it returns the false and if it
gets the false, then it returns the truth.

1. BTru(b) b :mBTru(m) (Var)
2. BTru(b) Fbx :mVy*.vx*.meyex =y (T-App)
3. BTru(b) FbXy:mVx*.mex=y (App)
4. BTru(b) Fbxyx:mm=y (App)
5. BTru(b) F Ay.bxyx:mVy.mey=y (Abs)
6. BTru(b) - AX.Ay.bXyx :mVx.Vy.mexey =y (Abs)
7. BTru(b) - AX.AXAy.bXxyx :m BFIs(m) (T-Abs)
8. Tk not:yVh.(BTru(b) D BFIs(ueb)) (Abs)

9. TFnot:yBTru(b) D BFIs(ueb)
Symmetrically we can infer:
T+ not :y BFIs(b) D BTru(ueb)
Now we apply the following derived proof rule to 9 and the above.
AEM B (i=1,2)
AFEM:yB1 A By

Noting b is an auxiliary variable, an application of [Aux-V] gives
us the following desired proof.

T F not :y BNot(u)

(Conseq)

[And]

Polymorphic Recursive Function and Lists. Recall the program
filter(f) which filters a list using a function f : X = B, given in
(21). The following program takes off all occurrences of 0 from a
list of natural numbers using filter(f).

elimZero & (AX AFZE filter(f))N) (AN x £ 0).

We can easily see this program does not terminate if an argument is
an infinite list. Thus, to prove total correctness, we should specify
that a given list is well-founded and finite, and that each element
terminates. We define this and other related notions as derived
predicates.

wi(l) = 3nM.Len(l,n).
Len(1,0) = =[e].
Len(l,n+1) = 3xI.I=x=lI'TAx# LALen(l',n).

One of the natural specifications for elimZero is given as:

Elimzero(u) © w1kt M) (Wi (1) > A(u,) AB(u,1))  (23)



where we set:

Aul) %

B(u,l)

I=[g] Duel=[g].

=Xy AX#LDXA0Duel=[x:1uey])A
(x=0Duel=uey).

def

The predicate ElimZero(u) (on u of type List(N)=-List(N)) says
that, assuming an integer list is well-founded, applying the list to u
would result in another integer list which is the same as the original
one except that each 0 in the list is eliminated one by one. Our aim
is to prove:

T I elimZero :y ElimZero(u). (24)

To derive (24), the key step is to infer the following generic asser-
tion for the program filter(f).

T +filter(f) :y VI. Filter(u, 1, f) (25)
where Filter(u, 1, f) says uel is the result of filtering | by f:

Filter(u,1,f) % Wf(l) > AW AC(U,Lf)  (26)

where C(u, I, f) is defined as follows:

I=x:y| Ax£ZLD(fex=TDuel=[x::uey])A
(fex=FDuel=uey).

Once we have (25), we can reach (24) as follows.

1. Tk filter(f) :y VI. Filter(u,l, f) (Assumption)
2. THEMfAfilter(f):y VI Filter(ue f,I, f) (Abs)
3. TEAXAf filter(f) 1y VX.VT,I. Filter(ue [x] o f,I,f)  (T-Abs)
4. Tk (AXAffilter(f))N:y VT, 1 Filter(ue f,I, ) (T-App)
5.

T FAX.(x#0) :+ NonZero(f)

(Var, Num, Eq, Abs)

6. T ((AX.Af filter(f))N)(Ax.x#0) 1y
In Line 5, NonZero( f) stands for:
VX.(x=0> fex=F)A(x=n>1> fex=T).
Then in Line 6, we calculate the assertions as:
vl. Filter(ue f,1, f) ANonZero(f) D ElimZero(ue f).

We now derive (25). The derivation is, as usual, divided into the
base case and the induction. For reasoning, we first note the fol-
lowing inductive definition of the filter predicate.

Filter(u,l,f) = vnN.(Len(I,n) D Fil(l, f,uel,n))
Fil(,f,,0) % 1=y
Fil(L £, n+1) % (=g o1V =[g) A

(I=x:y|Ax#LD
(fex=TD>D
(V=[x y]AFil(y, f,y,n)))A
(fex=F D Fil(y, f,I')n))

The equivalence with (26) is immediate by induction on the length
of a list. We also let:

M % case | of isNil = [€] | isCons(x,y) = N
Nt f(x) then[x::g(y)] el se g(y)

Note filter(f) o ug.Al.M. We also use the following abbreviations
for brevity.

E(n)(u) = Vl.(Len(l,n) D Fil(l, f,uel,n))

ElimZero(u) (4, 5, App)

N ATET T e A

AFM:mBy AL B2 BiAB D B[[m::l]/u]
AF[M:L] B

[Cons|
AFM:mE  AAE[]/mFNizyB
List ANE[x:1]/m N2y B
At case M of isNil = Ny [ isCons(x,I) = N2 :y B

Figure 3: Proof Rules for Lists and Case

The base case follows.

1. I=[grlyl=][g (Var)
2. [g]=[e]F[e]:mm=]g] (Nil)
3. FEif f(x)then[x::g(y)]elseg(y):mm=][g] (falsity)
4. I=[g]l+M:yFil(l, f,m,0) (1,2,3,List)
5. TFALM:mE(0)(m) (Abs)

In Lines 2 and 4, the derived proof rules for lists in Figure 3 are
used where we assume [€] and [e :: ¢'] are included among the terms
in the logic (which formally stand for inj(()) and inp((e,e’)), re-
spectively).

We move to the induction step. Below we use the following
abbreviations:

C(Ixyn) ® = [x::y]ALen(y,n).

G(fxl'yn) = (fex=T D Jy.(I'=[x:y]AFilyf,y,n)) A
(fex=F > Fil(y, f,l';n))

E(n)(g) AC(Ixyn) A fex=T
E(n)(g) AC(Ixyn) A fex=F

A(IxyngT)
A(IxyngF)

Note G(fxI’ny) is the part of Fil(l, f,1’,n+1) when the list is non-
empty.

C(Ixyn) =1 1" =[x ::y] ALen(y,n) (Var)

.FE[g]:mE(M+1)(m) (falsity)

(Var, Var, App)

A(lxyngT) Fg(y) :m f ex =T AFil(y, f,m,n) (Var, Var, App)

1
2
3THf(X):;p fex=Db
4
5

A(lxyngT) F [x::9(Y)] im

fexATy.(m=[x:y]AFil(y, f,y',n)) (Cons)

6. A(IxyngT) = [x::9(y)] :m G(fxmyn) (Conseq)
7. A(IxyngF) Fg(y) :m f ex=FAFil(l, f,m,n)  (Var, Var, App)
8. A(IxyngF) F g(y) :m G(fxmyn) (Conseq)
9. E(n)(g)AC(Ixyn) = N:,G(fxmyn) (3,6,8,1f)
E(n)(g)AC(Ixyn) = M i G(fxmyn) (1,2,9,List)

11. E(n)( ) ALM :m VIxy. (C(Ixyn) D G(fxmyn)) (10, Abs)
12. E(n)(g) - ALLM:E(n+1)(m) (Conseq)

In the final line, we observe: VIxy. (C(Ixyn) D G(fxmyn)) D
vl. (Len(l,n+1) > Fil(l, f,mel,n+1)) © E(n + 1)(m). We can
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Figure 4: Proof Rules for Objects and Invocations

now combine the two conclusions, reaching (25).

1. TEALM:ymE(0)(m)
2. E(n)(g)FALM:nE(n+1)(m)
3. TFUgALM :nVn.E(n)(m) (Rec)

We have now arrived at the assertion (25).

Abstract Data Type. The final example is a short inference for
packing and unpacking, using the counter ADT in (22). We con-
sider programs written in a more convenient, object-like notation.
cntr is defined by pack (N, M)as3x.a and M is given as:

M (N,{new(): 0, inc(X):x+1, get(X):x})

o o
g &

a {new:e=X, inc:X=X, get:X=N}.

(note the empty vector € has replaced what was () of Unit-type
before). The target program is given as follows, writing e.1; (¢’)
for (e.15) e (€¢'):

N & unpack cntr as (X,X) in A().X.get(X.inc(X.new()))
Observe = N : Unit =-N. The assertion we wish to prove is:

TEN:yue()>1. (27)
We can reason for the above program using the rules for record and
field selection in Section 4, Page . However the reasoning becomes
much simpler if we use the proof rules which directly correspond
to the above notation. The proof rules for objects and object in-
vocations are given in Figure 4. In (Object), we assume methods
are indexed by i € I, where each method in an object would take a
distinct vector of typed arguments. Note the rule is a simple variant
of the abstraction rule (and, dually, (Inv) the application rule).
For the derivation of (27), we use the following abbreviations.

def

Cu,x) =
def

I yX 2% (u= (X, w) AD(W,Y,2))
D(w,y,z) z

w.new()=y A W.inc(y)=z A w.get(z)>1

Also let C((x,x),X) o C(u,x)[{(X,X)/u]. The derivation follows.

LIn general, using the proof rules which precisely correspond to
the granularity of a given programming language is essential for
tractable reasoning. See [21, §88] for the corresponding derivation
for the same assertion using the rules for record and field selection.

1. TEM:m mnew()=0 A m.inc(0)=1 A m.get(1)=1
(Num, Var, Add, Var, Object)

2. TEM WV ((N;m) = (N,m) A D(m,y,z))  (Conseq)
3. Tk pack(N,M)as3Ix.a :;;m Ix.C(m,X) (T-Pack)
4. C((X,X),X)Fx.new() :m Xnew() =m (Inv)
5. C({X,x),X) FX.inc(X.new()) :m

Jy. (X.new() =y A X.inc(y) =m) (Var, 4, Inv)
6. C((X,x),x)F x.get(x.inc(X.new())):m m>1 (Var,5, Inv)

7. C((x,X),X) - A() X.get(x.inc(xnew())) :y Us () >1 (Abs)

8 TEN:ue()>1 (3,7, T-Unpack)

¢From Line 2 to Line 3, we apply the following logical equivalence
as the condition for [T-Pack].

C(m,x)[(x,x)/u][N/x] = YN 2N ((N,m) = (N,m) A D(m,y,z))

6. Conclusion

In this paper we proposed an assertional method for specifying
and reasoning about polymorphic higher-order functions and data
types, together with associated compositional proof rules, and demon-
strated their usage using non-trivial reasoning examples for poly-
morphic programs. A compositional program logic has a funda-
mental status in many fields of software engineering, ranging from
the traditional specification and verification, to model checking, to
program testing, to static and dynamic analyses of programs, and
to certification of mobile code. While being extensively studied for
imperative programs, a clean treatment of higher-order computa-
tion in the compositional program logics, either for functional pro-
gramming languages or procedural/object-oriented ones, may not
have been known so far. We believe the presented framework is
one of the promising directions towards this goal.

Although not discussed in this paper for the space sake, the pre-
sented method is extensible to diverse forms of typed behaviours,
including behaviours with global and local state, call-by-name eval-
uation, user-defined data types and stateful objects, as well as to dif-
ferent notions of correctness including partial correctness. Further,
in the total logics, valid logical judgements for a given program
precisely characterise its semantics up to the canonical congruence.
These results are discussed in [21]. The use of typed processes as
the underlying semantic domain also enables a uniform treatment
of proof rules and calculation of validity.

The studies on compositional logics for higher-order computa-
tion along the line of the present study have however just begun,
and many significant challenges remain before we can reach a com-
prehensive theory of logical articulation of complex software be-
haviours, on the one hand, and a general and effective engineering
framework, on the other. Some of the notable challenges are: de-
velopment of compositional logics for a fully fledged functional
programming language, such as ML [27] and Haskell [17], as well
as those for object-oriented languages (this would involve treat-
ment of input/output, exceptions and concurrency); development of
practical notations for assertions as well as for proofs; non-trivial
applications of the developed logics, including their use in inte-
grated development environments, certified mobile code, and for-
mally founded version control; and the applications of the derived
program logics beyond standard verification/specification method-
ologies. More theoretically, a significant challenge is to obtain an
in-depth understanding of the models of the presented logic and its



ramifications, which may also lead to tractable methods for calcu-
lating validity in the logic besides that of number-theoretic facts.
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